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Preface 


It is exactly 50 years since the first laser was realized. Lasers emit coherent electro- 
magnetic radiation, and ever since their invention, they have assumed tremendous 
importance in the fields of science, engineering, and technology because of their 
impact in both basic research as well as in various technological applications. Lasers 
are ubiquitous and can be found in consumer goods such as music players, laser 
printers, scanners for product identification, in industries like metal cutting, welding, 
hole drilling, marking, in medical applications in surgery, and in scientific applica- 
tions like in spectroscopy, interferometry, and testing of foundations of quantum 
mechanics. The scientific and technological advances have enabled lasers span- 
ning time scales from continuous operation up to as short as a hundred attoseconds, 
wavelengths spanning almost the entire electromagnetic spectrum up to the X-ray 
region, power levels into the terawatt region, and sizes ranging from tiny few tens of 
nanometers to lasers having a length of 270 km. The range of available power, pulse 
widths, and wavelengths is extremely wide and one can almost always find a laser 
that can fit into a desired application be it material processing, medical application, 
or in scientific or engineering discipline. Laser being the fundamental source with 
such a range of properties and such wide applications, a course on the fundamentals 
and applications of lasers to both scientists and engineers has become imperative. 

The present book attempts to provide a coherent presentation of the basic physics 
behind the working of the laser along with some of their most important applications 
and has grown out of the lectures given by the authors to senior undergraduate and 
graduate students at the Indian Institute of Technology Delhi. 

In the first part of the book, after covering basic optics and basic quantum 
mechanics, the book goes on to discuss the basic physics behind laser operation, 
some important laser types, and the special properties of laser beams. Fiber lasers 
and semiconductor lasers which are two of the most important laser types today are 
discussed in greater detail and so is the parametric oscillator which uses optical non- 
linearity for optical amplification and oscillation and is one of the most important 
tunable lasers. The coverage is from first principles so that the book can also be used 
for self study. The tutorial coverage of fiber lasers given in the book is unique and 
should serve as a very good introduction to the subject of fiber amplifiers and lasers. 
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Toward the end of the first part of the book we discuss quantization of electromag- 
netic field and develop the concept of photons, which forms the basic foundation of 
the field of quantum optics. 

The second part of the book discusses some of the most important applications 
of lasers in spatial frequency filtering, holography, laser-induced fusion, light wave 
communications, and in science and industry. Although there are many more appli- 
cations that are not included in the book, we feel that we have covered some of the 
most important applications. 

We believe that the reader should have some sense of perspective of the history of 
the development of the laser. One obvious way to go about would be to introduce the 
reader to some of the original papers; unfortunately these papers are usually not easy 
to read and involve considerable mathematical complexity. We felt that the Nobel 
lectures of Charles H Townes, Nicolai G Basov, and A M Prokhorov would convey 
the development of the subject in a manner that could not possibly be matched and 
therefore in the third part of the book we reproduce these Nobel Lectures. We have 
also reproduced the Nobel lecture of Theodor W Hansch who in 2005 was jointly 
awarded the Nobel Prize for developing an optical “frequency comb synthesizer,” 
which makes it possible, for the first time, to measure with extreme precision the 
number of light oscillations per second. The frequency comb techniques described 
in the lecture are also offering powerful new tools for ultrafast physics. 

Numerical examples are scattered throughout the book for helping the student 
to have a better appreciation of the concepts and the problems at the end of each 
chapter should provide the student with gaining a better understanding of the basics 
and help in applying the concepts to practical situations. Some of the problems 
are expected to help the reader to get a feel for numbers, some of them will use 
the basic concepts developed in the chapter to enhance the understanding and a 
few of the problems should be challenging to the student to bring out new features 
or applications leading perhaps to further reading in case the reader is interested. 
This book could serve as a text in a course at a senior undergraduate or a first-year 
graduate course on lasers and their applications for students majoring in various 
disciplines such as Physics, Chemistry, and Electrical Engineering. 

The first edition of this book (entitled LASERS: Theory & Applications) 
appeared in 1981. The basic structure of the present book remains the same 
except that we have added many more topics like Erbium Doped Fiber Lasers and 
Amplifier, Optical Parametric Oscillators, etc. In addition we now have a new chap- 
ter on Semiconductor Lasers. A number of problems have now been included in the 
book which should be very useful in further understanding the concepts of lasers. 
We have also added the Nobel Lecture of Theodor Hansch. Nevertheless, the reader 
may find some of the references dated because they have been taken from the first 
edition. 

We hope that the book will be of use to scientists and engineers who plan to study 
or teach the basic physics behind the operation of lasers along with their important 
applications. 


New Delhi, India K. Thyagarajan 
Ajoy Ghatak 
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Milestones in the Development of Lasers 
and Their Applications 


1917: A Einstein postulated stimulated emission and laid the foundation for the 
invention of the laser by re-deriving Planck’s law 


1924: R Tolman observed that “molecules in the upper quantum state may return to 
the lower quantum state in such a way to reinforce the primary beam by “negative 
absorption” 


1928: R W Landenberg confirmed the existence of stimulated emission and negative 
absorption through experiments conducted on gases. 


1940: V A Fabrikant suggests method for producing population inversion in his PhD 
thesis and observed that “if the number of molecules in the excited state could be 
made larger than that of molecules in the fundamental state, radiation amplification 
could occur’. 


1947: W E Lamb and R C Retherford found apparent stimulated emission in 
hydrogen spectra. 


1950: Alfred Kastler suggests a method of “optical pumping” for orientation of 
paramagnetic atoms or nuclei in the ground state. This was an important step on the 
way to the development of lasers for which Kastler received the 1966 Nobel Prize 
in Physics. 


1951: EM Purcell and R V Pound: In an experiment using nuclear magnetic reso- 
nance, Purcell and Pound introduce the concept of negative temperature, to describe 
the inverted populations of states usually necessary for maser and laser action. 


1954: J P Gordon, H J Zeiger and C H Townes and demonstrate first MASER oper- 
ating as a very high resolution microwave spectrometer, a microwave amplifier or a 
very stable oscillator. 


1956: N Bloembergen first proposed a three level solid state MASER 


1958: A Schawlow and C H Townes, extend the concept of MASER to the infrared 
and optical region introducing the concept of the laser. 


XX Milestones in the Development of Lasers and Their Applications 


1959: Gordon Gould introduces the term LASER 
1960: T H Maiman realizes the first working laser: Ruby laser 


1960: P P Sorokin and M J Stevenson Four level solid state laser (uranium doped 
calcium fluoride) 


1960: A Javan W Bennet and D Herriott invent the He-Ne laser 

1961: E Snitzer: First fiber laser. 

1961: P Franken; observes optical second harmonic generation 

1962: E Snitzer: First Nd:Glass laser 

1962: R. Hall creates the first GaAs semiconductor laser 

1962: R W Hellwarth invents Q-switching 

1963: Mode locking achieved 

1963: Z Alferov and H Kromer: Proposal of heterostructure diode lasers 
1964: C K N Patel invents the CO> laser 

1964: W Bridges: Realizes the first Argon ion laser 


1964: Nobel Prize to C H Townes, N G Basov and A M Prochorov “for fundamen- 
tal work in the field of quantum electronics, which has led to the construction of 
oscillators and amplifiers based on the maser-laser principle” 


1964: J E Geusic, H M Marcos, L G Van Uiteit, B Thomas and L Johnson: First 
working Nd:YAG laser 


1965: CD player 


1966: C K Kao and G Hockam proposed using optical fibers for communication. 
Kao was awarded the Nobel Prize in 2009 for this work. 


1966: P Sorokin and J Lankard: First organic dye laser 


1966: Nobel Prize to A Kastler “for the discovery and development of optical 
methods for studying Hertzian resonances in atoms” 


1970: Z Alferov and I Hayashi and M Panish: CW room temperature semiconductor 
laser 


1970: Corning Glass Work scientists prepare the first batch of optical fiber, hundreds 
of yards long and are able to communicate over it with crystal clear clarity 


1971: Nobel Prize: D Gabor “for his invention and development of the holographic 
method” 


1975: Barcode scanner 


1975: Commercial CW semiconductor lasers 
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1976: Free electron laser 


1977: Live fiber optic telephone traffic: General Telephone & Electronics send first 
live telephone traffic through fiber optics, 6 Mbit/s in Long Beach CA. 


1979: Vertical cavity surface emitting laser VCSEL 


1981: Nobel Prize to N Bloembergen and A L Schawlow “for their contribution to 
the development of laser spectroscopy” 


1982: Ti:Sapphire laser 
1983: Redefinition of the meter based on the speed of light 


1985: Steven Chu, Claude Cohen-Tannoudji, and William D. Phillips develop 
methods to cool and trap atoms with laser light. Their research is helps to study fun- 
damental phenomena and measure important physical quantities with unprecedented 
precision. They are awarded the Nobel Prize in Physics in 1997. 


1987: Laser eye surgery 


1987: R.J. Mears, L. Reekie, IM. Jauncey, and D.N. Payne: Demonstration of 
Erbium doped fiber amplifiers 


1988: Transatlantic fiber cable 
1988: Double clad fiber laser 


1994: J Faist, F Capasso, D L. Sivco, C Sirtori, A L. Hutchinson, and A Y. Cho: 
Invention of quantum cascade lasers 


1996: S Nakamura: First GaN laser 


1997: Nobel Prize to S Chu, C Cohen Tannoudji and W D Philips “for development 
of methods to cool and trap atoms with laser light” 


1997: W Ketterle: First demonstration of atom laser 


1997: T Hansch proposes an octave-spanning self-referenced universal optical 
frequency comb synthesizer 


1999: J Ranka, R Windeler and A Stentz demonstrate use of internally structured 
fiber for supercontinuum generation 


2000: J Hall, S Cundiff J Ye and T Hansch: Demonstrate optical frequency comb 
and report first absolute optical frequency measurement 


2000: Nobel Prize to Z I Alferov and H Kroemer “for developing semiconductor 
heterostructures used in high-speed- and opto-electronics” 


2001: Nobel Prize to E Cornell, W Ketterle and C E Wieman “for the achieve- 
ment of Bose-Einstein condensation in dilute gases of alkali atoms, and for early 
fundamental studies of the properties of the condensates” 
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2005: H Rong, R Jones, A Liu, O Cohen, D Hak, A Fang and M Paniccia: First 
continuous wave Raman silicon laser 


2005: Nobel Prize to R J Glauber “for his contribution to the quantum theory of 
optical coherence” and to J L Hall and T H Hansch “for their contributions to the 
development of laser-based precision spectroscopy, including the optical frequency 
comb technique” 


2009: Nobel Prize to C K Kao “for groundbreaking achievements concerning the 
transmission of light in fibers for optical communication” 


Ref: Many of the data given here has been taken from the URL for Laserfest: 
http://www. laserfest.org/lasers/history/timeline.cfm 


Part I 
Fundamentals of Lasers 


Chapter 1 
Introduction 


An atomic system is characterized by discrete energy states, and usually the atoms 
exist in the lowest energy state, which is normally referred to as the ground state. 
An atom in a lower energy state may be excited to a higher energy state through a 
variety of processes. One of the important processes of excitation is through colli- 
sions with other particles. The excitation can also occur through the absorption of 
electromagnetic radiation of proper frequencies; such a process is known as stim- 
ulated absorption or simply as absorption. On the other hand, when the atom is in 
the excited state, it can make a transition to a lower energy state through the emis- 
sion of electromagnetic radiation; however, in contrast to the absorption process, the 
emission process can occur in two different ways. 


(i) The first is referred to as spontaneous emission in which an atom in the excited 
state emits radiation even in the absence of any incident radiation. It is thus not 
stimulated by any incident signal but occurs spontaneously. Further, the rate of 
spontaneous emissions is proportional to the number of atoms in the excited 
state. 

(ii) The second is referred to as stimulated emission, in which an incident signal 
of appropriate frequency triggers an atom in an excited state to emit radiation. 
The rate of stimulated emission (or absorption) depends both on the intensity 
of the external field and also on the number of atoms in the upper state. The 
net stimulated transition rate (stimulated absorption and stimulated emission) 
depends on the difference in the number of atoms in the excited and the lower 
states, unlike the case of spontaneous emission, which depends only on the 
population of the excited state. 


The fact that there should be two kinds of emissions — namely spontaneous and 
stimulated — was first predicted by Einstein (1917). The consideration which led 
to this prediction was the description of thermodynamic equilibrium between atoms 
and the radiation field. Einstein (1917) showed that both spontaneous and stimulated 
emissions are necessary to obtain Planck’s radiation law; this is discussed in Section 
4.2. The quantum mechanical theory of spontaneous and stimulated emission is 
discussed in Section 9.6. 
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The phenomenon of stimulated emission was first used by Townes in 1954 in 
the construction of a microwave amplifier device called the maser,' which is an 
acronym for microwave amplification by stimulated emission of radiation (Gordon 
et al. 1955). At about the same time a similar device was also proposed by Prochorov 
and Basovy. The maser principle was later extended to the optical frequencies by 
Schawlow and Townes (1958), which led to the device now known as the laser. 
In fact “laser” is an acronym for light amplification by stimulated emission of 
radiation. The first successful operation of a laser device was demonstrated by 
Maiman in 1960 using ruby crystal (see Section 11.2). Within a few months of oper- 
ation of the device, Javan and his associates constructed the first gas laser, namely, 
the He—Ne laser (see Section 11.5). Since then, laser action has been obtained in 
a large variety of materials including liquids, ionized gases, dyes, semiconductors. 
(see Chapters 11-13). 

The three main components of any laser device are the active medium, the pump- 
ing source, and the optical resonator. The active medium consists of a collection 
of atoms, molecules, or ions (in solid, liquid, or gaseous form), which acts as an 
amplifier for light waves. For amplification, the medium has to be kept in a state of 
population inversion, i.e., in a state in which the number of atoms in the upper energy 
level is greater than the number of atoms in the lower energy level. The pumping 
mechanism provides for obtaining such a state of population inversion between a 
pair of energy levels of the atomic system. When the active medium is placed inside 
an optical resonator, the system acts as an oscillator. 

After developing the necessary basic principles in optics in Chapter 2 and basic 
quantum mechanics in Chapter 3, in Chapter 4 we give the original argument of 
Einstein regarding the presence of both spontaneous and stimulated emissions and 
obtain expressions for the rate of absorption and emission using a semiclassical 
theory. We also consider the interaction of an atom with electromagnetic radiation 
over a band of frequencies and obtain the gain (or loss) coefficient as the beam 
propagates through the active medium. 

Under normal circumstances, there is always a larger number of atoms in the 
lower energy state as compared to the excited energy state, and an electromagnetic 
wave passing through such a collection of atoms would get attenuated rather than 
amplified. Thus, in order to have amplification, one must have population inversion. 
In Chapter 5, we discuss the two-level, three-level, and four-level systems and obtain 
conditions to achieve population inversion between two states of the system. It is 
shown that it is not possible to achieve steady-state population inversion in a two- 
level system. Also in order to obtain a population inversion, the transition rates of 
the various levels in three-level or four-level systems must satisfy certain conditions. 
We also obtain the pumping powers required for obtaining population inversion in 
three- and four-level systems and show that it is in general much easier to obtain 
inversion in a four-level system as compared to a three-level system. In Chapter 6 


'A nice account of the maser device is given in the Nobel lecture of Townes, which is reproduced 
in Part III of this book. 
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Fig. 1.1 A plane parallel 
resonator consisting of a pair 
of plane mirrors facing each 
other. The active medium is 
placed inside the cavity. One 
of the mirrors is made 
partially transmitting to 
couple out the laser beam 


medium 


<— Mirror 
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we give the semiclassical theory of laser operation and show that the amplification 
process due to stimulated transitions is phase coherent — i.e., an electromagnetic 
wave passing through an inverted medium gets amplified and the phase of the wave 
is changed by a constant amount; the gain depends on the amount of inversion. 

A medium with population inversion is capable of amplification, but if the 
medium is to act as an oscillator, a part of the output energy must be fed back 
into the system.” Such a feedback is brought about by placing the active medium 
between a pair of mirrors facing each other (see Fig. 1.1); the pair of mirrors forms 
what is referred to as an optical resonator. The sides of the cavity are, in general, 
open and hence such resonators are also referred to as open resonators. In Chapter 7 
we give a detailed account of optical resonators and obtain the oscillation frequen- 
cies of the modes of the resonator. The different field patterns of the various modes 
are also obtained. We also discuss techniques to achieve single transverse mode and 
single longitudinal mode oscillation of the laser. In many applications one requires 
pulsed operation of the laser. There are primarily two main techniques used for oper- 
ating a laser in a pulsed fashion; these are Q-switching and mode locking. Chapter 7 
discusses these two techniques and it is shown that using mode locking techniques 
it is indeed possible to achieve ultrashort pulses in the sub picosecond time scale. 

Because of the open nature of the resonators, all modes of the resonator are lossy 
due to the diffraction spillover of energy from the mirrors. In addition to this basic 
loss, the scattering in the laser medium, the absorption at the mirrors, and the loss 
due to output coupling of the mirrors also lead to losses. In an actual laser, the modes 
that keep oscillating are those for which the gain provided by the laser medium com- 
pensates for the losses. When the laser is oscillating in steady state, the losses are 
exactly compensated by the gain. Since the gain provided by the medium depends 
on the amount of population inversion, there is a critical value of population inver- 
sion beyond which the particular mode would oscillate in the laser. If the population 


2 Since some of the energy is coupled back to the system, it is said to act as an oscillator. Indeed, 
in the early stages of the development of the laser, there was a move to change its name to loser, 
which is an acronym for light oscillation by stimulated emission of radiation. Since it would have 
been difficult to obtain research grants on losers, it was decided to retain the name laser. 
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inversion is less than this value, the mode cannot oscillate. The critical value of 
population inversion is also called the threshold population inversion. In Chapters 4 
and 6 we obtain explicit expressions for the threshold population inversion in terms 
of the parameters of the laser medium and the resonator. 

The quantum mechanical theory of spontaneous and stimulated emission is dis- 
cussed in Chapter 9; the necessary quantum mechanics is given in Chapter 8. 
Chapter 9 also discusses the important states of light, namely coherent states and 
squeezed states. The emission from a laser is in the form of a coherent state while 
squeezed states are non-classical states of light and find wide applications. We also 
discuss the properties of a beam splitter from a quantum mechanical perspective and 
show some interesting features of the quantum aspects of light. 

The onset of oscillations in a laser cavity can be understood as follows. Through 
some pumping mechanism one creates a state of population inversion in the laser 
medium placed inside the resonator system. Thus the medium is prepared to be in 
a state in which it is capable of coherent amplification over a specified band of fre- 
quencies. The spontaneous emission occurring inside the resonator cavity excites the 
various modes of the cavity. For a given population inversion, each mode is charac- 
terized by a certain amplification coefficient due to the gain and a certain attenuation 
coefficient due to the losses in the cavity. The modes for which the losses in the cav- 
ity exceed the gain will die out. On the other hand, the modes whose gain is higher 
than the losses get amplified by drawing energy from the laser medium. The ampli- 
tude of the mode keeps on increasing till non-linear saturation depletes the upper 
level population to a value when the gain equals the losses and the mode oscillates in 
steady state. In Chapter 5 we study the change in the energy in a mode as a function 
of the rate of pumping and show that as the pumping rate passes through the thresh- 
old value, the energy contained in a mode rises very steeply and the steady-state 
energy in a mode above threshold is orders of magnitude greater than the energy 
in the same mode below threshold. Since the laser medium provides gain over a 
band of frequencies, it may happen that many modes have a gain higher than the 
loss, and in such a case the laser oscillates in a multi-mode fashion. In Chapter 7 we 
also briefly discuss various techniques for selecting a single-mode oscillation of the 
cavity. 

The light emitted by ordinary sources of light, like the incandescent lamp, is 
spread over all directions and is usually over a large range of wavelengths. In con- 
trast, the light from a laser could be highly monochromatic and highly directional. 
Because of the presence of the optical cavity, only certain frequencies can oscil- 
late in the cavity. In addition, when the laser is oscillating in steady state the losses 
are exactly compensated by the gain provided by the medium and the wave com- 
ing out of the laser can be represented as a nearly continuous wave. The ultimate 
monochromaticity is determined by the spontaneous emissions occurring inside the 
cavity because the radiation coming out of the spontaneous emissions is incoher- 
ent. The notion of coherence is discussed in Chapter 10 and the expression for the 
ultimate monochromaticity of the emitted radiation is discussed in Chapter 7. In 
practice, the monochromaticity is limited due to external factors like temperature 
fluctuations and mechanical oscillations of the optical cavity. The light coming out 
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of the laser which is oscillating in a single mode is also composed of a well-defined 
wave front. This comes about because of the effects of propagation and diffrac- 
tion inside the resonator cavity. This property is also discussed in greater detail in 
Chapter 10. 

In Chapter 11 we briefly discuss some of the important types of lasers. Chapter 12 
discusses the very important area of fiber lasers which are now finding widespread 
applications in many industries. Chapter 13 discusses one of the most important and 
most widely used lasers, namely semiconductor lasers. In fact semiconductor lasers 
have revolutionized the consumer application of lasers; they can be found in super 
markets, in music systems, in printers, etc. 

Most lasers work on the principle of population inversion. It is also possible 
to achieve optical amplification using non-linear optical effects. In Chapter 14 we 
discuss the concept of parametric amplification using crystals. Since parametric 
amplifiers do not depend on energy levels of the medium, it is possible to use this 
process to realize coherent sources over a very broad range of wavelengths. Thus 
optical parametric oscillators (OPO) are one of the most versatile tunable lasers 
available in the commercial market. 

In Chapter 15—Chapter 19 we discuss some of the important applications of lasers 
which have come about because of the special properties of lasers. These include 
spatial frequency filtering and holography, laser-induced fusion, and light wave 
communications. We also discuss some of the very important applications of lasers 
in industries and also how lasers are playing a very important role in science. Finally 
in Part II] of the book we reprint the Nobel lectures of Townes, Prochorov, Basov, 
and Hansch. Townes, Prochorov, and Basov were awarded the 1964 Nobel Prize 
for physics for their invention of the laser devices. The Nobel lectures of Townes 
and Prochorov discuss the basic principles of the maser and the laser whereas 
the Nobel lecture of Basov gives a detailed account of semiconductor lasers. The 
Nobel lecture of Hansch discusses the very important field of optical clocks. Such 
clocks are expected to replace atomic clocks in the near future due to their extreme 
accuracy. 

Today lasers span sizes from a few tens of nanometer size to hun- 
dreds of kilometers long. The tiniest lasers demonstrated today have a size 
of only about 44 nm and is referred to as a SPASER which stands for 
Surface Plasmon Amplification by Stimulated Emission of Radiation (Ref: Purdue 
University. “New Nanolaser Key To Future Optical Computers And Technologies.” 
ScienceDaily 17 August 2009; 23 January 2010 <http://www.sciencedaily.com 
/releases/2009/08/090816171003.htm>. The laser emits a wavelength of 530 nm 
which is much larger than the size of the laser! The longest laser today is the Raman 
fiber laser (based on stimulated Raman scattering) and has a length of 270 km! 
(Turitsyn et al. 2009). Such ultralong lasers are expected to find applications in areas 
such as non-linear science, theory of disordered systems, and wave turbulence. Since 
loss is a major concern in optical fiber communication systems, such an ultralong 
laser offers possibilities of having an effectively high-bandwidth lossless fiber optic 
transmission link. 
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Lasers can provide us with sources having extreme properties in terms of energy, 
pulse width, wavelength, etc., and thus help in research in understanding the basic 
concept of space and matter. Research and development continues unabated to 
develop lasers with shorter wavelengths, shorter pulses, higher energies etc. 

Linac Coherent Light Source is the world’s first hard X-ray free-electron laser, 
located at the SLAC National Accelerator Laboratory in California. Recently the 
laser produced its first hard X-ray laser pulses of unprecedented energy and ultra- 
short duration with wavelengths shorter than the size of molecules. Such lasers 
are expected to enable frontier research into studies on chemical processes and to 
perhaps understanding ultimately the processes leading to life. 

Attosecond (as) is a duration lasting 107!8 s, a thousand times shorter than a fem- 
tosecond and a million times shorter than a nanosecond. In fact the orbital period of 
an electron in the ground state of the hydrogen atom is just 152 as. The shortest laser 
pulses that have been produced are only 80 as long. Attosecond science is still in its 
infancy and with further development attosecond science should help us understand 
various molecular processes, electron transition between energy levels, etc. 

The world’s most powerful laser was recently unveiled in the National Ignition 
Facility (NIF) at the Lawrence Livermore National Laboratory in California. The 
NIF has 192 separate laser beams all converging simultaneously on a single target, 
the size of a pencil eraser. The laser delivers 1.1 MJ of energy into the target; such 
a high concentration of energy can generate temperatures of more than 100 million 
degrees and pressures more than 100 billion times earth’s atmospheric pressure. 
These conditions are similar to those in the stars and the cores of giant planets. 

The extreme laser infrastructure being designed and realized in France is 
expected to generate peak powers of more than a petawatt (10!° W) with pulse 
widths lasting a few tens of attoseconds. The expectations are to be able to gener- 
ate exawatt (10!*) lasers. This is expected to make it possible to study phenomena 
occurring near black holes, to change the refractive index of vacuum, etc. (Gerstner 
2007). 


Chapter 2 
Basic Optics 


2.1 Introduction 


In this chapter we will discuss the basic concepts associated with polarization, 
diffraction, and interference of a light wave. The concepts developed in this chap- 
ter will be used in the rest of the book. For more details on these basic concepts, 
the reader may refer to Born and Wolf (1999), Jenkins and White (1981), Ghatak 
(2009), Ghatak and Thyagarajan (1989), and Tolansky (1955). 


2.2 The Wave Equation 


All electromagnetic phenomena can be said to follow from Maxwell’s equa- 
tions. For a charge-free homogeneous, isotropic dielectric, Maxwell’s equations 
simplify to 


V.E=0 (2.1) 
V.H=0 (2.2) 
VxE au (2.3) 
x E= -p— : 
a ot 
and 
JE 
V x H=e— (2.4) 
ot 


where ¢ and y represent the dielectric permittivity and the magnetic permeability of 
the medium and E and H represent the electric field and magnetic field, respectively. 
For most dielectrics, the magnetic permeability of the medium is almost equal to that 


of vacuum, i.e., 7 2.2 
U= to= 4a x 10 NC “s 


If we take the curl of Eq. (2.3), we would obtain 


a7E 


32 (2.5) 


0 
curl (curl E) = “HY x H=—-ep 
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where we have used Eg. (2.4). Now, the operator VE is defined by the following 
equation: 


VE= grad (div E) — curl (curl E) (2.6) 
Using Cartesian coordinates, one can easily show that 


a7E, O2E, d7Ey 
VE) = z a dived E 
(VE) = Sat art Gat = aly Gerad B) 


i.e., a Cartesian component of VE is the div grad of the Cartesian component.! 
Thus, using 


VxVxE=V(V.E)—V°E 
we obtain 


a°E 


V (V.E)— V7 E =-en— 
(V.E) eh 


(2.7) 
or 


0°E 
VE=eu—, 2.8 
eu (2.8) 
where we have used the equation V.E = 0 [see Eq. (2.1)]. Equation (2.8) is known 
as the three-dimensional wave equation and each Cartesian component of E satisfies 
the scalar wave equation: 


ay 
Vey =en— 2.9 
wv =eu 52 (2.9) 
In a similar manner, one can derive the wave equation satisfied by H 
V-H oH (2.10) 
= eu— : 
aye 


For plane waves (propagating in the direction of k), the electric and magnetic fields 
can be written in the form 


E = Eo exp[i(wt — k.r)] (2.11) 
and 


H = Hoexpli(ot — k.r)] (2.12) 


1 However, (E),4 div grad E, 
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where Eg and Hp are space- and time-independent vectors; but may, in general, be 
complex. If we substitute Eq. (2.11) in Eq. (2.8), we would readily get 


where 


2 2 2 2 
P=R+R+K 


Thus the velocity of propagation (v) of the wave is given by 


e 


= (2.13) 


In free space 
€ = €9 = 8.8542x 107! C2N7! m7?) and uw = pry = 40 x 107 NC S* (2.14) 


so that 
1 1 


— si — 
VJE0HO  V8.8542 x 10-12 x 4 x 107-7 (2.15) 
= 2.99794 x 108m s7! 


which is the velocity of light in free space. In a dielectric characterized by the 
dielectric permittivity ¢, the velocity of propagation (v) of the wave will be 


ie (2.16) 
n 
where 


E 
n=./— (2.17) 


is known as the refractive index of the medium. Now, if we substitute the plane wave 
solution [Eq. (2.11)] in the equation V.E = 0, we would obtain 


i[kx Eox + ky Eoy + kz Ene] expli(ot — k.r)] = 0 


implying 
k.E = 0 (2.18) 


Similarly the equation V.H = 0 would give us 
k.H = 0 (2.19) 


Equations (2.18) and (2.19) tell us that E and H are at right angles to k; thus the 
waves are transverse in nature. Further, if we substitute the plane wave solutions 
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[Eqs. (2.11) and (2.12)] in Eqs. (2.3) and (2.4), we would obtain 


kxE Hxk 
= and E= 
OU WE 


H 


(2.20) 


Thus E, H, and k are all at right angles to each other. Either of the above equations 
will give 


Eo = n Ho (2.21) 


where 77 is known as the intrinsic impedance of the medium given by 


kK wo ML £0 
1 = = = ,/— =0,/ — (2.22) 
We k E E 
ie.) W371 OG 
£0 


is known as the impedance of free space. In writing Eq. (2.22) we have assumed 
i = ho = 4a x 10-7 NC™*s?. The (time-averaged) energy density associated 
with a propagating electromagnetic wave is given by 


and 


1 
<u> = 58 E, (2.23) 


In the SI system, the units of u will be J m~+. In the above equation, Eo represents 
the amplitude of the electric field. The intensity J of the beam (which represents the 
energy crossing an unit area per unit time) will be given by 


I= <u>yv 


where v represents the velocity of the wave. Thus 


1 2 1 E 5 
l=-evR=— |— B (2.24) 
2 2V Ho 


Example 2.1 Consider a 5 mW He-Ne laser beam having a beam diameter of 4 mm propagating in air. 
Thus 
5x 10-3 


= ——,,, © 400 Jm?s! 
m (2 x 10-3) 


Since 
iS eee F = 
= -Eenc = — 
20° %0 y Ege 
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we get 


E =e ~ 550 Vm! 
Oy (8.854 x 10-12) x (3 x 108) 


2.3 Linearly Polarized Waves 


As shown above, associated with a plane electromagnetic wave there is an electric 
field E and a magnetic field H which are at right angles to each other. For a linearly 
polarized plane electromagnetic wave propagating in the x-direction (in a uniform 
isotropic medium), the electric and magnetic fields can be written in the form (see 
Fig. 2.1) 


Ey = Ep cos (wt — kx), E, = 0, Ey = 0 (2.25) 


and 


H, = 0, Hy =0, Hz = Ho cos(wt — kx) (2.26) 


Since the longitudinal components E, and H, are zero, the wave is said to be a 
transverse wave. Also, since the electric field oscillates in the y-direction, Eqs. (2.25) 
and (2.26) describe what is usually referred to as a y-polarized wave. The direction 
of propagation is along the vector (E x H) which in this case is along the x-axis. 


Fig. 2.1 A y-polarized Linearly Polarized Light 
electromagnetic wave 


propagating in the x-direction A 
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Fig. 2.2 If an ordinary light 
beam is allowed to fall on a 
Polaroid, then the emerging 
beam will be linearly 
polarized along the pass axis 
of the Polaroid. If we place 
another Polaroid P2, then the 
intensity of the transmitted 
light will depend on the 
relative orientation of P2 with 
respect to P; 
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For a z-polarized plane wave (propagating in the +x-direction), the corresponding 
fields would be given by 


FE, =0, Ey =0, E, = Ep cos(wt — kx), (2.27) 
and 


H, =0, Hy = —Ho cos(wt — kx), H, = 0 (2.28) 


An ordinary light beam, like the one coming from a sodium lamp or from the sun, 
is unpolarized (or randomly polarized), because its electric vector (on a plane trans- 
verse to the direction of propagation) keeps changing its direction in a random 
manner as shown in Fig. 2.2. If we allow the unpolarized beam to fall on a piece 
of Polaroid sheet then the beam emerging from the Polaroid will be linearly polar- 
ized. In Fig. 2.2 the lines shown on the Polaroid represent what is referred to as 
the “pass axis” of the Polaroid, i.e., the Polaroid absorbs the electric field perpen- 
dicular to its pass axis. Polaroid sheets are extensively used for producing linearly 
polarized light beams. As an interesting corollary, we may note that if a second 
Polaroid (whose pass axis is at right angles to the pass axis of the first Polaroid) is 
placed immediately after the first Polaroid, then no light will come through it; the 
Polaroids are said to be in a “crossed position” (see Fig. 2.2c). 


2.4 Circularly and Elliptically Polarized Waves 


We can superpose two plane waves of equal amplitudes, one polarized in the y- 
direction and the other polarized in the z-direction, with a phase difference of 2/2 
between them: 


Ey = Eo ¥ cos (wt — kx), 
Ey = Ey cos (wt — kx + 5), (2.29) 
The resultant electric field is given by 
E = Ey cos(wt — kx) — Eq @ sin(wt — kx) (2.30) 


which describes a left circularly polarized (usually abbreviated as LCP) wave. At 
any particular value of x, the tip of the E-vector, with increasing time f, can easily 
be shown to rotate on the circumference of a circle like a left-handed screw. For 
example, at x= 0 the y and z components of the electric vector are given by 


Ey = Eo cos wt, E, = —Ep sinat (2.31) 


thus the tip of the electric vector rotates on a circle in the anti-clockwise direction 
(see Fig. 2.3) and therefore it is said to represent an LCP beam. When propagating 
in air or in any isotropic medium, the state of polarization (SOP) is maintained, 
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Fig. 2.3 A linearly polarized o(s) 
beam making an angle 45° 
with the z-axis gets converted 
to an LCP after propagating 
through a calcite Quarter 
Wave Plate (usually 
abbreviated as QWP); the 
optic axis in the QWP is 
along the z-direction as 
shown by lines parallel to the 
Z-axis 


Calcite 
x=0 QWP 


ie., a linearly polarized beam will remain linearly polarized; similarly, right circu- 
larly polarized (usually abbreviated as RCP) beam will remain RCP. In general, the 
superposition of two beams with arbitrary amplitudes and phase 


Ey = Eo cos (at — kx) and E, = E; cos(wt — kx + $) (2.32) 


will represent an elliptically polarized beam. 

How to obtain a circularly polarized beam? If a linearly polarized beam is passed 
through a properly oriented quarter wave plate we obtain a circularly polarized beam 
(see, e.g., Ghatak and Thyagarajan 1989). Crystals such as calcite and quartz are 
called anisotropic crystals and are characterized by two refractive indices, namely 
ordinary refractive index no and extraordinary refractive index ne. Inside a crystal- 
like calcite, there is a preferred direction (known as the optic axis of the crystal); 
we will assume the crystal to be cut in a way so that the optic axis is parallel to one 
of the surfaces. In Fig. 2.3 we have assumed the z-axis to be along the optic axis. 
If the incident beam is y-polarized the beam will propagate as (what is known as) 
an ordinary wave with velocity (c/no). On the other hand, if the incident beam is 
z-polarized the beam will propagate as (what is known as) an extraordinary wave 
with velocity (c/ne). For any other state of polarization of the incident beam, both 
the extraordinary and the ordinary components will be present. For a crystal-like 
calcite ng < no and the e-wave will travel faster than the o-wave; this is shown 
by putting s (slow) and f (fast) inside the parenthesis in Fig. 2.3. Let the electric 
vector (of amplitude Eo) associated with the incident-polarized beam make an angle 
@ with the z-axis; in Fig. 2.3, @ has been shown to be equal to 45°. Such a beam 
can be assumed to be a superposition of two linearly polarized beams (vibrating 
in phase), polarized along the y- and z-directions with amplitudes Epo sin @ and Eo 
cos ¢, respectively. The y component (whose amplitude is Eo sin #@) passes through 
as an ordinary beam propagating with velocity c/n and the z component (whose 
amplitude is Ep cos @) passes through as an extraordinary beam propagating with 
velocity c/ne; thus 


2 
Ey = Eo sing cos (wt — kox) = Ep sing cos (o _ xno) (2.33) 
0 
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and 


2 
E, = Eo cos ¢ cos (wt — kex) = Ep cos ¢ cos (o _ net) (2.34) 
0 


where Ao is the free-space wavelength given by 


(a (2.35) 


Since ne # No, the two beams will propagate with different velocities and, as such, 
when they come out of the crystal, they will not be in phase. Consequently, the emer- 
gent beam (which will be a superposition of these two beams) will be, in general, 
elliptically polarized. If the thickness of the crystal (denoted by d) is such that the 
phase difference produced is 77/2, i.e., 


20 TU 
ig d(No — Ne) = 5 (2.36) 


we have what is known as a quarter wave plate. Obviously, the thickness d of the 
quarter wave plate will depend on Ao. For calcite, at Ag= 5893 A (at 18°C) 


No = 1.65836, ne = 1.48641 
and for this wavelength the thickness of the quarter wave plate will be given by 


_ 5893 x 1078 


= ———— cm *% 0.000857 mm 
4 x 0.17195 


If we put two identical quarter wave plates one after the other we will have what is 
known as a half-wave plate and the phase difference introduced will be 2. Such a 
plate is used to change the orientation of an input linearly polarized wave. 


2.5 The Diffraction Integral 


In order to consider the propagation of an electromagnetic wave in an infinitely 
extended (isotropic) medium, we start with the scalar wave equation [see 
Eq. (2.9)]: 


2 


a 
Vw= eno (2.37) 


We assume the time dependence of the form e“”’ and write 


py = U(x,y,z) (2.38) 
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to obtain 
VU+KU=0 (2.39) 
where 
(o) 
k=o/éeuo = — (2.40) 
v 


and U represents one of the Cartesian components of the electric field. The solution 
of Eq. (2.39) can be written as 


+00 +00 
U(aj7,2.= if i F (kx, ky ) eWiertox th) die dey (2.41) 
—0o —0O 
where 
k, = +,/2 — 2-2 (2.42) 


For waves making small angles with the z-axis we may write 


2 2 
pn RHR =f 8 


2k? 
Thus 
ite ke ths 
U (x,y, z) =e // F (kx, ky) exp kyx + kyy — Tk —Z dk,.dky 
(2.43) 
and the field distribution on the plane z= 0 will be given by 
U (x,y,z =0) = i; / F (Kesky.) o OPO did, (2.44) 


Thus U (x,y, z= 0) is the Fourier transform of F (kx, ky ). The inverse transform 
will give us 


1 si sk 5 ra 
F {is by) = One i i. U(x’, y/,0) eh +4) ay’dy’ (2.45) 


Substituting the above expression for F (hs, ky) in Eq. (2.43), we get 


eT tke 
U@y,2 = — | i. Uv’, y,0) Ih dx‘dy’ 
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where 


+00 ik2 
= / exp [ik, (x’ — x)] exp Eg dk, 
(2.46) 


and we have used the following integral 


+00 2 
/ e-eP+BX gy = fa exp =| (2.47) 
—0o 


Similarly 

+00 er ik? 

h =| exp [iky (y —y)] exp aK dky 
—0o 
‘ (2.48) 
i472 ik(y’ —y) 
— exp 
hz 2z 

Thus 


wow a= ce ff u(s.r'.0) exp] [(e—x) + 0-y)}] avay 
(2.49) 
The above equation (known as the diffraction integral) represents the diffraction 
pattern in the Fresnel approximation. If we know the field u(x,y) on a plane referred 
to as z= 0, then Eq. (2.49) helps us to calculate the field generated in any plane z. 
The field changes as it propagates due to diffraction effects. 


2.6 Diffraction of a Gaussian Beam 
A beam coming out of a laser can be well approximated by a Gaussian distribution 


of electric field amplitude. We consider a Gaussian beam propagating along the 
z-direction whose amplitude distribution on the plane z= 0 is given by 


nee 
u(x, y,0) = A exp [2 ad (2.50) 
Wo 


implying that the phase front is plane at z= 0. From the above equation it follows 
that at a distance wo from the z-axis, the amplitude falls by a factor I/e (i.e., the 
intensity reduces by a factor 1/e*). This quantity wo is called the spot size of the 
beam. If we substitute Eq. (2.50) in Eq. (2.49) and use Eq. (2.47) to carry out 
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the integration, we would obtain 


A 24 52 
u(x, y, z) ¥ ————~__ exp || ge? (2.51) 
(1—ty) we (z) 
where 
rz 
== (2.52) 
TT Wo 
2 22 
w(2) = wo 1 +2 = wo 1+ 7.4 (2.53) 
1" Wo 
Paige = (2 4 y) (2.54) 
2R (2) 
= 1 x Wo 
Riz) =z i? 2 =z{1+ ee (2.55) 
Thus the intensity distribution varies with z according to the following equation: 
Io 2 (x? + y’) 
[%y¥,D= exp | -——, —— 2.56 
x I= Ts »| ne (2.56) 


which shows that the transverse intensity distribution remains Gaussian with the 
beamwidth increasing with z which essentially implies diffraction divergence. As 
can be seen from Eq. (2.53), for small values of z, the width increases quadratically 
with z but for values of z >>> wo2/A, we obtain 


w(z) *¥ wo—s = (2.57) 
a 


which shows that the width increases linearly with z. This is the Fraunhofer region 
of diffraction. We define the diffraction angle as 


Xr 
tan @ = YO yy 
z 


(2.58) 
I Wo 


showing that the rate of increase in the width is proportional to the wavelength 
and inversely proportional to the initial width of the beam. In order to get some 
numerical values we assume A= 0.5 jum. Then, for wo= | mm 

20 ~ 0.018° and wX1.59mm at z=10m 


Similarly, for wo= 0.25 mm, 


20 ~ 0.073° and w+637mm at z=10m 
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Fig. 2.4 A spherical wave 
diverging from the point O. 
The dashed curve represents 
a section of the spherical 
wavefront at a distance R 
from the source 


Notice that 6 increases with decrease in wo (smaller the size of the aperture, greater 
the diffraction). Further, for a given value of wo, the diffraction effects decrease with 
A. From Eq. (2.51) one can readily show that 


+00 +00 


1 we 
I(x, y, Z) dxdy = in Io 


—OO —CO 
which is independent of z. This is to be expected, as the total energy crossing the 
entire x—y plane will not change with z. 
Now, for a spherical wave diverging from the origin, the field distribution is 
given by 


i See (2.59) 


; 
On the plane z= R (see Fig. 2.4) 


2, 2417 
=e [14] (2.60) 


where we have assumed |x| , |y| << R. Thus on the plane z= R, the phase distribution 
(corresponding to a diverging spherical wave of radius R) would be given by 


oo ikr wy pik o— He (0? +97) (2.61) 


From the above equation it follows that a phase variation of the type 


exp \-'3 (e + ”)| (2.62) 
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Fig. 2.5 Diffraction divergence of a Gaussian beam whose phase front is plane at z= 0. The dashed 
curves represent the phase fronts 


(on the x-y plane) represents a diverging spherical wave of radius R. If we com- 
pare the above expression with Eqs. (2.59) and (2.60) we see that as the Gaussian 
beam propagates, the phase front curvature changes and we obtain the following 
approximate expression for the radius of curvature of the phase front at any value z: 


2,4 
Wo 


R(~z{1l+ (2.63) 


2 2 


Thus as the beam propagates, the phase front which was plane at z= 0 becomes 
curved. In Fig. 2.5 we have shown a Gaussian beam resonating between two iden- 
tical spherical mirrors of radius R; the plane z= 0, where the phase front is plane 
and the beam has the minimum spot size, is referred to as the waist of the Gaussian 
beam. For the beam to resonate, the phase front must have a radius of curvature 
equal to R on the mirrors. For this to happen we must have 


(2.64) 


where d is the distance between the two mirrors. We will discuss more details about 
the optical resonators in Chapter 7. 
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It should be mentioned that although in the derivation of Eq. (2.51) we 
have assumed z to be large, Eq. (2.51) does give the correct field distribution 


even at z=0. 
2.7 Intensity Distribution at the Back Focal Plane of a Lens 
If a truncated plane wave of diameter 2a propagating along the z-axis is incident on 


a converging lens of focal length f (see Fig. 2.6a), the intensity distribution on the 
back focal plane is given by (see, e.g., Born and Wolf (1999)) 


W(v) 77 
rah OT (2.65) 
v 
where 
_ 2a (2.66) 
v= f i; : 
P 
P 
ar D F 
< f P’ 
P’ 


(a) (b) 


Fig. 2.6 (a) Plane wave falling on a converging lens gets focused at the focus of the lens. (b) The 
Airy pattern formed at the focus of the lens 


Ip is the intensity at the axial point F and r is the distance from the point F on the 
focal plane. Equation (2.65) describes the well-known Airy pattern (see Fig. 2.6b). 
The intensity is zero at the zeroes of the Bessel function Jj(v) and Jj(v) = 0 when 
v= 3.832, 7.016, 10.174,.... 

About 84% of the light energy is contained within the first dark ring and about 
7% of light energy is contained in the annular region between the first two dark 


rings, etc., the first two dark rings occurring at 


v = 3.832 and 7.016 
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2.8 Two-Beam Interference 


Whenever two waves superpose, one obtains what is known as the interference pat- 
tern. In this section, we will consider the interference pattern produced by waves 
emanating from two point sources. As is well known, a stationary interference 
pattern is observed when the two interfering waves maintain a constant phase dif- 
ference. For light waves, due to the very process of emission, one cannot observe a 
stationary interference pattern between the waves emanating from two independent 
sources, although interference does take place. Thus one tries to derive the interfer- 


ing waves from a single wave so that a definite phase relationship is maintained all 
through. 


d= 0.005 mm (68 =5mm) 


Q t 50 - 
481 | @ 
d [Nowe O; EB 
ve, ay 
0 = 
. | 
Py 
x 
Po y i Z -50 5 
—50 0 50 


——> _ x (mm) 


x< 


(a) (b) 


Fig. 2.7 (a) Waves emanating from two point sources interfere to produce interference fringes 
shown in Fig. 2.7 (b) 


Let S; and Sz represent two coherent point sources emitting waves of wavelength 
X (see Fig. 2.7a). We wish to determine the interference pattern on the photographic 
plate P;; the interference pattern on the photographic plate P2 is discussed in 
Problem 2.11. The intensity distribution is given by 


I = 4lp cos” 5/2 (2.67) 


where Jp is the intensity produced by either of the waves independently and 


20 
é6= 4 (2.68) 
where 
A = S8;Q — S2Q (2.69) 


represents the path difference between the two interfering waves. Thus, when 


2.9 Multiple Reflections from a Plane Parallel Film 25 
6 =2nar > A=S\Q-—SQ0=ni, n=0,1,2,..... (Bright Fringe) (2.70) 
we will have a bright fringe, and when 
1 
6=(Qn+1)r > A=S0-80= (n+ yrs n=0,1,2,..... (Dark Fringe) 
(2.71) 


we will have a dark fringe. Using simple geometry one can show that the locus of 
the points (on the plane P;) such that $;Q ~ S2Q= A is a hyperbola, given by 


1 
(2 — A»)2 — A2y? = A? E +5 (? 2 a’) (2.72) 


Now, 
A=0>x=0 


which represents the central bright fringe. Equation (2.72) can be written in the form 
(see, e.g., Ghatak (2009)) 


A? 2 ee 2 e 
ee aol ap +7(@-0°)| (2.73) 
For values of y such that 

y 2p" (2.74) 


the loci are straight lines parallel to the y-axis and one obtains straight line fringes 
as shown in Fig.2.7b. The corresponding fringe width would be 


ae (2.75) 
p=— 


Thus for D= 50 cm, d= 0.05 cm, and }= 6000 A, we get B= 0.06 cm. 


2.9 Multiple Reflections from a Plane Parallel Film 


We next consider the incidence of a plane wave on a plate of thickness h (and of 
refractive index nz) surrounded by a medium of refractive index n, as shown in 
Fig. 2.8; [the Fabry—Perot interferometer consists of two partially reflecting mirrors 
(separated by a fixed distance h) placed in air so that n)= n2= 1). 

Let Ap be the (complex) amplitude of the incident wave. The wave will undergo 
multiple reflections at the two interfaces as shown in Fig. 2.8a. Let 7; and ft repre- 
sent the amplitude reflection and transmission coefficients when the wave is incident 
from n; toward nz and let r2 and f2 represent the corresponding coefficients when the 
wave is incident from m2 toward n;. Thus the amplitude of the successive reflected 
waves will be 


Aor}, Ao tt rote, Ao t} ie | re 
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Fig. 2.8 Reflection and 
transmission of a beam of 
amplitude Ag incident at a 
angle 6; on a film of refractive 
index nz and thickness h 


‘ Reflector 


where 


_ 2 _ 4m n2h cos 62 


6 


A= 2.76 
ho is (2.76) 


represents the phase difference (between two successive waves emanating from the 
plate) due to the additional path traversed by the beam in the film, and in Eq. (2.76), 
@2 is the angle of refraction inside the film (of refractive index n2), h the film thick- 
ness, and Ao is the free-space wavelength. Thus the resultant (complex) amplitude 
of the reflected wave will be 


A; = Ag [+n thre? GQ+A thers...) 


tit id 
= Ag |r + 120 (2.77) 
l—re' 


Now, if the reflectors are lossless, the reflectivity and the transmittivity at each 
interface are given by 


R=r=r 
T=tth_=1-R 


[We are reserving the symbol T for the transmittivity of the Fabry—Perot etalon]. 


Thus 
A; (1—R)e!? 
ig [!- T= Ree el 


where we have used the fact that r2= — r;. Thus the reflectivity of the Fabry-Perot 
etalon is given by 
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fag 2 
1— Reid 
(1 — cos 4)? + sin? 
(1 — R cos 8)? + R2 sin? 

4R sin? 5 
~ (LR +4R sin’ 


* =R. 


~ |Ao 


or 
F sin? § 
P= jar ce ge (2.79) 
2, 
where 
4R 
_ a ee (2.80) 


is called the coefficient of Finesse. One can immediately see that when R << 1, Fis 
small and the reflectivity is proportional to sin? 5/2. The same intensity distribution 
is obtained in the two-beam interference pattern; we may mention here that we have 
obtained sin’ 6/2 instead of cos” 5/2 because of the additional phase change of z in 
one of the reflected beams. 

Similarly, the amplitude of the successive transmitted waves will be 


Ao ti ta, Ao ti ta 15 e!°, Ao th t2 73 e7", re 


where, without any loss of generality, we have assumed the first transmitted wave 
to have zero phase. Thus the resultant amplitude of the transmitted wave will be 
given by 


A; = Ao tf} fo [r+ JF 4H erlF 4, | 


A ty to A 1—R 
* 1 red 


Thus the transmittivity T of the film is given by 


(1—Ry 
(1 — R cos 6)? + R2 sin’ 5 


=|. 


or 


1 


————— 2.81 
14+ F sin? 5 ( ) 


28 2 Basic Optics 


It is immediately seen that the reflectivity and the transmittivity of the Fabry—Perot 
etalon add up to unity. Further, 


when 


6=2mna , m=1,2,3,.... (2.82) 


In Fig. 2.9 we have plotted the transmittivity as a function of 5 for different values 
of F. In order to get an estimate of the width of the transmission resources, let 


1 Ad 
T=-— for 6=2mnx + — 
2 2 


Thus 


AS 
F sin? = 1 (2.83) 


The quantity Aé represents the FWHM (full width at half maximum). In almost all 
cases, Ad <<< | and therefore, to a very good approximation, it is given by 


4 _20-R) 


Aé ® —=—— 
VF VR 


(2.84) 


Thus the transmission resonances become sharper as the value of F increases (see 
Fig. 2.9). 


1 
T 
Fig. 2.9 The transmittivity 
of a Fabry—Perot etalon as a | 0.5 
function of d for different 


values of F; the value of m is 
usually large. The 
transmission resonances 
become sharper as we 
increase the value of F. The 
FWHM (Full Width at Half 2mn (2m+2)n 
Maximum) is denoted by Aéd . 
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2.10 Modes of the Fabry—Perot Cavity 


We consider a polychromatic beam incident normally (@2= 0) on a Fabry—Perot cav- 
ity with air between the reflecting plates (n2= 1) — see Fig. 2.8. Equations (2.76) and 
(2.82) tell us that transmission resonance will occur whenever the incident frequency 
satisfies the following equation: 


c 
— — ——— 2. 
V=Vm a hi (2.85) 


where m is an integer. The above equation represents the different (longitudinal) 
modes of the (Fabry-Perot) cavity. For h= 10 cm, the frequency spacing of two 
adjacent modes would be given by 


Sv = —— = 1500 MHz 
rh 


For an incident beam having a central frequency of 
v=vw=6x 10!4 Hz 


and a spectral width” of 7000 MHz the output beam will have frequencies 


Vo, Vo = dv and Vo = 2 dv 
as shown in Fig. 2.10. One can readily calculate that the five lines correspond to 


1500 MHz 


— — 


<< 7000MHz > ‘ hk ? 
—_-v —> v 
Fig. 2.10 A beam having a spectral width of about 7000 MHz (around vo = 6 x 10° Hz) is 


incident normally on a Fabry—Perot etalon with h= 10 cm and n= 1. The output has five narrow 
spectral lines 


For vo = 6 x 10'4 Hz, x9= 5000 A and a spectral width of 7000 MHz would imply | a 


Av — Ix we 12x 1075 giving Aio © 0.06 A. Thus a frequency spectral width of 7000 MHz 


vo ~~ 6x 10! 
(around vp = 6 x 10!4 Hz) implies a wavelength spread of only 0.06 A. 
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Fig. 2.11 Typical output 
spectrum of a Fabry—Perot 
multi longitudinal mode 
(MLM) laser diode; the 
wavelength spacing between 
two modes is about 1.25 nm 
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m = 399998, 399999, 400000, 400001, and 400002 


Figure 2.11 shows a typical output of a multilongitudinal (MLM) laser 


diode. 


Problems 


Problem 2.1 The electric field components of a plane electromagnetic wave are 


Ex = —3Eo sin(wt — kz); Ey = Ep sin(wt — kz) 


Plot the resultant field at various values of time and show that it describes a linearly polarized wave. 


Solution The beam will be linearly polarized 


Problem 2.2 The electric field components of a plane electromagnetic wave are 


Ex = Ep sin(ot + kz); Ey = Eo cos(wt + kz) 


Show that it describes a left circularly polarized wave. 
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Solution Propagation along the + z-direction (coming out of the page). At z= 0 


Ex = Eg sinot, Ey = Ep cosat 


> Ee + E; = ES = Circularly polarized 


Since propagation is along the +z-axis, i.e., coming out of the page, we have an LCP wave. 


Problem 2.3 The electric field components of a plane electromagnetic wave are 
Ex = —2E cos(wt + kz); Ey = Eo sin(wt + kz) 


Show that it describes a right elliptically polarized wave. 


Problem 2.4 In Fig. 2.3 if we replace the quarter wave plate by a (calcite) half-wave plate, what will be 
the state of polarization of the output beam? 


Problem 2.5 For calcite, at }y = 5893 A (at 18°C) no= 1.65836, ne = 1.48641. The thickness of the 
corresponding QWP is 0.000857 mm (see Section 2.4). If in Fig. 2.3 the wavelength of the incident 
linearly polarized beam is changed to 6328 A determine the state of polarization of the output beam. 


Problem 2.6 A left circularly polarized beam is incident on a calcite half-wave plate. Show that the 
emergent beam will be right circularly polarized. 


Problem 2.7 A 3 mW laser beam (9 © 6328 A) is incident on the eye. On the retina, it forms a circular 
spot of radius of about 20 jzm. Calculate approximately the intensity on the retina. 


2 
Solution Area of the focused spot A = (20 x 10-8) ~ 1.3 x 10-9 m2. On the retina, the intensity 


will be approximately given by 


3x 1073 W 


~ 6 2 
13x 10-9m2 10 W/m 


P 
| ~~) 
A 


Problem 2.8 Consider a Gaussian beam propagating along the z-direction whose phase front is plane at 
z = 0 [see Eq. (2.50)]. The spot size of the beam at z = 0, wg is 0.3 mm. Calculate (a) the spot size and 
(b) the radius of curvature of the phase front at z = 60 cm. Assume dg * 6328 A. 


[Ans : (a) w(z = 60cm) * 0.84 mm (b) R(z = 60cm) ~& 93.3 cm]. 
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Problem 2.9 In continuation of the previous problem, show that for a simple resonator consisting of a 
plane mirror and a spherical mirror (of radius of curvature 93.3 cm) separated by 60 cm, the spot size of 
the beam at the plane mirror would be 0.3 mm. 


Problem 2.10 Consider a He-Ne laser beam (with i9 *¥ 6328 A) incident on a circular aperture of radius 
0.02 cm. Calculate the radii of the first two dark rings of the Airy pattern produced at the focal plane of 
a convex lens of focal length 20 cm. 


Solution The radius of the first dark ring would be [see Eq. (2.66)] 


_ 3.832 x 6.328 x 1079 x 20 


ry = 0.039 cm 
2m x 0.02 
Similarly, the radius of the second dark ring is 
7.016 x 6.328 x 107> x 20 
ry & a : xe" & 0.071 cm 


2m x 0.02 


Problem 2.11 Consider two coherent point sources S$; and Sz emitting waves of wavelength (see Fig. 
2.7a). Show that the interference pattern on a plane normal to the line joining S$; and Sz will consist of 
concentric circular fringes. 


Problem 2.12 Consider a light beam of all frequencies lying between v = v9 = 5.0 x 10!4 Hz tov = 
5.00002 x 10!4 Hz incident normally on a Fabry—Perot interferometer (see Fig. 2.10) with R = 0.95, 
ng = 1, and d = 25 cm. Calculate the frequencies (in the above frequency range) and the corresponding 
mode number which will correspond to transmission resonances. 


Solution Transmission resonances occur at 


c 3x10 8 
V = Vm = Mag = M=ZyZ55- = (6 x 10° m) Hz 


14 
For v = v9 = 5 x 10!4 Hz; m= oxi = 833333.3 


Since m is not an integer the frequency vg does not correspond to a mode. 


For m = 833334, v = 5.000004 x 10!4 Hz = vp + 400 MHz 


For m = 833335, v = 5.000010 x 10!4 Hz = vp + 1000 MHz 


For m = 833336, v = 5.000016 x 10!4 Hz = vg + 1600 MHz 


Finally, for m= 833337, v= 5.000022 x 10!4Hz = vg + 2200 MHz which is beyond the given range. 


Chapter 3 
Elements of Quantum Mechanics 


3.1 Introduction 


In this chapter we discuss very briefly the basic principles of quantum mechan- 
ics which are used in later chapters. At places, the chapter will appear a bit 
disconnected; this is inevitable because the subject of quantum mechanics is so 
vast that it is impossible to present the basic concepts in a coherent fashion in 
one tiny chapter! Nevertheless, whatever we discuss we will try to do from first 
principles. 

We first give a heuristic derivation of the Schrodinger equation which is followed 
by its solutions corresponding to some important potential energy functions. We 
have solved the particle in a box problem and also the harmonic oscillator problem. 
For the hydrogen atom problem, we just present the results. We have also dis- 
cussed the physical interpretation of the wave function and the uncertainty principle. 
Several other “solvable” problems are briefly discussed at the end of the chapter. 


3.2 The One-Dimensional Schrédinger Equation 


There are many experimental results which show that atomic objects (like electrons, 
protons, neutrons, @ particles) exhibit both wave and particle properties. Indeed the 
wavelength A is related to the momentum p through the de Broglie relation 


ae (3.1) 
Dp 


where h (~ 6.627 x 107*4J s) represents Planck’s constant. Thus, we may write 


p=hk (3.2) 
where hi = h / 2m and 
ss (3.3) 
Xr 
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represents the wavenumber. Further, as established by Einstein’s explanation of the 
photoelectric effect, the energy E of the particle is related to the frequency w by the 
following equation: 


E=ho (3.4) 


The simplest type of a wave is a one-dimensional plane wave described by the 
wave function 


W(x, =A expl[i (kx — at)] (3.5) 


where A is the amplitude of the wave and the propagation is assumed to be in the +x 
direction. If we now use Eqs. (3.2) and (3.4), we would obtain 


W =exp E (px — en] (3.6) 


Elementary differentiation will give us 


ih— = EW 331 

; ot Gm 
ow 

— ihR— = pv (3.8) 
Ox 


which suggests that, at least for a free particle, the energy and momentum can be 
represented by differential operators given by 


a a 
E> ih—, ih 3.9 
Son age ae ae ee 


Further, if we again differentiate Eq. (3.8), we would obtain 


he aew - 
ee (3.10) 
2m dx? 2m 
For a free particle, the energy and momentum are related by the equation 
2 
P 
E> — 3.11 
oa (3.11) 
Thus the right-hand sides of Eqs. (3.7) and (3.10) are equal and we obtain 
aw in? aw 
iih— = (3.12) 


dt 2m Ax 


which is the one-dimensional Schrédinger equation for a free particle. If we use 
the operator representations of E and p [see Eq. (3.9)], we may write the above 
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equation as 


p 


EY = — 
2m 


(3.13) 
We next consider the particle to be in a force field characterized by the potential 

energy V (x); thus, classically, the total energy of the system is given by 

eee 
2m 


E + V (x) (3.14) 


If we now assume p and FE to be represented by the differential operators, the 
equation 


2 
EW = E is vo] w (3.15) 
2m 
would assume the form 
aw he ar 
ih— = | -—-—— U wl 
in l-seaa +9] (3.16) 


which represents the one-dimensional time-dependent Schrédinger equation. The 
above equation can be written in the form 


ow 
in = HAW (3.17) 
where 
we? ayw ee +VO (3.18) 
2m 2m dx 


is an operator and represents the Hamiltonian of the system. Equations (3.16) 
and (3.17) represent the one-dimensional time-dependent Schrédinger equation. 
The above is a very heuristic derivation of the Schrédinger equation and lacks 
rigor. Strictly speaking Schrédinger equation cannot be derived. To quote Richard 
Feynman 


Where did we get that equation from ? Nowhere. It is not possible to derive it from anything 
you know. It came out of the mind of Schrédinger. 


Although we have obtained Eq. (3.16) starting from an expression for a plane wave, 
the Schrédinger equation as described by Eq. (3.16) is more general in the sense that 
w (r,t) called the wave function contains all information that is knowable about 
the system. As will be discussed in Section 3.4, w*(r,Hw(r, t)dt represents the 
probability of finding the particle in a volume element dt. Note also that observables 
such as momentum energy are represented by operators [see Eq. (3.9)]. 
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When the Hamiltonian, H, is independent of time!, Eq. (3.16) can be solved by 
using the method of separation of variables: 


Wat) = WX) T () (3.19) 


Substituting in Eq. (3.16) and dividing by Y, we obtain 


1 dT | Py 


ne @ de ow | onde voy =E (3.20) 


where E is a constant (and now a number). Thus 


dT i 
at per o=0 


dt 
giving 
T(t) ~ exp (-7#") (3.21) 
Further, Eq. (3.20) gives us 
ey +Vy = Ey (3.22) 
2m dx? 7 
or 
Hw =Ew (3.23) 


which is essentially an eigenvalue equation. For y to be “well behaved,” the quan- 
tity E takes some particular values (see, e.g., Examples 3.1 and 3.2), these are 
known as the energy eigenvalues and the corresponding forms of y are known as 
eigenfunctions; by “well-behaved” we imply functions which are single valued and 
square-integrable (i.e., f |W |?dr should exist). 

In Section 3.4 we will interpret the wave function w as the probability amplitude; 
therefore y should be single valued and |y (x)|7dx has to be finite for finite values 
of dx. Thus 


li -dx = 0 
eal 


In practice this is satisfied by demanding that w be finite everywhere. We also 
have the following theorems: 


' Whenever we are considering bound states of a system (like those of the hydrogen atom or that of 
the harmonic oscillator) the Hamiltonian is independent of time; however, for problems such as the 
interaction of an atom with radiation field, the Hamiltonian is not independent of time (see, e.g., 
Section 4.7). 


3.2 The One-Dimensional Schrédinger Equation 37 


Theorem 1 The derivative of the wave function dyy/dx is always continuous as long 
as the potential energy V(x) is finite, whether or not it is continuous”. 


Proof We integrate the Schrédinger equation [Eq. (3.22)] from x— € to x+e to obtain 


X+E€ X+E 
ry 2m 
pears Ff ie veovona 
ee xX—E x—é 
X+E 
; ; 2m 
wate—-pa-e= je / [E — V(x)]w(x)dx 


Since V(x) is assumed to be finite (it could, however, be discontinuous), the RHS 
tends to zero as e—>0. Thus w’ is continuous at any value of x. It is obvious that 
w has to be necessarily continuous everywhere. Alternatively one may argue that if 
dw /dx is discontinuous then d?/dx? must become infinite; this will be inconsistent 
with Eq. (3.22) as long as V(x) does not become infinite. 


Theorem 2 /f the potential energy function V(x) is infinite anywhere, the proper 
boundary condition is obtained by assuming V(x) to be finite at that point and car- 
rying out a limiting process making V(x) tend to infinity. Such a limiting process 
makes the wave function vanish at a point where V(x)=o0. 


Example 3.1 Particle in a one-dimensional infinitely deep potential well 


We will determine the energy levels and the corresponding eigenfunctions of a particle of mass jz in a 
one-dimensional infinitely deep potential well characterized by the following potential energy variation 
(see Fig. 3.1): 


+00 +00 


Fig. 3.1 Particle ina 
one-dimensional box 


2It may be mentioned that in many texts the continuity of y and dy /dx are taken to be axioms. 
This is not correct because it follows from the fact that y (x) satisfies a second-order differential 
equation [see Eq. (3.22)]. Indeed, when V(x) becomes infinite, dy /dx is not continuous. 
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Vix)=0 for O<x<a 


(3.24) 
=oo for x<0O andforx>a 
For 0 < x <a, the one-dimensional Schrédinger equation becomes 
Py 2 
where iit 
2_ 4h 
r= coe (3.26) 
The general solution of Eq. (3.25) is 
w (x) =A sinkx + B cos kx (3.27) 


Since the boundary condition at a surface at which there is an infinite potential step is that w is zero (see 
Theorem 2), we must have 


w(x=0)=y¥(x=a)=0 (3.28) 
Using the boundary condition given by the above equation, we get 
w(x=0)=B=0 (3.29) 


and 
W (x= a) =A sinka=0 


Thus, either A = 0 or 
asan, m= 1, 2,4: (3.30) 


The condition A= 0 leads to the trivial solution of yw vanishing everywhere; the same is the case for n=0. 
If we now use Eq. (3.26), the allowed energy values are therefore given by 


ee B31) 
Se 8 a 
" 2pa2 
The corresponding eigenfunctions are 
Vn = Ae sin (42 x) O<x<a (3.32) 
=0 x<Oandx>a 


where the factor ,/2/a is such that the wave functions form an orthonormal set 


a 
/ Vin Onde = Sinn (3.33) 
0 
bm = lifk=n 
os scolaire (3.34) 
=Oifk An 


is known as the Kronecker delta function. It may be noted that whereas wy(x) is continuous everywhere, 
dyw(x)/dx is discontinuous at x= 0 and at x=a. This is because of V(x) becoming infinite at x= 0 and at 
x=a (see Theorem 1). Figure 3.2 gives a plot of the first three eigenfunctions and one can see that the 
eigenfunctions are either symmetric or antisymmetric about the line x = a/2; this follows from the fact 
that V(x) is symmetric about x = a/2 (see Problem 3.2). 
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Fig. 3.2. The energy too +00 


eigenvalues and A Ws) 4 
eigenfunctions for a particle 
in an infinitely deep potential 
well. Notice that the 
eigenfunctions are either Wo) 
symmetric or antisymmetric 
about x = a/2 


Wit) 


The following points are also to be noted 


(i) 


(ii) 
(ii) 


(iv) 


E cannot be negative because if we assume E to be negative then the boundary conditions at x=0 
and x=a cannot be simultaneously satisfied. 


The eigenvalues form a discrete set. 


The eigenfunctions given by Eq. (3.32) form a complete set, i.e., an arbitrary (well-behaved) 
function f(x) (in the domain 0 < x < a) can be expanded in terms of the eigenfunctions of H: 


0) = enVala) = te en sin (x) (3.35) 


n=1,2.... 


where cy are constants which can be determined by multiplying both sides of the above equation 
by wm* (x) and integrating from 0 to a to obtain 


a a 
/ Win Of (x)dx = > Cn / Wn) n(a)dx = Yo cndnn = Cm (3.36) 
0 pl 0 n 
where we have used the orthonormality condition given by Eq. (3.33). 
The most general solution of the time-dependent Schrodinger equation 
aw he ow 


ih =HV= + V(x) U(x, t 3.37 
in ae ae TVD (3.37) 


with V(x) given by Eq. (3.24) will be 


co lo, @) 


5 «2, 
Wan= D> cavace B® = DS catn@e™* (3.38) 
N12, n=1:2::., 
t Qu? 
where rao t= ra (3.39) 


Substituting for w(x) and Ey we get 


= 2 . nx wren 
W(x, t) = Cn rs exp mcr (3.40) 


n=12 03: 
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(v) 


(vi) 
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Since 


Y(x,0) = )> enna) (3.41) 


n 


the coefficients c, can be determined from the initial form of the wave function: 


Ch = : Wn (x) W (x, O)dx (3.42) 
0 


Thus, the recipe for determining W(x, ¢) is as follows: 


If we know W(x, 0) we can determine cy from Eq. (3.42), we substitute these values in Eq. (3.38), 
and sum the series to obtain W(x, f). 


We assume W(x, 0) to be normalized: 
a 
[ivooPar=1 (3.43) 
0 


This would imply 


l= / Vavie >> Cm @)dx = > 2 ch cm i Vn Vm) dx 
5 8 ™m non 0 
= > > ch Cmédmn = y lenl 


n m n 


(3.44) 


where we have used the orthonormality condition given by Eq. (3.33). Further, 


a a 
i IW (x, t)|2dx = > > | ve (x) Wm (x) dx 
0 0 


n m 


= > Yo heme! En—Em)t/P 5,1, = a lenl? =1 


n m n 


Thus, if the wave function is normalized at t=O, then it will remain normalized at all times. 
Further, we can interpret Eq. (3.44) by saying that len|? represents the probability of finding the 
system in the nth eigenstate which remains the same at all times. Thus there are no transitions. 
Indeed, whenever the potential energy function is time-independent, we obtain what are known 
as stationary states and there is no transition between states. 


As a simple example, let us assume that the particle is described by the following wave function 


(at t=0): 
1 i 1 
WOx,0) =) Wi@)4 yAke yg v4) 


Ye lew? =1 
n 


Notice that 


so that the wave function is normalized. Thus, if we carry out a measurement of energy, the 
probabilities of obtaining the values E,, Ey, and E4 would be 1/6, i and 1/3, respectively. 
How will such a state evolve with time? Well, we just multiply each term by the appropriate 
time-dependent factor to obtain W(x, f) [see Eq. (3.38)]. 
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Wix,) = ie vane H/0 +. Fain 0 4 ‘e W3(xye~ |6it/to (3.45) 


where fo is given by Eq. (3.39). Obviously 


a 
/ W(x, )?dx = 1 (3.46) 
0 
for all values of t. The quantity 
P(x, t) = | W(x, 1) |? (3.47) 


would represent the time evolution of the probability distribution function. However, at all values 
of time, the probability of finding the system in a particular state remains the same. Further, the 
average value of the energy is given by 


1 1 1 
E)=-E —E - £. 
(E) 6 LS 2+ 3 4 
E oe | were 15 02h os 
“16 °°" 3} Qua2~ 2 22 


Thus, if one carries out a large number of measurements (of energy) on identically prepared 
systems characterized by the same wave function as given by Eq. (3.45), then the average value 
of the energy would be given by Eq. (3.48). 


(vii) | What happens to the wave function if E ¢ En, i.e., if E is not one of the eigenvalues? For such a 
case the boundary conditions cannot be satisfied and therefore it cannot be an allowed value of 
energy. For example, if 

0.81707? 
~ 2a 


then the wave function cannot be zero for both x=0 and x=a. 


Example 3.2 The linear harmonic oscillator 
We next consider the linear harmonic oscillator problem where the potential energy function is given by 


1 
Va) == wo x 


3.49 
5 (3.49) 
and the Schrodinger equation [Eq. (3.22)] can be written in the form 
ey 2. 
+[A-e]y =0 3.50 
ee tl4-]¥ (3.50) 
where € = a x and we have chosen 
re) 
= ,f/— 3.51 
a i (3.51) 
so that 
2E 
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For the wave function not to blow up at x=+ oo (which represents the boundary condition), A must be 
equal to an odd integer (see Appendix A), i.e., 


A = (2 1) 0,1, 2,3 (3.52) 
= —=(2m+1); m=0,1,2,3,.... 3 
ho 


The above equation would give us the following expression for the discrete energy eigenvalues: 
1 
E=En= m+ 5 ho, m= 0,1,2,3,.... (3.53) 


The corresponding normalized wave functions are the Hermite—Gauss functions (see Appendix A): 


1 
Wm(&) = NmHm(&) exp (- 3°) ,m=0,1,2,3,.... (3.54) 
where 
4 1/2 
Nu = | ——— 3:55 
” (ste) ( ) 


represents the normalization constant. The first few Hermite polynomials are 
Ao (§) = 1, Ay (&) = 2& 
Hy (é)= 462-2, Hy (€) = 867 — 128,... (3.56) 


The wave functions form a complete set of orthonormal functions: 


+00 
/ end = Sy (3.57) 


—co 


The most general solution of the time-dependent Schrodinger equation [Eq. (3.16) with V(x) given by 
Eq. (3.49)] will be 


Co 


» can (xe tEn oh 


n=0,1,2,... 


W(x, ft) 
(3.58) 


lo, @) 


y e) Yale" z)or 


n=0,1,2,.02 


The values of cy will be determined by the initial state of the oscillator. 


3.3 The Three-Dimensional Schrédinger Equation 


The three-dimensional generalization of the Schrédinger equation is quite straight- 
forward; instead of Eq. (3.29), we have 


Awa 
ot 
a 0 ri) 
Px > —ih—, py—> —ih—, p,— —ih (3.59) 
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Thus the equation [cf. Eq. (3.13)] 


rw =| (p+ 7} +72) +V@)] ¥ (3.60) 
2m * y ae 
assumes the form 
ow 
ih— =HY (3.61) 
ot 
where 
p h2 " 
H=——+4V(rn=-—V° 4+ V(r) (3.62) 
2m 2m 


is an operator and represents the Hamiltonian of the system. Equations (3.61) and 
(3.62) represent the three-dimensional Schrédinger equation. Once again, when the 
Hamiltonian, H, is independent of time, Eq. (3.61) can be solved by using the 
method of separation of variables: 


Vaod=vanT@o (3.63) 


Substituting in Eq. (3.61) and dividing by Y, we obtain 


poe! iy V =E 3.64 
ieee =z sa Ve wv] = (3.64) 


where E is a constant (and now a number). The solution of the time-dependent part 
is again given by Eq. (3.21). Equation (3.64) gives us 


he 
-—VWw+Vv =EW (3.65) 


2m 


or 
Hw = Ew (3.66) 

which, once again, is essentially an eigenvalue equation. The solution 
W, (r,t) = Wn (Vr) exp (—iE,t/ h) (3.67) 


is said to describe a stationary state; here the subscript m refers to a particular 
eigenvalue E,,. Thus 


Ain = EnWn (3.68) 
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We rewrite the Schrédinger equation 


aw (r,t he 
noe) weve (3.69) 
ot 2m 
along with its complex conjugate 
OwW* (r,t he 
noe OD ay vay (3.70) 


ot 2m 


If we multiply Eq. (3.69) by W* and Eq. (3.70) by W and subtract, we obtain 


aw aw* rh 
in ( w* w = wivew — vw") 71 
in(ue Se ew) =F ( G71) 


Remembering that V7 = 07/ dx?+07/ dy?+07/ dz*, we may rewrite the above 
equation in the form 


8 (yew) + ih E (oe vt) 


ot 2m | 0x ox ox 
0 aw* OU 0 aw* OW 
+ Ww Ww + w Ww =0 
oy dy dy Oz Oz Oz 
or 
dap 
—+V-J=0 (3.72) 
ot 
where 
p=vy (3.73) 
J, daJy  dJz 
V-J=— t+ — ~ 3.74 
_ Ox dy Oz ( ) 
Je = it endl w* ile (3.75) 
“"" Im Ox ox , 


and similar expressions for Jy and J,. Equation (3.72) is the equation of continuity 
in fluid dynamics and can be physically interpreted by considering a moving gas 
with e representing the number of particles per unit volume and J representing the 
current density. Thus, if we normalize WY such that 


[ [ fver=i (3.76) 
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For all states for which f Y*Wdr exists, this normalization is always possible 
because if W is a solution of Eq. (3.69) then any multiple of W is also a solution and 
we may always choose the multiplicative constant such that Eq. (3.76) is satisfied. 
We may associate 


p=wvw (3.77) 
with position probability density and J with probability current density. This implies 


that Y*Wdr represents the probability of finding the particle in the volume element 
dt. Further, for an infinitely extended plane wave 


W =exp E (p-r— En| (3.78) 
the current density J can be easily calculated to give 
=v (3.79) 


which is just the current for a beam of particles of unit density? (¥*W = 1) and 
velocity v. 


Example 3.3 Particle in a three-dimensional box 


For a free particle of mass ju inside a cubical box of side L, the Schrédinger equation is given by 


2uE O<x<L 
Vet ory =0 O<y<L (3.80) 
Oy ae ae Br 


with the boundary condition that y should vanish everywhere on the surface of the cube. We use the 
method of separation of variables and write y=X(x) Y(y) Z(z) to obtain 


1d2X 1dY 102 2uE 


7 81 
Xdx2 YY dy? Z dz i oy 


The first term is a function of x alone, the second term of y alone, etc., so that each term has to be set 
equal to a constant. We write 
1 dx 


2 
¥q2- —k, (3.82) 


‘x 


and similar equations for Y(y) and Z(z) with 


2uE 


R+h+k= a (3.83) 


We have set each term equal to a negative constant; otherwise the boundary conditions cannot be satisfied. 
The solution of Eq. (3.82) is 


rt may be noted that the plane wave is not normalizable; this is due to the fact that an infinitely 
extended plane wave corresponds to a constant probability density everywhere. 
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X(x) =A sin kyx + B cos kyx 


and since w has to vanish on all points on the surface x=0 we must have B=0. Further, for y to vanish 
on all points on the surface x=L, we must have 


sin kxL = 0 
om Ny 
ky = “= with ny = 1, 2,... (3.84) 
(cf. Example 3.1). Similarly, we would obtain 
Ny 
ky = a ny = 1,2,3,... 


and 
NzIt 
Ky SS np = 1,235.4 
; L 


Thus using Eq. (3.83) we get the following expression for energy eigenvalues 


_ mh 
~ QL? 


(ne + ny + nm), Nx, Ny, Nz = 1,2, Dia ws (3.85) 


The corresponding normalized wave functions are 


W(x, y, Zz) = CM sin (= x) sin (= ) sin (= :) (3.86) 


3.4.1 Density of States 


If g(E) dE represents the number of states whose energy lies between FE and E+dE 
then g(E) is known as the density of states and it represents a very important quantity 
in the theory of solids. In order to calculate g(E) we first calculate N(E) which 
represents the total number of states whose energies are less than E. Obviously 


E 
N(E) = | sae (3.87) 
0 
and therefore 
dN(E) 
E) = —— . 
g(E) dE (3.88) 
Now, 
2uL2E 
ny + ny +02 = = R(say) (3.89) 


Thus NE) will be the number of sets of integers whose sum of square is less than 
R?. In the nx, ny, and nz space each point corresponds to a unit volume and if we 
draw a sphere of radius R then the volume of the positive octant will approximately 
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represent* N(E); we have to take the positive octant because n,, ny, and nz take 
positive values. Thus 


43 _ Quy? F3/2 


Og aes (3.90) 


1 
N(E) =2 x = x 
8 
where an additional factor of 2 has been introduced as a state can be occupied by 
two electrons. Using Eq. (3.88) we get 


(2u)?/ *V 1/2 
[a 2 3.91 
gE) = rs (3.91) 
where V(=L?) represents the volume of the box. Often it is more convenient to 
express the density of states in momentum space. Now for a free non-relativistic 
particle 


2 
E= = (3.92) 
2u 
Thus the equation 
g(p)dp = g(E)dE (3.93) 
would readily give 
a: 
8(P) = “353 P (3.94) 


3.5 Expectation Values of Dynamical Quantities 


The interpretation of |W|* in terms of the position probability density allows 
us to calculate the expectation value of measurable quantities. For example, the 
expectation value of the x coordinate is given by 


(x) = ee = /I/ W* (r, 1) xW (x, 1) dt (3.95) 


where the integration is over the entire space and in the last step we have assumed 
the wave function to be normalized. Similarly, we may write for (y) and (z) and also 
for the expectation value of the potential energy V 


(V) = /I/ W* (7,1) V(r) © (r, 1) dt (3.96) 


‘If the reader finds it difficult to understand he may first try to make the corresponding two- 
dimensional calculations in which one is interested in finding the number of sets of integers such 
that Ny? +Ny? < R?. If one takes a graph paper then each corner corresponds to a set of integers and 
each point can be associated with a unit area. Thus the number of sets of integers would be 2 R7/4 
where the factor y, is because of the fact that we are interested only in the positive quadrant. 
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In order to obtain an expression for the expectation values of quantities like energy 
and momentum, we multiply the Schrédinger equation [Eq. (3.61)] by W* and 
integrate it to obtain 


xe aw * he 2 * 
m 


From now on the single integral sign will be assumed to represent the three- 
dimensional integral over the entire space. The last term is simply (V); further, 
since 


Pp 
(E) = (=) +4) (3.98) 
m 
we may write 
(E) = / w* (nt) dr (3.99) 


a2 
2c ef ¢2 
(i)= fv ( h a) drt (3.100) 


and similar expressions for (»%) and (p2). Equations (3.99) and (3.100) suggest that 
the expectation value of any dynamical quantity O is obtained by operating it on W, 


premultiplying it by W*, and then integrating: 
(O) = [ vow dt (3.101) 
In particular 


(Px) -[v (n=) dt (3.102) 
ox 


For the harmonic oscillator wave functions (see Example 3.2) if we use the various 
properties of the Hermite—Gauss functions, we get 


@) = Wrw, dx = 0 (3.103) 
(7) = ‘i wtew, dx = as (n+ 5) (3.104) 
mw 2 
(px) =| (-in**) dx =0 (3.105) 
Ox 


2 
(?) = i we (- —) dx = moh (» + ;) (3.106) 
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We define the uncertainties in the values of position and momentum through the 
following standard definitions 


Ax = V((«— @)?) = V2)- oY (3.107) 


and 


Ap = Vie &)) = Ve) - @ (3.108) 
Using the harmonic oscillator wave functions one can show that 
1 
Ax Ap, = (: + ;) h (3.109) 


which relates the uncertainties in position and momentum. The minimum uncer- 
tainty product occurs for the ground state (n = 0) 


3.6 The Commutator 
The commutator of two operators a and f is defined by the following equation: 


lo, 6] = aB — Ba = —[B, a] (3.110) 


Now, the commutator of x and p, operating on an arbitrary function W is 
given by 


. aw 0 : 
py] W = (xpy — PyX) YW = —ih | x— — — (xWV)] = hw 
ox ox 
Since W is arbitrary, we obtain 
[x, px] = xp — pxx = ih (3.111) 
Similarly 
[y py] = [z.p2] = ih 

However, 


[x Py] = Ly. p-] =...-=0 


eal Mzl So =O 


50 3 Elements of Quantum Mechanics 


and 


[Px. Py] = [py.p2] =-- = 0 (3.112) 


3.7 Orthogonality of Wave Functions 


We shall first prove that all values of E;, [see Eq. (3.68)] are real and that if E, A Ex, 
then the corresponding wave functions are necessarily orthogonal, i.e., 


[ viv ar = ofan 4k (3.113) 
We start with the Schrédinger equation for the two states: 
h2 
~~ aV wn +V(Q) Wn = EnWn (3.114) 
he 
= FV Wet VO) Un = Eee (3.115) 


We multiply Eq. (3.114) by yf and the complex conjugate of Eq. (3.115) by wy and 
subtract: 
he *W2 2a) ok * 
— F< (VEV? Un — nV? Vi) = (En Ei) Vin = G.116) 


or 


h2 
oe 7 V: (VieEVUn — VnV Uj) dt = (En — ER) : Wivndt (3.117) 


Now according to the divergence theorem 


[v-ror= [Pas 
V Ss 


where S is the surface bounding the volume V. Thus, the integral on the left-hand 
side of Eq. (3.117) can be transformed to a surface integral which would vanish 
if the volume integral is over the entire space; this is because the wave functions 
vanish at the surface which is at infinity. Thus 


(En — Ex) | vitear =0 (3.118) 
For n=k, we must have 


E, = E* (3.119) 


proving that all eigenvalues must be real, and for E,, 4 Ex Eq. (3.113) follows. 
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If E, = Ex (n € k) so that wy and Yr, are two linearly independent wave functions 
belonging to the same energy value, then yy, and yf, are not necessarily orthogonal. 
An energy level E is said to be degenerate when two or more linearly independent 
eigenfunctions correspond to it. However, it can easily be shown that any linear 
combination of the degenerate eigenfunctions (like Cj + C2W,) is also a possible 
eigenfunction belonging to the same eigenvalue: 


Aw = Ex (3.120) 


AWn = ExWn (3.121) 


where H = — (h? / 2m) V* + V(x) [see Eq. (3.114)]. If we multiply Eq. (3.120) by 
C, and Eq. (3.121) by C2, where C; and C2 are any complex numbers and then add 
we obtain 


Ho = Exo (3.122) 


where @ = Ci wx + Cop. Equation (3.122) tells us that ¢ is also an eigenfunction 
belonging to the same eigenvalue. Since C; and C2 are arbitrary, it is always possible 
to construct linearly independent wave functions (belonging to this level) which 
are mutually orthogonal. Further, one can always multiply an eigenfunction by a 
suitable constant such that 


/ WEWn dt = Skn (3.123) 


where 6;,, is known as the Kronecker delta function defined through Eq. (3.34) 

It may be pointed out that the linear harmonic oscillator states [Eq.3.53)] are 
nondegenerate; however, for the hydrogen atom problem, the state characterized by 
the quantum number n is n*-fold degenerate. 


3.8 Spherically Symmetric Potentials 


One of the most important problems in quantum mechanics is that of the motion of 
a particle in a potential which depends only on the magnitude of the distance from 
a fixed point: 


V(r) = V(r) (3.124) 


Such a potential is referred to as a spherically symmetric potential. Now, in spherical 
polar coordinates 


180 (/5dv\ If 1 8 /.. ov 1 #y 
ver 2 0 

aa ( 7 es a0 (sn 50) * aes ag? 
1 a (e%) Ly 


fly 


| (3.125) 
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where 


a) a 1 @ 
Poe in 3.126 
E 00 (sin 53) . sin? 0 =| ; 


is the operator representation of the square of the angular momentum. Thus the 
three-dimensional Schrédinger equation 


Vv? y+ FE - VOY, 6,0) = (3.127) 


can be written in the form 


L2 
ae G we )+e FE VOI WG, 6,6) = aid (3.128) 


ror a h2r2 


In order to solve the above equation we use the method of separation of variables 
and write 


w(r,8,o) = ROY, od) (3.129) 


Substituting in Eq. (3.128) we get 


Y(0,¢) d G =) a 2u RY RO 12y@, d) 


a 7 E— VINO) ¥0.9) = 555 


Dividing by R(r)Y(6,0)/r?, we obtain 


ao(es 2" e_vmj-t—_ Peg) =A (3.130 
RW dr x) + pe WN egy ne ee 


where we have set the terms equal to a constant A because the left-hand side of the 


above equation depends only on r while the other term depends only on @ and ¢. 
The above equation gives us the eigenvalue equation 


L’Y(6,¢) = Ah? Y(0,) (3.131) 
The eigenvalues of L’ are l(+1) h?, i.e., well-behaved solutions are obtained when 
A=ld+1), 1=0,1,2,... (3.132) 

The corresponding eigenfunctions being the spherical harmonics 


Vn.e)) we ele 1S (3.133) 
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Thus Eq. (3.130) can be written in the form 


1d (44dR Qu I+ 1h? 
E-V R(r) =0 3.134 
r2 dr (+ =) ™ h2 ol Qur2 Co ( ) 


which is known as the radial part of the Schrodinger equation. 


3.9 The Two-Body Problem 


In this section we will discuss the energy eigenvalues and the corresponding eigen- 
functions for the hydrogen-like atom for which the potential energy variation is 
given by 


Z r 
Vir)=-— (3.135) 
Aregr 
where 
Z= | for the H-atom problem, 
Z=2 for the singly ionized He-atom problem (He*), 
Z= 3 for the doubly ionized Li-atom problem (Li**) 
where 
r= |r —71r| (3.136) 


represents the magnitude of the distance between the two particles, i.e., between the 
electron and the nucleus. In writing Eq. (3.135) we have used the SI system of units 
so that 


ee 1exit’ Cc 
609 © 8.854 x 107! MKS units 


and V(r) is measured in Joules. In this book we will be almost always using the SI 
system of units; however, since CGS units are used in many books, we give below 
the corresponding expression for V(r) in CGS units: 


2 
VO = = (3.137) 


where e © 4.8 x 107!° esu represents the electronic charge in CGS units and V(r) is 
measured in ergs. We may note that the Coulomb potential described by Eq. (3.135) 
depends only on |rj-ro|, i.e., on the magnitude of the distance between the two 
particles. Indeed, for a two-body problem, whenever the potential energy depends 
only on the magnitude of the distance between the two particles, the problem can 
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always be reduced to a one-body problem (describing the internal motion of the 
atom) along with a uniform translational motion of the centre of mass. Thus the 
internal motion of the atom is described by the wave function w(r) and satisfies the 
equation 


2 2M 
Viow(r) + ye [E — V(r) |] Wr) = 0 (3.138) 
where 
r=r),—-Yro (3.139) 


represents the relative coordinate and 
MeMN 


=e 3.140 
be rae ( ) 


represents the reduced mass with m, and my represent the mass of the electron and 
that of the nucleus, respectively. The total energy of the atom is given by 


Ftotal = E + Eom (3.141) 
where 
h2 p2 
Eom = ar ;(M=m,+m)] (3.142) 


represents the uniform translational energy of the center of mass. The different spec- 
troscopic lines emitted by an atom correspond to the transition between different 
states obtained by solving Eq. (3.138). 


3.9.1 The Hydrogen-Like Atom Problem 


The radial part of the wave function satisfies the following equation: 


1 d[5dR]. 2u Zq° I + 1)h? 
E R(ir) = 0 3.143 
r? dr ? 4 = nh 4m eor 2ur? ) ( 


For R(r) to be well behaved at r=0 and also as r — oo, we would obtain the 
following discrete energy eigenvalues of the problem see Appendix B: 


E |E\ | 
n 
where 
n= 1,2,3,... 


represents the total quantum number and 


1 
|E| = sez a" c (3.145) 
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represents the magnitude of the ground state energy. Further, 


g 1 
O dehe - 137036 are) 


represents the fine structure constant and c(* 2.998 x 108 m/s) represents the speed 
of light in free space. For the hydrogen atom 


my = Mp © 1.6726 x 1077’ kg 
giving 
LH © 9.1045 x 1077! kg 


where we have taken m, ~ 9.1094 x 1077!kg. On the other hand, for the 
deuterium atom 


my = mp & 3.3436 x 10-7’ kg 
giving 
Lp © 9.1070 x 1077! kg 


Now, for the n = n; — n = nj transition, the wavelength of the emitted radiation 
is given by 


a (3.147) 


or 


| 
_ 2h 1 1 (3.148) 
7 Zac? ny ny , 


When n2=1, 2, and 3 we have what is known as Lyman series, the Balmer series, 
and the Paschen series, respectively. For the n=3 — n=2 transition, the wavelength 
of the emitted radiation comes out to be 


6565.2A and 6563.4A 


for hydrogen and deuterium, respectively. The corresponding wavelength for the 
n=4 — n=2 transition is 


4863.1A and 4861.7A 


Such a small difference in the wavelength was first observed by Urey in 1932 which 
led to the discovery of deuterium. 


56 3 Elements of Quantum Mechanics 


In spectroscopy the energy levels are usually written in wavenumber units which 
are obtained by dividing by he: 
i= = ot (3.149) 


where 


De? 2 \2 2 
= (2 )- (3.150) 


R= 
ch? \ 4rreo 


is known as the Rydberg constant. Values of the Rydberg constant for different 
hydrogen like atoms are given below: 


R = 109677.58 cm! (for the hydrogen atom) 
109707.56 cm7! (for the deuterium atom) 
109722.40 cm7! (for the He*-atom) 
109728.90 cm7! (for the Lit+ -atom) 


The slight difference in the values is because of the difference in the values of the 
reduced mass ju. 
The normalized radial part of the wave function is given by see Appendix B: 


Rn(p) = N e-°/? 9! F\(—n,, 21+ 2, p) (3.151) 


where n, is known as the radial quantum number and for the ;F; function to be a 
polynomial, n, can take only the following values: 


np = 01,2, 355204 
The total quantum number is given by 


n=l1+1+n, 
Thus 
n= 1,2,3,...with/=0,1,2,...n—1 


The normalization constant is given by 


eee ai ac (3.152) 
~ (21+-1)! | 2nm—1- 1)! , 
In the above equation 
2Z 
p=yr y=— 
ndo 
42 (3.153) 
ao 


~ w(q/4re0) 
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where dog is the Bohr radius. Further 


a a(a+ 1) p- 
Fi(a,c,p)=1 ve 3.154 
1F (a,c, p) oe ea) “Tid ( ) 


represents the confluent hypergeometric function. For given values of n and /, a 
would be a negative integer or zero and the above function would be a polynomial. 
For example, for n=2, J=0, we will have n-=1: 


1/2 3/2 
ee pee et zy" 
4x1 J/2 \ao 


and P 
iF) (—1,2, p) = 1 aa 2 
Thus 
Ro0(n = 1 (zy 1 l aa (3.155) 
20" =A a 5 e : 
where 
ae (3.156) 


Similarly, one can calculate other wave functions. We give below the first few R,/(r) 


Z\3/2 
Rion =2(2) es (3.157) 

0 

3/2 

Ry (r) = mT (2) ge $l? (3.158) 

0 

R a ZV (2 2 42) £3 3.159 

== (=) ( f+ af) ¢ (3.159a) 

3/2 
R31 (r) = ak (2) (« = 22°) e 8/3 (3.159b) 

4 Bs ep 

R32 (r) = 81./30 (=) Ee (3.160) 


The wave functions are normalized so that 


lo) 
[ie (NP? °° dr=1 (3.161) 
0 


The complete wave function is given by 


Wnim (7,0,0) = Ra (r) Yin (0, ¢) (3.162) 


where Yj,(0,@) are the spherical harmonics tabulated below. 
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Looking at Eq. (3.162) we see that the energy depends on the total quantum 
number n. Since for each value of n we have values of / ranging from 0 to n—1 and 
for each value of /, the m values range from —/ to +/ there are 


n—1 
Yo 2l+)=r 
1=0 


states Wnim belonging to a particular energy. The degeneracy with respect to m is 
due to spherical symmetry of the potential energy function. But the /-degeneracy 
is peculiar to the Coulomb field and is, in general, removed for non-Coulomb 


potentials. 
Further, 
Yoo = (42) 1/2 (3.163) 
3 \12 
Yyi=- (=) sin de? (3.164) 
3 \172 
Yio= (=) cos 8 (3.165) 
1/2 
Yi-1= (=) sinbe? (3.166) 
15 1/2 ; 
Yo. = (=) sin? 6e7/9 (3.167) 
15 Ljf2 ; 
Yn, =- (=) sin6 cos de® (3.168) 
5 \1/2 
nee (=) (3 cos? 6 — 1) (3.169) 
15 1/2 ; 
Yo-1= (=) sin@ cos be? (3.170) 
15 1/2 : 
Yo 2 = (=) sin’ Oe 7? (3.171) 


and so on. The ground state eigenfunction is W109 (7 = 1,/=0, m= 0), the 
first excited state (n = 2) is fourfold degenerate 2,00, 2,1,-1, W2,1,0, and w2,1,1. 
Similarly n = 3 state is ninefold degenerate. In general, the states character- 
ized by the quantum number n are n?-fold degenerate. The wave functions are 
orthonormal, i.e., 


/| VrimVnitm't dr sin 6 d6 db = Spy di 5mm’ (3.172) 


It may be a worthwhile exercise for the reader to see that the above wave functions 
satisfy Eq. (3.172) with E given by Eq. (3.144). 
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Problems 


Problem 3.1 Consider a potential energy function given by the following equation (see Fig. 3.3) 


V(x) =0o x<0 
=0 O<x<a (3.173) 


=Vo x>a 


Assume y and ay to be continuous at x=a and that the wave function vanishes at x=0 and as 


xX —+ +00. 
(a) Using the above boundary conditions, solve the one-dimensional Schrédinger equation to obtain 
the following transcendental equations which would determine the discrete values of energy: 


~ &coté = a2 — £2 (3.174) 


2Ea? 2uVoa2 
é=,]/ a and a =,/ ‘2 (3.175) 


2uVoa2 
LVoa = 9772 
h2 


show that there will be three bound states (see Fig. 3.3) with 


where 


(b) Assuming a = 37 


& = 2.83595, 5.64146, and 8.33877 


Fig. 3.3. The first three ©0 
eigenvalues and 
eigenfunctions of an isolated 


2mVoa2 
h2 


Vi) 
ft? /2pa2 


well for a=37; a = 


mm a — >> 


Problem 3.2 Consider a symmetric potential energy function so that V(— x) = V(x). Show that the solu- 
tions are either symmetric or antisymmetric functions of x, i.e., either w(— x) = + w (x) or w (— x) 
=- (x) 

{Hint: In Eq. (3.22), make the transformation x — —x and assuming V (— x) = V(x) show that 
w(—x) satisfies the same equation as w(x); hence, we must have yw (—x)=Aw(x). Make the transformation 
xX — -x again to prove A = + 1] 
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Problem 3.3 Consider a potential energy function given by the following equation 


0; d 
Va) = hl “2 (3.176) 
Vo; Xl >5 


Since the potential energy variation is symmetric about x=0, the solutions are either symmetric or 
antisymmetric functions of x. (see Problem 3.2). For E < Vg solve the Schrédinger equation (in the 
two regions). Assuming w and wv continuous at x=+ d/2 and that the wave function must vanish as 
x — + o obtain the following transcendental equations which would determine the discrete values of 


energy 
étané = ,/a? — £2 for symmetric states (3.177) 
—é&coté = ,/a? — &2 for antisymmetric states (3.178) 

where 


/2 Ed 12 w Vo d2 
g= a and a= Te (3.179) 


For a given value of a, the solutions of Eqs. (3.177) and (3.178) will give the bound states for the 
potential well problem given by Eq. (3.176). Obviously, for a < 2/2 we will have only bound state. For 
given values of Vo, j and d, as h — 0, the value of a will become large and we will have a continuum 
of states implying that all energy levels are possible. Thus in the limit of h + 0, we have the results of 
classical mechanics. 


Problem 3.4 Using the results of the previous problem, obtain the energy eigenvalues for a single well 
corresponding to the following values of various parameters: pp = me , Vo = 20eV;d=5A 


[Ans: E; © 1.088 eV; Ez © 4.314 eV, E3 © 9.527 eV, E4 © 16.253 eV] 


Problem 3.5 Consider the three-dimensional harmonic oscillator 


1 
V = 5H (of? + 03)? + 032’) (3.180) 


Use the method of separation of variables to solve the Schrédinger equation (in Cartesian coordinates) 
and show that the energy eigenvalues are given by 


| il 1 
E= (m 5) ha, 4 (» 5) hay 4 (s 5) ho; (3.181) 


ny, 2, n3 = O,1,2,.... The corresponding wave functions are products of the Hermite—Gauss 
functions. 


Problem 3.6 Calculate the wavenumbers corresponding to the Hy (n = 3 — n = 2) and the Hg(n = 4 
— n= 2) lines of the Balmer series for the hydrogen atom. What will be the corresponding wavelengths 


[Ans: © 6563 A and 4861 A] 


Problem 3.7 Calculate the wavelengths for the n = 4 > n = 3 transition in the Het atom 


[Ans: © 4686 A] 
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Problem 3.8 Calculate the wavelengths corresponding to then = 2 > n= 1;n=3—>n=1;n=4—> 
n= 1,andn=5 — n= | transitions of the Lyman series of the hydrogen atom 


[Ans: © 1216 A, 1026 A, 973 A, 950 A] 


Problem 3.9 Using the expressions for spherical harmonics, write all wave functions corresponding to 
the n = 2 and n = 3 states of the hydrogen atom. Show that they are fourfold and ninefold degenerate. 
(Actually, if we take into account the spin states, they are 8-fold and 18-fold degenerate) 


CO 
Problem 3.10 Show that f Rig (7) R29 (7) 17 dr = 0 
0 


Chapter 4 
Einstein Coefficients and Light Amplification 


4.1 Introduction 


In this chapter we discuss interaction of radiation and atoms and obtain the 
relationship between absorption and emission processes. We show that for light 
amplification a state of population inversion should be created in the atomic system. 
We also obtain an expression for the gain coefficient of the system. This is followed 
by a discussion of two-level, three-level, and four-level systems using the rate equa- 
tion approach. Finally a discussion of various mechanisms leading to broadening of 
spectral lines is discussed. 


4.2 The Einstein Coefficients 


We consider two levels of an atomic system as shown in Fig. 4.1 and let N; and 
N> be the number of atoms per unit volume present in the energy levels EZ; and E>, 
respectively. The atomic system can interact with electromagnetic radiation in three 
distinct ways: 


(a) An atom in the lower energy level E; can absorb the incident radiation at a fre- 
quency w = (£2 — E;)/ hand be excited to E); this excitation process requires 
the presence of radiation. The rate at which absorption takes place from level 1 
to level 2 will be proportional to the number of atoms present in the level Fy and 
also to the energy density of the radiation at the frequency w = (E2 — E1)/h. 
Thus if u(@)dw represents the radiation energy per unit volume between w and 
@ + do then we may write the number of atoms undergoing absorptions per unit 
time per unit volume from level | to level 2 as 


P12 = Bi2u(@)M (4.1) 
where B72 is a constant of proportionality and depends on the energy levels 


E\ and E>. Notice here that u(@) has the units of energy density per frequency 
interval. 
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Fig. 4.1 Two states of an 


atom with energies EF; and Ey Ey Ne 
with corresponding 
population densities of NV; 
and N2, respectively 
E Ny, 


(b) For the reverse process, namely the deexcitation of the atom from E2 to E), 
Einstein postulated that an atom can make a transition from E> to FE; through 
two distinct processes, namely stimulated emission and spontaneous emis- 
sion. In the case of stimulated emission, the radiation which is incident on 
the atom stimulates it to emit radiation and the rate of transition to the lower 
energy level is proportional to the energy density of radiation at the frequency 
ow. Thus, the number of stimulated emissions per unit time per unit volume 
will be 


M21 = Bo, u(@)N2 (4.2) 


where Bo; is the coefficient of proportionality and depends on the energy 
levels. 

(c) An atom which is in the upper energy level Ey can also make a sponta- 
neous emission; this rate will be proportional to N2 only and thus we have 
for the number atoms making spontaneous emissions per unit time per unit 
volume 


Uz, = A21N2 (4.3) 


At thermal equilibrium between the atomic system and the radiation field, the 
number of upward transitions must be equal to the number of downward transitions. 
Hence, at thermal equilibrium 


N,Bi2u(@) = N2A2 + N2B2\uU(@) 


or 
u(w) = Ant (4.4) 
(Ni /N2)Bi2 — Bai 


Using Boltzmann’s law, the ratio of the equilibrium populations of levels 1 and 2 at 
temperature T is 


M1 _ (EE) /keT _ pho/keT (4.5) 
N2 


where kp(= 1.38 x 10-733 /K) is the Boltzmann’s constant. Hence 
Agi 


ee 4.6 
By eho/keT — Boy om 


u(@) = 
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Now according to Planck’s law, the radiation energy density per unit frequency 
interval is given by (see Appendix F) 


203 ehw/keT — | 47) 
where c is the velocity of light in free space and ng is the refractive index of the 
medium. 

Comparing Eqs. (4.6) and (4.7), we obtain 


By. = By = B (4.8) 
and 
Ar _ horn 


Ba PE (4.9) 


Thus the stimulated emission rate per atom is the same as the absorption rate per 
atom and the ratio of spontaneous to stimulated emission coefficients is given 
by Eq. (4.9). The coefficients A and B are referred to as the Einstein A and B 
coefficients. 

At thermal equilibrium, the ratio of the number of spontaneous to stimulated 
emissions is given by 


A 
= — A2iN2 _ _ elio/kgT =| (4.10) 
Bz N2u(@) 


Thus at thermal equilibrium at a temperature 7, for frequencies, w >> kgT/h, 
the number of spontaneous emissions far exceeds the number of stimulated 
emissions. 


Example 4.] Let us consider an optical source at T = 1000 K. At this temperature 


kg _ 1.38 x 10773(J/K) x 10°(K) _ 


= 1.3 x 10/457! 
i 1.054 x 107-34(Js) 


Thus for @ >> 1.3 x 10!4s~!, the radiation would be mostly due to spontaneous emission. For A = 
500nm, w © 3.8 x 10! s~! and 
Rw»? 35.0 x 107 


Thus at optical frequencies the emission from a hot body is predominantly due to spontaneous transitions 
and hence the light from usual light sources is incoherent. 


We shall now obtain the relationship between the Einstein A coefficient and the 
spontaneous lifetime of level 2. Let us assume that an atom in level 2 can make 
a spontaneous transition only to level 1. Then since the number of atoms making 
spontaneous transitions per unit time per unit volume is A2;N2, we may write the 
rate of change of population of level 2 with time due to spontaneous emission as 


dN 
— = —A>,N 4.11 
i 21N2 (4.11) 
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the solution of which is 


No(t) = No(O)e~*2!" (4.12) 


Thus the population of level 2 reduces by I/e in a time ts) = 1/A21 which is called 
the spontaneous lifetime associated with the transition 2— 1. 

Example 4.2 In the 2P — 1S transition in the hydrogen atom, the lifetime of the 2P state for spontaneous 
emission is given by 


1 
isp = 4 © 1.6 x 10~°s 
PAI 


Thus Ay © 6 x 10857! 


The frequency of the transition is given by 


wo © 1.55 x 10/637! (hw © 10.2eV) 


Thus T2083 3 
Boy = ——~Ap, © 4.1 x 1079 m3/Js” 
ho np 


where we have assumed no 1. (Note the unit for By, .) 


Now, if one observes the spectrum of the radiation due to the spontaneous 
emission from a collection of atoms, one finds that the radiation is not strictly 
monochromatic but is spread over a certain frequency range. Similarly, if one mea- 
sures the absorption by a collection of atoms as a function of frequency, one again 
finds that the atoms are capable of absorbing not just a single frequency but radi- 
ation over a band of frequencies. This implies that energy levels have widths and 
the atoms can interact with radiation over a range of frequencies but the strength of 
interaction is a function of frequency (see Fig. 4.2). This function that describes the 
frequency dependence is called the lineshape function and is represented by g(w). 
The function is usually normalized according to 


i g(w)dw = 1 (4.13) 


Explicit expressions for g(@) will be obtained in Section 4.5. 


8(w) 


(a) (b) 


Fig. 4.2 (a) Because of the finite lifetime of a state each state has a certain width so that the 
atom can absorb or emit radiation over a range of frequencies. The corresponding lineshape is 
shown in (b) 
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From the above we may say that out of the total Nz and Ny atoms per unit volume, 
only Nz g(@)dw and Nj g(@)dw atoms per unit volume will be capable of interacting 
with radiation of frequency lying between w and w + dw. Hence the total number of 
stimulated emissions per unit time per unit volume will now be given by 


r= / Boule) Nog(oddes 


_N x03 [eeu 


3 3 
hnptsp @ 


(4.14) 


where we have used Eq. (4.9) and Az; = 1/tep. 
We now consider two specific cases. 


(1) If the atoms are interacting with radiation whose spectrum is very broad com- 
pared to that of g(w) (see Fig. 4.3a), then one may assume that over the region of 
integration where g(w) is appreciable u(w)/a@° is essentially constant and thus 
may be taken out of the integral in Eq. (4.14). Using the normalization integral, 
Eq. (4.14) becomes 


—— u(a) (4.15) 


where w now represents the transition frequency. Equation (4.15) is consistent 
with Eq. (4.2) if we use Eq. (4.9) for B21. Thus Eq. (4.15) represents the rate of 
stimulated emission per unit volume when the atom interacts with broadband 
radiation. 

(2) We now consider the other extreme case in which the atom is interacting with 
near-monochromatic radiation. If the frequency of the incident radiation is w’, 
then the u(@) curve will be extremely sharply peaked at @ = w’ as compared to 
g(q@) (see Fig. 4.3b) and thus g(w)la* can be taken out of the integral to obtain 


(a) (b) 


Fig. 4.3. (a) Atoms characterized by the lineshape function g(w) interacting with broadband 
radiation. (b) Atoms interacting with near-monochromatic radiation 
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20 


a 
T= 2 Aa —s(o') f woo 
ho net. sp 
(4.16) 
m3 (') 
Ne <—8(o!)u 
ho’ notsp 
where 
u= [oreo (4.17) 


is the energy density of the incident near-monochromatic radiation. It may be 
noted that u has dimensions of energy per unit volume unlike u(@) which has 
the dimensions of energy per unit volume per unit frequency interval. Thus 
when the atom described by a lineshape function g(@) interacts with near- 
monochromatic radiation at frequency w’, the stimulated emission rate per unit 
volume is given by Eq. (4.16). 


In a similar manner, the number of stimulated absorptions per unit time per unit 


volume will be 
2,3 


ly. = Nj ——— 
13 73 
he! notsp 


g(o' Ju (4.18) 


4.2.1 Absorption and Emission Cross Sections 


The rates of absorption and stimulated emission can also be characterized in terms 
of the parameters referred to as absorption and emission cross sections. To do this, 
we first notice that the energy density u and the intensity J of the propagating 
electromagnetic wave are related through the following equation (see Section 2.2): 


I _ nol 


ea (4.19) 


The number of photons crossing a unit area per unit time also referred to as the 
photon flux ¢ is related to the intensity 7 through the following equation: 


I 
=. 4.20 
g = (4.20) 
Thus Eq. (4.18) can be written as 
mc? 
Yo = N= 8o)o 
wo Pits (4.21) 
=o,N\¢ 


where o, represents the absorption cross section (with dimensions of area) for this 
transition and is given by 
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= = gw) (4.22) 


Similarly we can define the emission cross section o. through the rate "21. Since 
Ij2 and I'2; are equal, the absorption and emission cross sections are equal. 

Note that the absorption and emission cross sections are functions of frequency 
and are related to the line broadening function g() and the lifetime fgp. 

The peak emission cross sections for some of the important laser transitions are 
given in Table 4.1. 


Table 4.1 Table giving transition cross section for some important laser lines 


Laser transition Wavelength (nm) Cross section (m?) Lifetime (\1s) 
He-Ne laser 632.8 5.8 x 10717 30 x 10-3 
Argon ion 514.5 2.5 x 10717 6 x 10% 
Nd:YAG 1064 2.8 x 10-73 230 


Example 4.3 Consider the transition in neon atom at the wavelength of 1150 nm. This transition is 
Doppler broadened with a linewidth of 900 MHz and the upper state spontaneous lifetime is 100 ns. 
Using Eq. (4.22) we can calculate the peak absorption cross section. If we assume g(wo) ~ 1/Aw, we 
obtain og ~ 5.8 x 10716 m2 


4.3 Light Amplification 


We next consider a collection of atoms and let a near-monochromatic radiation of 
energy density u at frequency w’ pass through it. We shall now obtain the rate of 
change of intensity of the radiation as it passes through the medium. 

Let us consider two planes P) and P2 of area S situated at z and z + dz, z being the 
direction of propagation of the radiation (see Fig. 4.4). If 1(z) and 1(z+dz) represent 
the intensity of the radiation at z and z + dz, respectively, then the net amount of 
energy entering the volume Sdz between P; and P2 will be 


Ug) — Ket d2)S = U@) — 1 - els 


4.23 
dl (4.23) 
= ——Sdz 
dz 
——. 
> 

Fig. 4.4 Propagation of ; 
radiation at frequency w’ 
through a medium leading to 
a change of intensity with LQ L(z+d9 


propagation 
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This must be equal to the net energy absorbed by the atoms in the volume Sdz. The 
energy absorbed by the atoms in going from level | to level 2 will be ['2Sdzhw’ 
where fiw’ is the energy absorbed when an atom goes from level | to level 2. 
Similarly the energy released through stimulated emissions from level 2 to level | 
will be '21Sdzhiw’. We shall neglect the energy arising from spontaneous emission 
since it appears over a broad frequency range and is also emitted in all directions. 
Thus the fraction of the spontaneous emission which would be at the radiation fre- 
quency w’ and which would be traveling along the z-direction will be very small. 
Thus the net energy absorbed per unit time in the volume Sdz will be 
oe 1 if / 
hand Pe \(N, — N2)hw Sdz 
2:3 


mc : 
= ee a )(N1 — N2)Sdz 
ofsp 


(Ty2 — V21)ho’Sdz = 
(4.24) 


Now, the energy density u and the intensity of radiation 7 are related through 
Eq. (4.19). Thus using Eqs. (4.23) and (4.24) we obtain 


dl 
i = —al (4.25) 
where 
2.2 
= =, 5, SOW = N= = (4.26) 
@-Notsp 


and we have removed the prime on @ with the understanding that w represents the 
frequency of the incident radiation. Hence if N; > N2, a is positive (and y is nega- 
tive) and the intensity decreases with z leading to an attenuation of the beam. On the 
other hand, if N2 > N; then aq is negative (and y is positive) the beam is amplified 
with z. Figure 4.5 shows typical plots of w(@) versus w for Nj > Nz and Nz > Nj. 
Obviously the frequency dependence of a will be almost the same as that of the 
lineshape function g(@). The condition N2 > Nj is called population inversion and it 
is under this condition that one can obtain optical amplification. 
In Eq. (4.26) if (Nj — N2) is independent of J, then we have from Eq. (4.25) 


I(z) = I(O)e~% (4.27) 


i.e., an exponential attenuation when Nj > N2 and an exponential amplification when 
N2 > N,. We should mention that such an exponential decrease or increase of inten- 
sity is obtained for low intensities; for large intensities saturation sets in and (Nj — 
N>) is no longer independent of J (see Chapter 5). 


Example 4.3 We consider a ruby laser (see Chapter 11) with the following characteristics: 


ng = 1.76, tsp = 3 x 1073s, Ag = 6943A 
g(wo) © 1/Aw 1.1 x 107!s 
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Fig. 4.5 A typical variation a(w) 
of a(@) with w for an 
amplifying medium 
corresponding to N2 > Nj 
(lower curve) and for an 
attenuating medium with 
Nz < N, (upper curve) 


1 


where we have assumed that for the normalized lineshape function 
(9) : (4.28) 
wo) ¥ — . 
&(w0 Ag 


where Aw represents the full width at half maximum of the lineshape function and wo represents the 
frequency at the centre of the line. At thermal equilibrium at 300 K, 


N2 _ ,-hv/keT ~ 19-30 x 0 
Ny 
A typical chromium ion density in a ruby laser is about 1.6 x 10!9 cm and since at 300 K most atoms 


are in the ground level, the absorption coefficient at the centre of the line would be 


a= 14x 107!9(Ny — No) © 1.4 x 107! x 1.6 x 10!9 


= 2.2cm! 


If a population inversion density of 5 x 10!6 cm-3 


the gain coefficient will be 


is generated (which represents a typical value) then 


—a ~14x107!9 x 5x 10!6 


~7x 1073 cm7! 
Example 4.4 As another example we consider the Nd:YAG laser (see Chapter 11) for which 


ng = 1.82, tsp = 0.23 x 1077s, Ag = 1.06 4m 


Aw 1 
Av= — & 


x ——— ~ 1.95 x 10!! Hz 
20 27 g(w) 


If we want a gain of 1 m!, the inversion required can be calculated from Eq. (4.26) as 


47nd tepat 
c? g(a) 
= 3.3 x 10/5 em 


(Np — Ny) = 


!We will show in Section 4.5 that g(@o)Aw equals (2/7) and (41n 2/x)!/ 2 for Lorentzian and 
Gaussian lineshape functions, respectively. 
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4.4 The Threshold Condition 


In the last section we saw that in order that a medium be capable of amplifying 
incident radiation, one must create a state of population inversion in the medium. 
Such a medium will behave as an amplifier for those frequencies which fall within 
its linewidth. In order to generate radiation, this amplifying medium is placed in an 
optical resonator which consists of a pair of mirrors facing each other much like in a 
Fabry-Perot etalon (see Fig. 4.6). Radiation which bounces back and forth between 
the mirrors is amplified by the amplifying medium and also suffers losses due to 
the finite reflectivity of the mirrors and other scattering and diffraction losses. If 
the oscillations have to be sustained in the cavity then the losses must be exactly 
compensated by the gain. Thus a minimum population inversion density is required 
to overcome the losses and this is called the threshold population inversion. 


Fig. 4.6 A typical optical R d & 


resonator consisting of a pair 
of mirrors facing each other. 
The active medium is placed 
inside the cavity 


> I In eed > 


i- R, Iq e2(-ayd Ry Ip erode 


—»> R, R, Ip e2-ayd 


In order to obtain an expression for the threshold population inversion, let d rep- 
resent the length of the resonator and let R; and R2 represent the reflectivities of the 
mirrors (see Fig. 4.6). Let w; represent the average loss per unit length due to all loss 
mechanisms (other than the finite reflectivity) such as scattering loss and diffraction 
loss due to finite mirror sizes. Let us consider a radiation with intensity Jo leaving 
mirror M,. As it propagates through the medium and reaches the second mirror, it 
is amplified by e”@ and also suffers a loss of e~%“; for an amplifying medium y 
is positive and e”4 > 1. The intensity of the reflected beam at the second mirror 
will be oR2e"”—%”, A second passage through the resonator and a reflection at the 
first mirror leads to an intensity for the radiation after one complete round trip of 
IpR1 Roe2”—“)¢, Hence for laser oscillation to begin 


Ry Roe2'¥ 24 > | (4.29) 


the equality sign giving the threshold value for @ (i.e., for population inversion). 
Indeed, when the laser is oscillating in a steady state with a continuous wave oscil- 
lation, then the equality sign in Eq. (4.29) must be satisfied. If the inversion is 
increased then the LHS becomes greater than unity; this implies that the round trip 
gain is greater than the round trip loss. This would result in an increasing intensity 
inside the laser till saturation effects take over, which would result in a decrease 
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in the inversion (we shall explicitly show saturation effects in Chapter 5). Thus the 
gain is brought back to its value at threshold. 
Equation (4.29) can be written as 


yrpay- of In R1 Ro (4.30) 
This RHS of Eq. (4.30) depends on the passive cavity parameters only. This can 
be related to the passive cavity lifetime ¢, which is the time in which energy in 
the cavity reduces by a factor 1/e. In the absence of amplification by the medium, 
the intensity at a point reduces by a factor RjR2e77%!14 = e~Cr%4—“MMRiRd) in g 
time corresponding to one round-trip time. One round-trip time corresponds to 
t = 2d(c/no) = 2dno/c. Hence if the intensity reduces as e~‘/:, then in a time 
t = 2dng/c, the factor by which the intensity will be reduced is e~74"0/“, Thus 


oe 2u1d—In Ri Ro) = eo 2d /cte 
or 
eee ae (4.31) 
= Oa n ts 
tie = 


Using Eqs. (4.26) and (4.31), Eq. (4.30) becomes 


(4.32) 


Corresponding to the equality sign, we have the threshold population inversion 
density required for the oscillation of the laser. 

According to Eq. (4.32), in order to have a low threshold value of the population 
inversion, the following conditions must hold: 


(a) The value of f, should be large, i.e., the cavity losses must be small. 

(b) Since g(@) is normalized according to Eq. (4.13) the peak value of g(@) will 
be inversely proportional to the width Aw of the g() function [see Eq. (4.28)]. 
Thus smaller widths give larger values of g(@) which implies lower threshold 
values of (Nz — Nj). Also since the largest g(w) appears at the line centre, the 
resonator mode which lies closest to the line centre will reach threshold first 
and begin to oscillate. 

Smaller values of ft.) (i.e., strongly allowed transitions) also lead to smaller 
values of threshold inversion. At the same time for smaller relaxation times 
(tsp), larger pumping power will be required to maintain a given population 
inversion. In general, population inversion is more easily obtained on transitions 
which have longer relaxation times. 

The value of g(w) at the centre of the line is inversely proportional to Aw 
which, for example, in the case of Doppler broadening is proportional to w (see 
Section 4.5). Thus the threshold population inversion increases approximately 
in proportion to w?. Thus it is much easier to obtain laser action at infrared 
wavelengths than in the ultraviolet region. 


(c 


wm 


(d 


wm 
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Example 4.5 We first consider a ruby laser? which has the following typical parameters: 


do = 6943A, tsp © 3 x 10738, ng = 1.76,d =5 cm 

Ry = Ro = 0.9, ay © 0 
1 

= 2m Av 


1 
= ~ 11x 1072 
g(@o) ae x s 


Thus for the above values 
te % 2.8 x 1079s 


and 
(No — Ni )th © 1.5 x 10!7 em~3 


Typical Cr*3 ion densities are about 1.6 x 10!9 cm7. Thus the fractional excess population is very small. 
The above population inversion corresponds to a gain of about 0.02 cm! or to 0.09 dB/cm. 


Example 4.6 As another example, we consider a He-Ne laser with the following typical characteristics: 
Ao = 6328A, tsp = 1077s, ng © 1, d= 20cm 


R, = Rp = 0.98, ay © 0 
Av © 10°Hz 

ye | 0.16 x 1079 
aa 


for the above values 
te © 3.3 x 1078s 


and 
(No — Ni)th © 6.24 x 108 cm 


4.5 Line Broadening Mechanisms 


As we mentioned in Section 4.2 the radiation coming out of a collection of atoms 
making transitions between two energy levels is never perfectly monochromatic. 
This line broadening is described in terms of the lineshape function g(@) that was 
introduced in Section 4.2. In this section, we shall discuss some important line 
broadening mechanisms and obtain the corresponding g(@). A study of line broad- 
ening is extremely important since it determines the operation characteristics of 
the laser such as the threshold population inversion and the number of oscillating 
modes. 

The various broadening mechanisms can be broadly classified as homogeneous 
or inhomogeneous broadening. In the case of homogenous broadening (like natural 
or collision broadening) the mechanisms act to broaden the response of each atom in 
an identical fashion, and for such a case the probability of absorption or emission of 
radiation of a certain frequency is the same for all atoms in the collection. Thus there 


Ruby laser active medium consists of Cr*3-doped ion Al,O3 and is an example of a three level 
laser. More details regarding the ruby laser are given in Section 10.2. 
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is nothing which distinguishes one group of atoms from another in the collection. In 
the case of inhomogeneous broadening, different groups of atoms are distinguished 
by different frequency responses. Thus, for example, in Doppler broadening groups 
of atoms having different velocity components are distinguishable and they have 
different spectral responses. Similarly broadening caused by local inhomogeneities 
of a crystal lattice acts to shift the central frequency of the response of individual 
atoms by different amounts, thereby leading to inhomogeneous broadening. In the 
following, we shall discuss natural, collision, and Doppler broadening. 


4.5.1 Natural Broadening 


We have seen earlier that an excited atom can emit its energy in the form of sponta- 
neous emission. In order to investigate the spectral distribution of this spontaneous 
radiation, we recall that the rate of decrease of the number of atoms in level 2 due 
to transitions from level 2 to level 1 is [see Eq. (4.11)] 


dN. 
= —Ay\N> (4.33) 


For every transition an energy iwy = E2—E; is released. Thus the energy emitted 
per unit time per unit volume will be 


dN> 
W(t) = |—|h 
(t) 5 Wo 


(4.34) 
= N29 Ap hiwpe 42"! 

where we have used Eqs. (4.33) and (4.12). Since Eq. (4.34) describes the variation 
of the intensity of the spontaneously emitted radiation, we may write the electric 
field associated with the spontaneous radiation as 


E(t) = Ep ele 1/4 (4.35) 


where fs, = 1/A2, and we have used the fact that intensity is proportional to 
the square of the electric field. Thus the electric field associated with spontaneous 
emission decreases exponentially. 

In order to calculate the spectrum associated with the wave described by the 
Eq. (4.35), we first take the Fourier transform: 


E(@) = ie ~ E(t)e dt 


— bo | exp [i (@p — w)t — t/2tsp | dt (4.36) 


a Se ara 
Btn + i(w@ — wo) 
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where f= 0 is the time at which the atoms start emitting radiation. The power spec- 
trum associated with the radiation will be proportional to |Ep()|?. Hence we may 
write the lineshape function associated with the spontaneously emitted radiation as 


1 
(@ — w0)? + 1/422, 
where K is a constant of proportionality which is determined such that g(@) satisfies 


the normalization condition given by Eq. (4.13). Substituting for g(@) in Eq. (4.13) 
and integrating, one can show that 


g(a) =K 


~ 2 
On tsp 


Thus the normalized lineshape function is 
2tsp 1 
1+ 4(@ — wot, 


gw) = (4.37) 


The above functional form is referred to as a Lorentzian and is plotted in Fig. 4.7. 
The full width at half maximum (FWHM) of the Lorentzian is 


1 
Aon = — (4.38) 
tsp 
Thus, Eq. (4.37) can also be written as 


1 


4.39 
nm A@y 1+ 4(@ — a)?/ (Awy)* oe 


g(w) = 


A more precise derivation of Eq. (4.39) is given in Appendix G. 


Example 4.7 The spontaneous lifetime of the sodium level leading to a Dy, line (A = 589.1nm) is 16 ns. 
Thus the natural linewidth (FWHM) will be 


Avy = = 10 MHz (4.40) 


I tsp 


which corresponds to AA ¥ 0.001 nm. 


Gaussian 


Fig. 4.7 The Lorentzian and Lorentzian 
Gaussian lineshape functions 


having the same FWHM ad 
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4.5.2 Collision Broadening 


In a gas, random collisions occur between the atoms. In such a collision process, the 
energy levels of the atoms change when the atoms are very close due to their mutual 
interaction. Let us consider an atom which is emitting radiation and which collides 
with another atom. When the colliding atoms are far apart, their energy levels are 
unperturbed and the radiation emitted is purely sinusoidal (if we neglect the decay 
in the amplitude due to spontaneous emission). As the atoms come close together 
their energy levels are perturbed and thus the frequency of emission changes during 
the collision time. After the collision the emission frequency returns to its original 
value. 

If t. represents the time between collisions and At, the collision time then one 
can obtain order of magnitude expressions as follows: 


interatomic distance 


AT © : 
average thermal velocity 


1A 


ee 10s 
500 m/s 


mean free path wk 10-4 m 


ie average thermal velocity ~ 500 m/s 
~ 107°s 


Thus the collision time is very small compared to the time between collisions and 
hence the collision may be taken to be almost instantaneous. Since the collision time 
AT, is random, the phase of the wave after the collision is arbitrary with respect 
to the phase before the collision. Thus each collision may be assumed to lead to 
random phase changes as shown in Fig. 4.8. The wave shown in Fig. 4.8 is no longer 
monochromatic and this broadening is referred to as collision broadening. 

In order to obtain the lineshape function for collision broadening, we note that 
the field associated with the wave shown in Fig. 4.8 can be represented by 


Fig. 4.8 The wave coming 
out of an atom undergoing 
random collisions at which 
there are abrupt phase 
changes 
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E(t) = Ep ett) (4.41) 


where the phase @ remains constant for fg < t < ft + Tc and at each collision the 
phase ¢ changes randomly. 

Since the wave is sinusoidal between two collisions, the spectrum of such a wave 
will be given by 


ss 1 10+Te : . 
E(w) = — / Eo el(@ott+@) o—iot gy 
2m Sto 
. (4.42) 
1 . el(wo—@)Te =| 
= — Ep ell(ao—o)0+ 6] 
20 i(wo — @) 


The power spectrum of such a wave will be 


fo i 
(eis lo)? = (=) sin on oo?) ee 


Now, at any instant, the radiation coming out of the atomic collection would be 
from atoms with different values of t,. In order to obtain the power spectrum we 
must multiply /(@) by the probability P(t,)dt, that the atom suffers a collision in 
the time interval between t, and t, + dt, and integrate over tT, from 0 to oo. It can 
be shown from kinetic theory that (see, e.g., Gopal (1974)) 


1 
P(te)dt = (—) et/ dr. (4.44) 


where To represents the mean time between two collisions. Notice that 


[o,@) [o,@) 
if P(t,)dt. = 1, / TP(Te)dT. = To (4.45) 
0 0 
Hence the lineshape function for collision broadening will be 


go) / * 1(e) Pleat, 
0 


7 (“) 1 1 
Aa) 2 (@w—ao)? + 1/22 


which is again a Lorentzian. The normalized lineshape function will thus be 
T 1 

: dw 
m 1+(@—@)*t4 


g(w)dw = (4.46) 


and the FWHM will be 
A@e = 2/t (4.47) 


Thus a mean collision time of ~ 10~° s corresponds to a Av of about 0.3 MHz. 
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The mean time between collisions depends on the mean free path and the aver- 
age speed of the atoms in the gas which in turn would depend on the pressure and 
temperature of the gas as well as the mass of the atom. An approximate expression 
for the average collision time is 


1 (3) 2 (MkgT)'/? 
TO 


~ 82 \3 pa? 


where M is the atomic mass, a is the radius of the atom (assumed to be a hard 
sphere), and p is the pressure of the gas. 


Example 4.8 In a He-Ne laser the pressure of gas is typically 0.5 torr. (Torr is a unit of pressure 
and | Torr = 1 mm of Hg). If we assume a ~ 0.1 nm, T = 300 K, M = 20 x 1.67 x 10-27 kg , we 
obtain to ~ 580 ns. 


Problem 4.1 In the presence of both natural and collision broadening, in addition to the sudden phase 
changes at every collision, there will also be an exponential decay of the field as represented by Eq. 
(4.35). Show that in such a case, the FWHM is given by 


ipa = (4.48) 
tsp i) 


4.5.3 Doppler Broadening 


In a gas, atoms move randomly and when a moving atom interacts with electromag- 
netic radiation, the apparent frequency of the wave is different form that seen from a 
stationary atom; this is called the Doppler effect and the broadening caused by this 
is termed Doppler broadening. 

In order to obtain g(w) for Doppler broadening, we consider radiation of fre- 
quency w passing through a collection of atoms which have a resonant frequency 
@o and which move randomly (we neglect natural and collision broadening in this 
discussion). In order that an atom may interact with the incident radiation, it is nec- 
essary that the apparent frequency seen by the atom in its frame of reference be 
ao. If the radiation is assumed to propagate along the z-direction, then the apparent 
frequency seen by the atom having a z-component of velocity v, will be 


Sant =) (4.49) 


Hence for a strong interaction, the frequency of the incident radiation must be such 
that © = wo. Thus 


Vz._4 Vz 
@ = wo(1— = ~ wo + (4.50) 


where we have assumed v, << c. Thus the effect of the motion is to change the 
resonant frequency of the atom. 
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In order to obtain the g(@) due to Doppler broadening, we note that the proba- 
bility that an atom has a z component of velocity lying between v, and v, + dv, is 


given by the Maxwell distribution 
My; \ 4.51) 
exp | — Oks Vz (4. 


where M is the mass of the atom and T the absolute temperature of the gas. Hence 
the probability g(w)dq that the transition frequency lies between w and w + da is 
equal to the probability that the z component of the velocity of the atom lies between 
v, and v, + dv, where 


Nie 


M 
Pe =e 
20 kz T 


Thus 


4 2 ge 
) oo ue - Jeo (4.52) 


Cc 
w)dw = — 
g(w) ( eT oe 


wo \ 2kpT 
which corresponds to a Gaussian distribution. The lineshape function is peaked at 
@o, and the FWHM is given by 


2kpT 2 
Neg S005 ( (4.53) 


In terms of Awp Eq. (4.52) can be written as 


d 2_(In2)? 4in2@— | 4 4.54 
g(w) w= (=) exp | n ae w (4.54) 
Figure 4.7 shows a comparative plot of a Lorentzian and a Gaussian line having the 
same FWHM. It can be seen that the peak value of the Gaussian is more and that the 
Lorentzian has a much longer tail. As an example, for the D, line of sodium A = 
589.1 nm at T = 500 K, Avp = 1.7 x 10° Hz which corresponds to AAp © 0.02A. 
For neon atoms corresponding to 4 = 6328A (the red line of the He-Ne laser) at 
300 K, we have Avp * 1600 MHz where we have used Mne © 20x 1.67 1077 kg. 
For the vibrational transition of the carbon dioxide molecule leading to the 10.6 4m 
radiation, at T = 300 K, we have 


Avp © 5.6 x 10’Hz > Adp © 0.19A 
where we have used Mco, © 44 x 1.67 x 10-7/kg 


In all the above discussions we have considered a single broadening mechanisms 
at a time. In general, all broadening mechanisms will be present simultaneously and 
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the resultant lineshape function has to be evaluated by performing a convolution of 
the different lineshape functions. 


Problem 4.2 Obtain the lineshape function in the presence of both natural and Doppler broadening 


Solution From Maxwell’s velocity distribution, the fraction of atoms with their center frequency lying 
between w’ and w’ + da’ is given by 


1 


7 M 2 i, 2 
rr acca tO (4.55) 
2akpT oO 2kpT 0 


fol = ( 


These atoms are characterized by a naturally broadened lineshape function described by 


2t, 1 
hw — 0) = — (4.56) 
mT 1+(w—a!)*4t2, 
Thus the resultant lineshape function will be given by 
g(w) = / fo )h(w — oda! (4.57) 


which is nothing but the convolution of f(@) with h(w) 


Example 4.9 Neodymium doped in YAG and in glass are two very important lasers. The host YAG is 
crystalline while glass is amorphous. Thus the broadening in YAG host is expected to be much smaller 
than in glass host. In fact the linewidth at 300 K for Nd:YAG is about 120 GHz while that for Nd:glass is 
about 5400 GHz. 


4.6 Saturation Behavior of Homogeneously 
and Inhomogeneously Broadened Transitions 


In Section 4.5 we discussed the various line broadening mechanisms belong- 
ing to both homogeneous and inhomogeneous broadenings. In this section, we 
briefly discuss the difference in saturation behavior between the two kinds of 
broadenings. 

Let us first consider a homogeneously broadened laser medium placed inside a 
resonator and let us assume that there is a resonator mode coinciding exactly with 
the center of the line. Initially as the pumping rate is below threshold, the gain in the 
resonator is less than the losses and the laser does not oscillate. As the pumping rate 
is increased, first to reach threshold is the mode at the center as it has the minimum 
threshold. We have seen earlier that when the laser is oscillating in steady state, 
the gain is exactly equal to the loss at the oscillating frequency. Thus at steady 
state even when the pumping power is increased beyond threshold, the gain at the 
oscillating frequency does not increase beyond the threshold value; this is because of 
the fact that the losses remain constant. In fact, increasing the pumping power will 
be accompanied by an increase in the power in the mode which in turn would be 
accompanied by a stronger saturation of the laser transition, thus reducing the gain 
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at the oscillation frequency again to the value at threshold. It may be mentioned that 
the gain could exceed the threshold value on a transient basis but not under steady 
state operation. 

Now in a homogenously broadened transition all the atoms have identical line- 
shapes peaked at the same frequency. Thus all atoms interact with the same 
oscillating mode and the increase in pumping power cannot increase the gain at 
other frequencies and thus the laser will oscillate only in a single longitudinal mode 
(see Fig. 4.9). This observation has been verified experimentally on some homo- 
geneously broadened transitions such as Nd:YAG laser. The fact that a laser with 
homogeneously broadened transition can oscillate in many modes is due to spatial 
hole burning. This can be understood from the fact that each mode is a standing 
wave pattern between the resonator mirrors. Thus there are regions of high popu- 
lation inversion (at the nodes of the field where the field amplitude is very small) 
and regions of saturated population inversion (at the antinodes of the field where the 
field has maximum value). If one considers another mode which has (at least over 
some portions) antinodes at the nodes corresponding to the central oscillating mode, 
then this mode can draw energy from the atoms and, if the loss can be compensated 
by gain, this mode can also oscillate. 

In contrast to the case of homogeneous broadening, if the laser medium is inho- 
mogeneouly broadened then a given mode at a central frequency can interact with 
only a group of atoms whose response curve contains the mode frequency (see 
Fig. 4.10). Thus if the pumping is increased beyond threshold, the gain at the 
oscillating frequency remains fixed but the gain at other frequencies can go on 
increasing (see Fig. 4.10). Thus, in an inhomogeneously broadened line one can 
have multimode oscillation and as one can see from Fig. 4.10. Each oscillating mode 
“burns holes in the frequency space” of the gain profile. These general conclusions 
regarding homogeneously and inhomogeneoulsy broadened lines have been verified 
experimentally. 


Oscillating 
mode Gain curve 


Loss line 


Fig. 4.9 In a homogeneously 
broadened transition, gain can 
compensate loss at only one 
oscillating mode leading to 
single longitudinal mode 
operation 
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Fig. 4.10 As the pumping is 
increased beyond threshold, 
under steady-state operation 
the gain at the various 
oscillating frequencies cannot 
increase beyond the threshold 
value but the gain at other 
frequencies may be much 
above the threshold value. 
The various frequencies are 
said to burn holes in the gain 
curve 


Oscillating 


modes Gain curve 


Loss line 


Various techniques for single longitudinal mode oscillation of inhomogeneously 
broadened lasers are discussed in Chapter 7. 

Let us now consider an inhomogeneously broadened laser medium and let us 
assume that only a single mode exists within the entire gain profile. Let us also 
assume to begin with that the frequency of the mode does not coincide with the line 
center and that we slowly change the frequency of the mode so that it passes through 
the center of the profile to the other side of the peak in the gain profile. In order to 
determine the variation of the power output as the frequency is scanned through the 
line center, we observe that a mode of the laser is actually made up of two traveling 
waves traveling along opposite directions along the resonator axis. Thus when the 
mode frequency does not coincide with the line center, the wave travelling from left 
to right in the resonator will interact with those atoms whose z-directed velocities 
are near to [see Eq. (4.49)]: 


@M— 21 
= — C 


¥ 
| 


(4.58) 


21 


while the wave moving from right to left would interact with those atoms whose 
z-directed velocity would be 
W@— W21 


vz = —————¢ (4.59) 


21 


Thus there are two groups of atoms with equal and opposite z-directed velocities 
which are strongly interacting with the mode. As the frequency of the mode is tuned 
to the center these groups of atoms change with the frequency, and at the line center, 
the mode can interact only with the groups of atoms having a zero value of z-directed 
velocity. Thus the power output must decrease slightly when the mode frequency is 
tuned through the line center. In fact, this has been observed experimentally and is 
referred to as the Lamb dip — the presence of a Lamb dip in a He—Ne laser was 
shown by McFarlane, Bennet, and Lamb (1963). 
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4.7 Quantum Theory for the Evaluation of the Transition Rates 
and Einstein Coefficients 


For the calculation of transition rates we consider the atom to be in the presence of 
an oscillating electric field given by 


E(t) = € Ep cos wt (4.60) 


which is switched on at ¢ = 0; € represents the unit vector along the direction of the 
electric field. The frequency w is assumed to be very close to the resonant frequency 
[(E2 — E\)/ h| corresponding to the transition from state 1 to 2 (see Fig. 4.1). We 
will show that the presence of the higher excited states can be neglected because of 
the corresponding transition frequencies are far away from w. In the presence of the 
electric field, the time-dependent Schrédinger equation becomes 


aw 
ih = (Hy) + H')v (4.61) 
where 
H! = —eE.r = —eEo(@r) cos ot (4.62) 
represents the interaction energy of the electron with the electric field and Hp (which 
is independent of time) represents the Hamiltonian of the atom; e (< 0) represents 


the charge of the electron.* Since Ho is independent of time, the solution of the 
Schrédinger equation 


ow 
ih— = HoV (4.63) 
ot 
is of the form 
=> tae (4.64) 


where 7,(r) and Ey, are the eigenfunctions and eigenvalues of Ho: 


HoWn(®) = EnWn() (4.65) 


The functions w,(r) are known as the atomic wave functions and satisfy the 
orthonormality condition 


0 ifnAm 


1 ifn=m 


i We (1) Win(x)dt = Omn = (4.66) 


3We are considering here a single electron atom with r representing the position of the electron 
with respect to the nucleus. Thus the electric dipole moment of the atom is given by p=er 
because the direction of the dipole moment is from negative to the positive charge. The interaction 
energy of a dipole placed in an electric field E is — p.E is which leads to Eq. (4.62). 
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The solution of Eq. (4.63) can be written as a linear combination of the atomic wave 
functions: 


vor = > CoOvnne e" (4.67) 
where 
aS 4.68) 
On = h (4. 


and the coefficients are now time dependent to account for transitions among the var- 
ious energy levels due to the perturbation. Substituting from Eq. (4.67) in Eq. (4.63) 
we obtain 


mD( 


— Ep (@r) ¥° Cx Ynlrye" cos wt 


n 


dGy - a 
a ~ ionCn) abr yi 2 EnCa(Ovnlee ae 


where we have used Eq. (4.65). It is immediately seen that the second term on 
the left-hand side exactly cancels with the first term on the right-hand side. If we 
multiply by w;, and integrate we would get 


in hom 
dt 


1 : . 
= 70 ae Din Cr(t) Cal + grea) (4.69) 
n 


where use has been made of the orthogonality relation [Eq. (4.66)] and 


Em ~ En 


Onn = On — On = ae ae (4.70) 
Dinn = @.Pinn (4.71) 
Pin = —e / Vn@rvn(r)dt = lel i Vn evn (edt (4.72) 


We wish to solve Eq. (4.69) subject to the boundary condition 


C(t = 0) = 1 
(4.73) 
Cr(t = 0) = 0 forn Ak 
i.e., at f = 0, the atom is assumed to be in the state characterized by the wave 
function yy. Equation (4.69) represents an infinite set of coupled equations, and 
as a first approximation, one may replace C,,(t) by C,,(0) on the right-hand side of 
Eq. (4.69). Thus 


dc, 1 . : 
ih “ = 3 FoDink (ue + gine) (4.74) 
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Integrating, one obtains 


C ) C (0) a Eon ellOmk+o)t =] e!@mk—@)t — | (4 15) 
. ' 2h i (@ink + @) (@mk — @) 
or, form #k 
C(t) Ry =f pg ellOme+oyt/2 sin (mk +o) t/2 + el(@me—@)1/2 sin (mk —®) 1/2 
h (@mk + @) (@mk — @) 


(4.76) 
It can be easily seen that for large values of f, the function 


Sin (@mnk — @) t/2 
(@mk — @) 
is very sharply peaked around w ~ w,, and negligible everywhere else (see 
Fig. 4.11). Thus for states for which w,,, is significantly different from w, C;,(t) 
would be negligible and transitions between such states will not be stimulated by 
the incident field. This justifies our earlier statement that the presence of only those 
excited states be considered which are close to the resonance frequency. 

In an emission process, @, > @m and hence @mk is negative; thus it is the first 
term on the right-hand side of Eq. (4.76) which contributes. On the other hand, in 
an absorption process, @,,; > 0 and the second term in Eq. (4.76) contributes. 

We consider absorption of radiation and assume that at t = 0 the atom is in state 
1, the corresponding wave function being (7). We also assume @ to be close to 
@21 [= (E> — E}) | h| — see Fig. 4.1. The probability for the transition to occur to 
state 2 is given by 


sin({w,,,—-W}t/2) 
{Wyp—Wt 


Fig. 4.11 For large values of 
t, the function S2(@m—2)/2 

i Omk—) 

is very sharply peaked around 


@ = Wmk 
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: 2 
1 D3,E5 [ sin[(@21 — @) /2] 4 hin 


2 _ 
eel aE (w21 — w) /2 


The above expression represents the probability for stimulated absorption of radia- 
tion. In deriving Eq. (4.77) we have assumed that |C2(t)|* << _ 1; thus the result is 


accurate when a 
2 92,2 (Se ') 
D3, Eot h 


<<1l or —~-,<<l (4.78) 
Re (w21 — w)* 
A more exact result for a two-state system will be discussed in Section 4.8. 
We next assume that the quantity (w2; — w) has a range of values either on 
account of the field having a continuous spectrum or the atom is capable of 
interaction with radiation having a range of frequencies. 


4.7.1 Interaction with Radiation Having a Broad Spectrum 


We first consider the field having a continuous spectrum characterized by u(w) 
which is defined such that u(w) dw represents the energy associated with the field 
per unit volume within the frequency interval wm and w + dw. Since the average 
energy density associated with an electromagnetic wave is (1 7 2)eoE4 where & 
is the permittivity of free space, we replace ES in Eq. (4.77) by (2 [ £0) u(@)da 
and integrate over all frequencies, which gives us the following expression for the 
transition probability: 


Dei sin [(w21 — @) /2]t 
Py2= 


ae | d 4.79 
ne ae mie (cn — @) /2 i ete) 


Assuming that u(@)varies very slowly in comparison to the quantity inside the 
square brackets, we replace u(@) by its value at w = w2) and take it out of the 
integral to obtain 


1 D2 sin? 
Dy & 21 4(w21) ( at) 2t 


2e9 he &2 
‘ : : (4.80) 
on PBL ens Mt 
0 hi 
where € = ont. The above expression shows that* the probability of transition 


is proportional to time; thus the probability per unit time (which we denote by w 2) 


“It may be noted that Eq. (4.80) predicts an indefinite increase in the transition probability with 
time; however, the first-order perturbation theory itself breaks down when I"2 is not appreciably 
less than unity. Thus Eq. (4.80) gives correct results as long as 2) < 1. 
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would be given by 
De, 
wiy2* — Oe (21) (4.81) 
Now (omitting the subscripts) we have 
D=éP =P cosé (4.82) 


where @ is the angle that é (ie., the electric field) makes with the dipole moment 
vector P. Assuming that the dipole moment vector is randomly oriented, the average 
value of D? is given by 


7 1 
D =P? (cos? 6) = = (4.83) 


where use has been made of the following relation: 


2a 0 
(cos *6) a 6 sind dé dg = = (4.84) 
Thus 
P2 
wiI2= 30 —  u(wn1) (4.85) 


If there are Nj atoms per unit volume in state | then the total number of absorptions 
per unit time per unit volume would be Nj w12, which would be equal to 


P2 
Nae — u(w21) (4.86) 


Comparing Eqs. (4.86) and (4.1), we obtain 


- we 2? An? —\| [vi aia 
— => T 
2 360 2 3h ore am 


The corresponding expression for stimulated emission is obtained by starting with 
the first term on the right-hand side of Eq. (4.76) and proceeding in a similar fashion. 
The final expression is identical to Eq. (4.87) except for an interchange of indices 1 
and 2. 

Using Eq. (4.87) we get the following expression for the A coefficient 


4 e 
A= 
3 \4n £0 x 


It may be of interest to note that 


ys 
(4.87) 


2 


sryyjdt 


(4.88) 
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e 1 1 
ly (4.89) 
Am e€9 he 137 
Using this value, we obtain 
os [ vena (4.90) 
T : 
TSive yo 


As an example we calculate the A coefficient for the 2P— 1S transition in the hydro- 
gen atom, i.e., the transition from the (1 = 2, /= 1, m = 0) state to the (n = 1, / = 0, 
m = 0) state. For these states (see, e.g., Ghatak and Lokanathan (2004)) 


1 2 r 
Wh= exp ( ) (4.91) 


(4x)? (3? ay 


and 


_ 1 r r ) 3 a Q 4.92 
—— (249)?! agJ/3 exp ( 2a0 (= ree oon 


where ag = (h?/m) (47€0/e?) © 0.5 x 107'm. In order to evaluate the matrix 
element, we write 


x=rsinOcos¢ 


y=rsiné sing (4.93) 
Z=rcosd 
Now, 
1 [oe a 
/ Wixydt = ; rdre—31/240, | x | cos @ sin? 6 dé 
4n J 2 
inal 0 0 
20 
x [cosas =0 
0 


because the integral over @ vanishes. Similarly 


/ Vviywodt =0 (4.94) 


The only non-vanishing integral is 
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foe) 
| vievoar = — = —— =| f r-drew3t!240 2 
wf 2 aa : 


514 2n D 5 
x [ 0s" 6 sin 6 dé ae -4vi(5) ao 
0 


Thus? 


2 2 10 
=2(3) ae (4.95) 


i wiryedr 


Further for the 2P— 1S transition 


_13 & )-=(< ah axae 1 I ig euapiet 


h 8ao \ 47re0 8a \ 47 e9 he 8 x 0.51 x 10719 137 
(4.96) 
Substituting in Eq. (4.90), we obtain 
41 (15x 10!6)? . /2\0 2 
ye ee ) 2 ( ) (0.5 x 10-"°) 
3137 (3 x 108) 3 (4.97) 


= 6% 108s" 
The mean lifetime of the state, t, is the inverse of A giving 
t © 1.6x 10? 


Thus the lifetime of the hydrogen atom in the upper level corresponding to the 
2P— 1S transition is about 1.6 ns. Transitions having such small lifetimes are 
referred to as strongly allowed transitions. 

In contrast, the levels used in laser transitions are such that the upper laser level 
has a very long lifetime (~10--10~ s). A level having such a long lifetime is 
referred to as a metastable level, and such transitions come under the class of 
weakly allowed or nearly forbidden transitions. The strength of an atomic transi- 
tion is usually expressed in terms of the f-value defined by the following equation: 


(4.98) 


5 Tt can be shown that | f wiryodt |? has the same value for transition from anyone of the states 
(n=2,l=1,m=0)or(n=2,1/=1,m=-1)or(n=2,1/=1,m=-l)to(n=2,1=0,m=0) 
state. However, the matrix element for the transition from (n = 2, / = 0, m = 0) state to the (n = 1, 
1 = 0, m = 0) state is zero. This implies that the corresponding dipole transition is forbidden. 
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For strongly allowed transitions, f is of the order of unity, for example, for the 
2P— IS transition in the hydrogen atom, f = 0.416. On the other hand, for the 
transitions from the upper laser level, f~ 107-10. 


4.7.2 Interaction of a Near-Monochromatic Wave with an Atom 
Having a Broad Frequency Response 


We next consider a nearly monochromatic field interacting with atoms characterized 
by the lineshape function g(w). For such a case the probability for the atom being in 
the upper state would be given by 


2 
“DAE fp  [sinflo!—0) 2), 
y= - [ (wo — a) /2 dw 


(4.99) 


where in the last step we have replaced D5 , and E by 3P? and 2u,,) / €0, respectively. 
Since 
nm P* re 
Biz = Ba = 320 = Tia tp (4.100) 


we obtain the following expression for the transition rate (per unit time) per unit 


volume: 
2,3 


mc 
Wy = Ni — 4.101 
eu rm Up§(o) ( ) 


which is consistent with Eq. (4.18). 


4.8 More Accurate Solution for the Two-Level System 


A more accurate solution of the time-dependent Schrédinger equation can be 
obtained if we assume that the atom can exist in only two possible states charac- 
terized by y1(r) and w2(r). Thus Eq. (4.67) gets replaced by 


Wr) = CiWirje 2"! + Co(Nyrr(rye (4.102) 


If we substitute from Eq. (4.102) into Eq. (4.61), multiply by yj} and integrate, we 
would get [cf. Eq. (4.74)] 
dC 


1 Cast i(w! 4 
RS = SBD 12C2(0) (eH) + ele +0)") (4.103) 
dt 2 
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Similarly 


dC2 
dt 


where use has been made of the fact that 


[virner -| w5ry2dt =0 


and 


1 Th op 
ih— = 5 EoD 1201) (ee +o)t 4 ei(@ =) 


(4.104) 


(4.105) 


In the rotating wave approximation, considering absorption we neglect the terms 


e (2+)! and ef(@' +)! in Eqs. (4.103) and (4.104) and obtain 


dC, i : / 
eed BAT t i(w@—a’ Jt 
Ht 57, £0 12C2(NHe 

dC2 i : ’ 

a? BD —i(w—a’)t 
7 57, Fo 12Cie 


If we assume a solution of the form 


Ci(t) = eit 
then from Eq. (4.107), 
C(t) = — TO eila-ore'y 
EoD 12 
Substituting in Eq. (4.106), we get 
_ 2hQ _ / i ED 
"EaDis ek Sei ae 
or 
0 
Q(Q-—a+a')-—~=0 
(Q-o+e/)-4 
where 


es EsDi2Da1 ERD? 
ne ne 


(4.106) 


(4.107) 


(4.108) 


(4.109) 


(4.110) 


(4.111) 


4.8 More Accurate Solution for the Two-Level System 
and 
D=Dj)2 = D2 
Equation (4.110) gives 
1 1/2 
Q12 = 5 {- (ow! — o) ae [(' — ow) + 2| 
Thus the general solution will be 
Ci(t) = Aye! + Apel?! 
2 i(w!—w)t iQyt iQot 
CU a=——& (Ai Qie M4 Ap Qve ag 


0 


If we now assume that the atom is initially in the ground state, i.e., 


C1(0) = 1, C2(0) = 0 


then 
Q 
Ape = 
Qi 
and 
Qy — Qa 2 4112 Ag 
eae Ap = Ap = | = | =e 
1+ A2 2 Q (w w) 0 a 
or 
Qy 
A= 
where 


1/2 
2 =[(w' - 0)’ + 93] 
On substitution we finally obtain 


Qo ay Q't 
C(t) = —i-Del@'—ot/2 sin ( 
Q’ 5 


Thus the transition probability for absorption is given by 


cot ("7t) (2) 


93 


(4.112) 


(4.113) 


(4.114) 


(4.115) 


(4.116) 


(4.117) 


(4.118) 


(4.119) 


(4.120) 


(4.121) 
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Fig. 4.12 Variation of the 
transition probability with 
time for a two-level system 
for different frequencies of 
the electromagnetic field. The 
curves correspond to 

the function DEp/h = 0.1a’. 
The solid line corresponds to 
Eq. (4.121) and the dotted 
curve corresponds to an 
accurate numerical 
computation (Reprinted with 
permission from Salzman 
(1917). © 1971 American 
Institute of Physics) 


Transition Probability 


which has been plotted in Fig. 4.12. Also shown in the figure are the results of the 
exact numerical calculations without resorting to the rotating wave approximation. 
At resonance @ = w’ and one obtains 


ot 


\Co(|2 = sin? (=) (4.122) 


which shows that the system flip flops between states | and 2. A comparison of Eqs. 
(4.122) and (4.77) shows that the perturbation theory result is valid if 


Dab \? Dyky\? — 1 
ee) <<1 or zu << 1 (4.123) 
h h (w! — w)? 


It may be of interest to note that the solutions obtained in this section are exact 
when w = 0 (i.e., a constant electric field) and if Dz; is replaced by 2D , in the 
solution given by Eq. (4.121). This follows from the fact that for w = 0, the exact 
equations [Eqs. (4.103) and (4.104)] are the same as Eqs. (4.106) and (4.107) with 
Do, replaced by 2D 21. 
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Problems 


Problem 4.3 Consider the two-level system shown in Fig. 4.1 with Ej = —13.6eV and Ey = —3.4eV. 
Assume Az, © 6 x 108s—!. (a) What is the frequency of light emitted due to transitions from £7 and 
E,? Assuming the emission to have only natural broadening, what is the FWHM of the emission? What 
is the population ratio No /N, at T = 300K? 


[Answer : (a)v © 2.5 x 10!5Hz, Av = Ao /22 & 10°Hz, N>/N, © e734 


Problem 4.4 Given that the gain coefficient in a Doppler-broadened line is 
av) = a(vp) exp [-4in 2(v — v9)? /(Avo)| 


where vo is the centre frequency and Avo is the FWHM and that the gain coefficient at the line centre 
is twice the loss averaged per unit length, calculate the bandwidth over which oscillation can take place. 
[Answer: Avo]. 


Problem 4.5 Consider an atomic system as shown below: 


3 E3 =3eV 
2 Ey = leV 
1 E, = 0eV 


The A coefficient of the various transitions are given by 


A327 =7x 10’s~!, Az, = 107s7!, Ady = 10857! 


(a) What is the spontaneous lifetime of level 3? 


(b) If the steady-state population of level 3 is 10!5 atoms/cm, what is the power emitted spontaneously 
in the 3 — 2 transition? [Answer: (a) fsp = 1.2 x 10785 (b) 2.2 x 1010 W/m? ] 


Problem 4.6 Consider the transition in neon that emits 632.8 nm in the He—Ne laser and assume a 
temperature of 300 K. For a collision time of 500 ns, and a lifetime of 30 ns, obtain the broadening due 
to collisions, lifetime, and Doppler and show that the Doppler broadening is the dominant mechanism. 


Problem 4.7 Consider an atomic system under thermal equilibrium at T = 1000 K. The number of 
absorptions per unit time corresponding to a wavelength of | jum is found to be 1022s-!. What would be 
the number of stimulated emissions per unit time between the two energy levels? [Ans: 10225-1] 


Problem 4.8 Consider a laser with plane mirrors having reflectivities of 0.9 each and of length 50 cm 
filled with the gain medium. Neglecting scattering and other cavity losses, estimate the threshold gain 
coefficient (in m— 1) required to start laser oscillation. [Ans: 0.21 m~ 1 


Problem 4.9 An atomic transition has a linewidth of Av = 10°Hz. Estimate the approximate value of 
g(q) at the center of the line. [Ans: ~ 1.6 x 1079571] 
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Problem 4.10 There is a 10% loss per round trip in a ruby laser resonator having a 10 cm long ruby 
crystal as the active medium. Calculate the cavity lifetime, assuming that the mirrors are coated on the 
ends of the ruby crystal. Given: Refractive index of ruby at the laser wavelength is 1.78 [Ans: 11.3 ns] 


Problem 4.11 In a ruby crystal, a population inversion density of (No —-N;)=5 x 10!7cm3 


by pumping. Assuming g(vg) = 5 x 107!2s, tsp = 3 x 1073s, wavelength of 694.3 nm and a refractive 
index of 1.78, obtain the gain coefficient y(vg). By what factor will a beam get amplified if it passes 
through 5 cm of such a crystal? [Ans: 5 x 10-2cm"!, 1.28] 


is generated 


Problem 4.12 An optical amplifier of length 10 cm amplifies an input power of | to 1.1 W. Calculate the 
gain coefficient in m!, [Ans: 0.95 m7!] 


Problem 4.13 Doppler broadening leads to a linewidth given by 


Tr 
In2 


Avp = 2v 
'D 0 Mc2 


Estimate the broadening for the 632.8 nm transition of Ne (used in the He-Ne laser) assuming T = 300 K 
and atomic mass of Ne to be 20. What would be the corresponding linewidth of the 10.6 (1m transition 
of the COz molecule? [Ans: 1.6 x 10°Hz, 6x 107 Hz] 


Problem 4.14 In a typical He-Ne laser the threshold population inversion density is 10?cm-3. What is 
the value of the population inversion density when the laser is oscillating in steady state with an output 
power of 2 mW? 


Problem 4.15 Given that the gain coefficient in a Doppler-broadened line is 


4 ln 2(v — v9)? 
(Avg)? 


y(v) = Yo exp 


and that the gain coefficient at the center of the line is four times the loss averaged per unit length, obtain 
the bandwidth over which oscillation will take place. [Ans: J2A vo] 


Problem 4.16 A laser resonator | m long is filled with a medium having a gain coefficient of 0.02 m!, 
If one of the mirrors is 100 % reflecting, what should be the minimum reflectivity of the other mirror so 
that the laser may oscillate? [Ans: ~ 96%] 


Chapter 5 
Laser Rate Equations 


5.1 Introduction 


In Chapter 4 we studied the interaction of radiation with matter and found that 
under the action of radiation of proper frequencies, the atomic populations of var- 
ious energy levels change. In this chapter, we will be studying the rate equations 
which govern the rate at which populations of various energy levels change under 
the action of the pump and in the presence of laser radiation. The rate equations 
approach provides a convenient means of studying the time dependence of the 
atomic populations of various levels in the presence of radiation at frequencies cor- 
responding to the different transitions of the atom. It also gives the steady-state 
population difference between the actual levels involved in the laser transition and 
allows one to study whether an inversion of population is achievable in a transi- 
tion and, if so, what would be the minimum pumping rate required to maintain a 
steady population inversion between two levels, the gain that such a medium would 
provide at and near the transition frequency, and the phase shift effects that such 
a medium would introduce are discussed in detail in Chapter 6. Thus Chapter 6 
discusses the behavior of a system having two levels when there is a population 
inversion between the two levels, and this chapter deals with the means of obtaining 
an inversion between two levels of an atomic system by making use of other energy 
levels. The rate equations can also be solved to obtain the transient behavior of the 
laser, which gives rise to phenomena like Q-switching and spiking. 

The atomic rate equations along with the rate equation for the photon number in 
the cavity form a set of coupled nonlinear equations. These equations can be solved 
under the steady-state regime and one can study the evolution of the photon number 
as one passes through the threshold pumping region. 

In Section 5.2 we discuss a two-level system and show that it is not possible 
to achieve population inversion in steady state in a two-level system. Sections 5.3 
and 5.4 discuss three-level and four-level laser systems and obtain the dependence 
of inversion on the pump power. In Section 5.5 we obtain the variation of laser 
power around threshold showing the sudden increase in the output power as a func- 
tion of pumping. This is a very characteristic behavior of a laser. Finally in Section 
5.6 we discuss the optimum output coupling for maximizing the output power of a 
laser. 
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5.2 The Two-Level System 


We first consider a two-level system consisting of energy levels E; and E> with 
N, and N2 atoms per unit volume, respectively [see (Fig. 5.1)]. Let radiation at 
frequency w with energy density u be incident on the system. The number of atoms 
per unit volume which absorbs the radiation and is excited to the upper level will be 
[see Eq. (4.18)] 


2A3 


Tp= Fhe teOM = Wi2N (5.1) 
where 
me? 
Wea = 5 gate) (5.2) 


The number of atoms undergoing stimulated emissions from £2 to EF; per unit 
volume per unit time will be [see Eqs. (4.16) and (4.18)] 


M21 = W21N2 = Wi2N2 (5.3) 


where we have used the fact that the absorption probability is the same as the stim- 
ulated emission probability. In addition to the above two transitions, atoms in the 
level Ey would also undergo spontaneous transitions from E> to FE). If Az; and $2 
represent the radiative and non-radiative transition! rates from E> to E}, then the 
number of atoms undergoing spontaneous transitions per unit time per unit volume 
from E> to E, will be T2;N2 where 


To, = A21 + $21 (5.4) 


Thus we may write the rate of change of population of energy levels E> and E) as 


dN2 
aor Wi2(N — N2) — T21N2 (5.5) 
E, Np 
AVAVAVAVAVAYAVAU 
—> 
E ™, 


Fig. 5.1 A two-level system 


'In a non-radiative transitions when the atom de-excites, the energy is transferred to the 
translational, vibrational or rotational energies of the surrounding atoms or molecules. 
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dN, 
a —W2(N, — No) + T21N2 (5.6) 


As can be seen from Eqs. (5.5) and (5.6) 
d 
ae! +N2)=0 
=> N,+N2 =aconstant=N (say) (5.7) 


which is nothing but the fact that the total number of atoms N per unit volume is 
constant. At steady state 


dN, == dN2 (5.8) 
dt ~—s et 
which gives us 
N: W 
= (5.9) 


Ni, Win+ Tot 


Since both Wj2 and 7>; are positive quantities, Eq. (5.9) shows us that we can 
never obtain a steady-state population inversion by optical pumping between just 
two levels. 

Let us now have a look at the population difference between the two levels. From 
Eq. (5.9) we have 


No —N, T21 


No+M 9 2Wint Ta 


or if we write AN = Nz — Nj, we have 
AN 1 


= 5.10 
N 1+2W)2/T21 ee 


In order to put Eq. (5.10) in a slightly different form, we first assume that the 
transition from 2 to 1 is mostly radiative, i.e., Ao} >> S21 and Tr; ~*~ Az. We 
also introduce a lineshape function g(w) which is normalized to have unit value at 
@ = wo, the center of the line, 1.e., 


g(@) = a“ 


= 5.11 
g(a) oy 


Since g(w) < g(wo) for all w, we haveO < g(w) < 1. Substituting the value of W12 
in terms of u from Eq. (5.2) and observing that u = nol /c, where J is the intensity 
of the incident radiation at w, we have 
Wi2 m3 70 
T21 he tong, c 


7 1 
8(@)g(wo) Toa 


(5.12) 
223) 


_ ee bese 
= hoa 
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where we have used the fact that A21fs) = 1. Hence Eq. (5.10) becomes 


AN 1 
— = (5.13) 
N 1+ C/Is)g(@) 
where 
ho? iy 
= (5.14) 


272c2 g(a) 


is called the saturation intensity. In order to see what J; represents let us consider 
a monochromatic wave at frequency wo interacting with a two-level system. Since 
2(@o) = 1, we see from Eq. (5.13) that for 1 < J,, the density of population dif- 
ference between the two levels AN is almost independent of the intensity of the 
incident radiation. On the other hand for J comparable to J;, AN becomes a func- 
tion of / and indeed for J = J;, the value of AN is half the value at low incident 
intensities. 

We showed in Section 4.3 that the loss/gain coefficient for a population difference 
AN = N2 — N, between two levels is given by [see Eq. (4.26)] 


ee 
a = a(@)AN 
W7 tspNo 
(5.15) 
ao 


~ 1+ (/1)a(@) 


where 
= g(w)N (5.16) 


corresponds to the small signal loss, i.e., the loss coefficient when J < J;. We 
can see from Problem 5.1 that with a given by Eq. (5.15), the loss is exponential 
for I < I, while it becomes linear for J >> J;. Thus we see that the attenuation 
caused by a medium decreases as the incident intensity increases to values com- 
parable to the saturation intensity. Organic dyes having reasonably low values of 
I(~ 5 MW/cm7) are used as saturable absorbers in mode locking and Q-switching 
of lasers (see Section 7.7.1). 


Problem 5.1 Using Eq. (5.15) in Eq. (4.25) obtain the variation of I with z. 
[Answer: 


2 
fe a age 
Ts 


where / is the intensity at z= 0.] 
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5.3 The Three-Level Laser System 


In the last section we saw that one cannot create a steady-state population inversion 
between two levels just by using pumping between these levels. Thus in order to 
produce a steady-state population inversion, one makes use of either a three-level or 
a four-level system. In this section we shall discuss a three-level system. 

We consider a three-level system consisting of energy levels E), E2, and £3 all of 
which are assumed to be nondegenerate. Let Ni, N2, and N3 represent the population 
densities of the three levels [see (Fig. 5.2)]. The pump is assumed to lift atoms from 
level 1 to level 3 from which they decay rapidly to level 2 through some nonradiative 
process. Thus the pump effectively transfers atoms from the ground level | to the 
excited level 2 which is now the upper laser level; the lower laser level being the 
ground state 1. If the relaxation from level 3 to level 2 is very fast, then the atoms 
will relax down to level 2 rather than to level 1. Since the upper level 3 is not a laser 
level, it can be a broad level (or a group of broad levels) so that a broadband light 
source may be efficiently used as a pump source (see, e.g., the ruby laser discussed 
in Chapter 11). 


E N; 
\ Rapid decay 
Pump E, N 


N; hy, 


Ey 


Fig. 5.2. A three-level system. The pump excites the atoms from level E) to level £3 from where 
the atoms undergo a fast decay to level E2. The laser action takes place between levels E2 and F 


If we assume that transitions take place only between these three levels then we 
may write 


N=N,+N24+N3 (5.17) 
where N represents the total number of atoms per unit volume. 


We may now write the rate equations describing the rate of change of Nj, N2 and 
N3. For example, the rate of change of N3 may be written as 


—— = WAN — Nz) — T32N3 (5.18) 


where W, is the rate of pumping per atom from level | to level 3 which depends 
on the pump intensity. The first term in Eq. (5.18) represents stimulated transitions 
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between levels | and 3 and 732N3 represents the spontaneous transition from level 
3 to level 2: 
T32 = A32 + S32 (5.19) 


A32 and $32 correspond, respectively, to the radiative and nonradiative transition 
rates between levels 3 and 2. In writing Eq. (5.18) we have neglected 73)N3 which 
corresponds to spontaneous transitions between levels 3 and | since most atoms 
raised to level 3 are assumed to make transitions to level 2 rather than to level 1. 

In a similar manner, we may write 


dN: 
_ = Wi(N — N2) + N3T32 — N2T21 (5.20) 
and 
dN, 
ae W,(N3 — Ni) + Wi(N2 — Ni) + N2T21 (5.21) 
where 
mc 
Wi = —7A218@)h (5.22) 
hor no 


represents the stimulated transition rate per atom between levels | and 2, J; is the 
intensity of the radiation in the 2 — | transition and g(w) represents the lineshape 
function describing the transitions between levels | and 2. Further, 


To, = Az + S21 (5.23) 


with A>; and S21 representing the radiative and nonradiative relaxation rates between 
levels | and 2. For efficient laser action since the transition must be mostly radiative, 
we shall assume A2;>> S21. 

At steady state we must have 


dNj dN2 dN3 
ie QS 42 5.24 
dt dt dt ( ) 
From Eq. (5.18) we obtain 
Wp 
N3 = ———N (5.25) 
Wp + T32 
Using Eqs. (5.20), (5.21), and (5.25) we get 
WT W, WoT 
w= (132 + Wp) + Wp 32, (5.26) 


(Wp + T32)(Wi + Ta1) 
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Thus from Eqs. (5.17), (5.25), and (5.26) we get 


N2—-Ni _ [W,(T32 — T21) — T32T21] (5.27) 
N [3Wp Wi + 2WpTo1 + 2732W, + T32Wp + 132721] 


From the above equation, one may see that in order to obtain population inver- 
sion between levels 2 and 1, i.e., for (V2 — Nj) to be positive, a necessary (but not 
sufficient) condition is that 


T32 > T21 (5.28) 


Since the lifetimes of levels 3 and 2 are inversely proportional to the relaxation rates, 
according to Eq. (5.28), the lifetime of level 3 must be smaller than that of level 2 
for attainment of population inversion between levels 1 and 2. If this condition is 
satisfied then according to Eq. (5.27), there is a minimum pumping rate required to 
achieve population inversion which is given by 


T32T21 
Wo = = (5.29) 
PM T32 = Tai 
If T32 >> Tai, 

Wor © T21 (5.30) 

and under the same approximation, Eq. (5.27) becomes 

Nz —N W, — T. Wy + T 

2—N, — (Wp — T21)/(Wp + Tr1) (5.31) 


N ~ 3Wp +2732 
[1 + radinctes 1 | 


Below the threshold for laser oscillation, W; is very small and hence we may write 


Ny—N, _ (Wp —Ta1) 
N (Wp + Tr1) 


(5.32) 


Thus when Wj is small, i.e., when the intensity of the radiation corresponding to the 
laser transition is small [see Eq. (5.22)], then the population inversion is independent 
of J; and there is an exponential amplification of the beam. As the laser starts oscil- 
lating, W; becomes large and from Eq. (5.31) we see that this reduces the inversion 
Nz — N, which in turn reduces the amplification. When the laser oscillates under 
steady-state conditions, the intensity of the radiation at the laser transition increases 
to such a value that the value of N2 — Nj is the same as the threshold value. 

Recalling Eq. (5.31), we see that for a population inversion Nz — Nj, the gain 
coefficient of the laser medium is 

22 


TC 
Y = 8@)(N2 — Mi) 
W7 tspNo 


(5.33) 
YO 
3Wpt2T32 
I+ T32(Wp+721) 


Wi 
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where 


mc? ( yw Ve = T> (5 34) 
= ——; g(w) N—___ ; 

me Wyn” Wp + T21 

is the small signal gain coefficient. If we now carry out a similar analysis to that in 
Section 5.2, we may write 

YO 


= 5.35 
Y* T+ /ya) oe) 
where 
8(@) = g(@)/g(wo) 
ho ne T32(Wp + T21) (5:2) 


~ 12¢2An1 g(@o) (3Wp + 2732) 


I, being the saturation intensity [see the discussion following Eq. (5.16)]. 
If 732 is very large then there will be very few atoms residing in level 3. 
Consequently, we may write 


N=N,+N2+N3 %N, 4+ N2 (5.37) 


Substituting in Eq. (5.32), we get 
No —N, = Wp — T21 


No+Ni Wp+Tri 


or 


WpM1 = T21N2 (5.38) 


The left-hand side of the above equation represents the number of atoms being lifted 
(by the pump) per unit volume per unit time from level 1 to level 2 via level 3 and 
the right-hand side corresponds to the spontaneous emission rate per unit volume 
from level 2 to level 1. These rates must be equal under steady-state conditions for 
W, ~ 0, 1.e., below the threshold. 

We shall now estimate the threshold pumping power required to start laser oscil- 
lation. In order to do this, we first observe that the threshold inversion required is 
usually very small compared to N (i.e., N2 — N; < N — see the example of the ruby 
laser discussed in Chapter 11). Thus from Eq. (5.38), we see that the threshold value 
of W, required to start laser oscillation is also approximately equal to Tz; Now the 
number of atoms being pumped per unit time per unit volume from level | to level 
3 is WpN}. If vp represents the average pump frequency corresponding to excitation 
to E3 from EF}, then the power required per unit volume will be 


P= WM hyp (5.39) 
Thus the threshold pump power for laser oscillation is given by 


P, = T21Nhvp (5.40) 
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Since N2 — Ni « N and N3 © 0, Ny © Nz © N/2. Also assuming the transition 
from level 2 to level 1 to be mainly radiative (i.e., A21>>5$21), we have 


P, © Nhvp/2tsp (5.41) 


where we have used Az] = 1/tsp. 
As an example, we consider the ruby laser for which we have the following values 
of the various parameters: 


NX16x10%em 3 typ ¥3x 107s = vy % 6.25x 10'4Hz (5.42) 
Substitution in Eq. (5.41) gives us 


P, © 1100 W/cm? (5.43) 


If we assume that the efficiency of the pumping source to be 25% and also that 
only 25% of the pump light is absorbed on passage through the ruby rod, then the 
electrical threshold power comes out to be about 18 kW/cm? of the active medium. 
This is consistent with the threshold powers obtained experimentally. 

Under pulsed operation if we assume that the pumping pulse is much shorter 
than the lifetime of level 2, then the atoms excited to the upper laser level do not 
appreciably decay during the duration of the pulse and the threshold pump energy 
would be 

N 
Upt = 5p 
per unit volume of the active medium. For the case of ruby laser, with the above 
efficiencies of pumping and absorption, one obtains 


Up: © 54 Jem? 


It may be noted here that even though ruby laser is a three-level laser system, 
because of various other factors mentioned below it does operate with not too large 
a pumping power. Thus, for example, the absorption band of ruby crystal is very 
well matched to the emission spectrum of available pump lamps so that the pump- 
ing efficiency is quite high. Also most of the atoms pumped to level 3 drop down to 
level 2 which has a very long lifetime which is nearly radiative. In addition the line 
width of laser transition is also very narrow. 


5.4 The Four-Level Laser System 


In the last section we found that since the lower laser was the ground level, one has 
to lift more than 50% of the atoms in the ground level in order to obtain population 
inversion. This problem can be overcome by using another level of the atomic sys- 
tem and having the lower laser level also as an excited level. The four-level laser 
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Fast nonradiative 


transition 


N3 
Laser 
WWW — 
ae hv, 
hy 7 


MN 


Fig. 5.3. A four-level system; the pump lifts atoms from level E; to level E4 from where they 
decay rapidly to level £3 and laser emission takes place between levels E3 and Ey. Atoms drop 
down from level E> to level FE} 


system is shown in Fig 5.3. Level 1 is the ground level and levels 2, 3, and 4 are 
excited levels of the system. Atoms from level | are pumped to level 4 from where 
they make a fast nonradiative relaxation to level 3. Level 3 which corresponds to 
the upper laser level is usually a metastable level having a long lifetime. The tran- 
sition from level 3 to level 2 forms the laser transition. In order that atoms do not 
accumulate in level 2 and hence destroy the population inversion between levels 3 
and 2, level 2 must have a very small lifetime so that atoms from level 2 are quickly 
removed to level 1 ready for pumping to level 4. If the relaxation rate of atoms from 
level 2 to level 1 is faster than the rate of arrival of atoms to level 2 then one can 
obtain population inversion between levels 3 and 2 even for very small pump pow- 
ers. Level 4 can be a collection of a large number of levels or a broad level. In such a 
case an optical pump source emitting over a broad range of frequencies can be used 
to pump atoms from level | to level 4 effectively. In addition, level 2 is required to 
be sufficiently above the ground level so that, at ordinary temperatures, level 2 is 
almost unpopulated. The population of level 2 can also be reduced by lowering the 
temperature of the system. 

We shall now write the rate equations corresponding to the populations of the 
four levels. Let Ni, N2, N3, and N4 be the population densities of levels 1, 2, 3, and 
4, respectively. The rate of change of N4 can be written as 


—— = W,(N1 — Na) — Ta3N4 (5.44) 


where, as before, WpN is the number of atoms being pumped per unit time per unit 
volume, W,N4 is the stimulated emission rate per unit volume, 


T43 = Ag3 + S43 (5.45) 
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is the relaxation rate from level 4 to level 3 and is the sum of the radiative (A43) and 
nonradiative (S43) rates. In writing Eq. (5.44) we have neglected (742) and (741) in 
comparison to (743), i.e., we have assumed that the atoms in level 4 relax to level 3 
rather than to levels 2 and 1. 

Similarly, the rate equation for level 3 may be written as 


= = Wi(N2 — N3) + Ta3N4 — T32N3 (5.46) 
where 
Wee mc? A 
l= Tahoe s28(@)i (5.47) 


represents the stimulated transition rate per atom between levels 3 and 2 and the 
subscript 1 stands for laser transition; g)(@) is the lineshape function describing 
the 3 < 2 transition and J; is the intensity of the radiation at the frequency w = 
(E3 — E2)/h. Also 


T32 = A32 + S32 (5.48) 


is the net spontaneous relaxation rate from level 3 to level 2 and consists of the 
radiative (A32) and the nonradiative (S32) contributions. Again we have neglected 
any spontaneous transition from level 3 to level 1. In a similar manner, we can write 


dN2 


ae Wi(N2 — N3) + T32N3 — T21N2 (5.49) 
dN; 
in Wp(N — Na) + T21N2 (5.50) 
where 
To, = Az, + S21 (5.51) 


is the spontaneous relaxation rate from 2 > 1. 
Under steady-state conditions 


dN, dN> dN3 dN4 


= = ~ = = 52 
dt dt dt dt ® 02) 


We will thus get four simultaneous equations in Nj}, N2, N3, and N4 and in addition 
we have 


N=N,+N2+N3+N4 (5.53) 
for the total number of atoms per unit volume in the system. 
From Eq. (5.44) we obtain, setting dN4/dt = 0 


M, Wp 


— = — (5.54) 
Ny (Wp + Ta3) 
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If the relaxation from level 4 to level 3 is very rapid then 743 >> W, and hence 
N4 < Nj. Using this approximation in the remaining three equations we can obtain 
for the population difference, 


N3 — No 7 Wp(T21 — T32) 
N Wp(T21 + T32) + T32T21 + Wi(2Wp + 721) 


(5.55) 


Thus in order to be able to obtain population inversion between levels 3 and 2, we 
must have 


To, > T32 (5.56) 


i.e., the spontaneous rate of deexcitation of level 2 to level 1 must be larger than the 
spontaneous rate of deexcitation of level 3 to level 2. 
If we now assume 721 >> 732, then from Eq. (5.55) we obtain 
N3—N2 a; Wp 1 
N Wp + 732 1+ W721 + 2Wp)/T21(Wp + T32) 


(5.57) 


From the above equation we see that even for very small pump rates one can obtain 
population inversion between levels 3 and 2. This is contrary to what we found in a 
three-level system, where there was a minimum pump rate, Wp, required to achieve 
inversion. The first factor in Eq. (5.57) which is independent of Wj [i.e., independent 
of the intensity of radiation corresponding to the laser transition — see Eq. (5.47)] — 
gives the small signal gain coefficient whereas the second factor in Eq. (5.57) gives 
the saturation behavior. 

Just below threshold for laser oscillation, W; + 0, and hence from Eq. (5.57) we 
obtain 


AN W, 
N (Wp + T32) 


(5.58) 


where AN = N3 — Nz is the population inversion density. We shall now consider 
two examples of four-level systems. 


Example 5.1 The Nd:YAG laser corresponds to a four-level laser system (see Chapter 11). For such a 
laser, typical values of various parameters are 


do = 1.06 um(v = 2.83 x 10!4 Hz), Av = 1.95 x 10!! Hz, eee 
tsp = 2.3 x 10~4s,N = 6 x 10!9 cm~3, ng = 1.82 


If we consider a resonator cavity of length 7 cm and R; = 1.00, Rz = 0.90, neglecting other loss factors 
(i.e., a] = 0) 


Shad 
a pee 0-%s 
cinR{ Rp 


tc&= 
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We now use Eq. (4.32) to estimate the population inversion density to start laser oscillation corresponding 
to the center of the laser transition: 


253 
4y ny 1 tsp 


(AN); = ——- —— — 
‘ 3 gw) te 
(5.60) 
4y2n3 t 
= On? Ay 
Cc Cc 
where for a homogenous transition (see Section 4.5) 
¢(w9) = 2/7 Aw = 1/27 Av (5.61) 
Thus substituting various values, we obtain 
(AN) © 4x 10 cm=3 (5.62) 


Since (AN), < N, we may assume in Eq. (5.58) 732 >> Wp and hence we obtain for the threshold 
pumping rate required to start laser oscillation 


(AN) — (AN)t 1 
132 © 
N N tep 
4x 1015 1 
= x 
6x 10!9 § 2.3 x 10-4 


Wot x 


= 0.357! 


At this pumping rate the number of atoms being pumped from level 1 to level 4 is Wp and since 
N2,.N3 and Ng are all very small compared to N;, we have N; ~ N. For every atom lifted from level | to 
level 4 an energy /vp has to be given to the atom where vp is the average pump frequency corresponding 
to the 1 + 4 transition. Assuming vp © 4 x 10/4 
per unit volume of the laser medium 


Hz we obtain for the threshold pump power required 


Pin = WptN i hvp © WptNhvp 
=0.3x6x 10!9 x 6.6 x 10-4 x 4x 10!4 
=~ 4.8 W/em3 


which is about three orders of magnitude smaller than that obtained for ruby. 


Example 5.2 As a second example of a four-level laser system, we consider the He—Ne laser (see Chapter 
11). We use the following data: 


do = 0.6328 x 10~*cem(v = 4.74 x 10!4Hz), 
J _ (5.63) 
typ = 10's, Av=10°Hz, ng *1 


If we consider the resonator to be of length 10 cm and having mirrors of reflectivities Rj = Rz = 0.98, 
then assuming the absence of other loss mechanisms (a) = 0), 
te = —2ngd/clnR, Ro 


1.6 x 1078s 


(5.64) 


2 


For an inhomogeneously broadened transition (see Section 4.5) 
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pee 
SO =e \, (5.65) 


1.5 x 107/95 


2 


Thus the threshold population inversion required is 


(AN); © 1.4 x 10°cm™3 (5.66) 


Hence the threshold pump power required to start laser oscillation is 


Pr= WortN 1 (E4 — E\) 


(AN)t (5.67) 
x hvp 


tsp 


where again we assume (AN); < N and T37 © A32 = 1/tsp. Assuming vp © 5 x 10!5 Hz, we obtain 


1.4 x 10? x 6.6 x 10734 x 5 x 10/5 
10-7 (5.68) 


Pin = 


=~ 50mW/cm3 


which again is very small compared to the threshold powers required for ruby laser. 


5.5 Variation of Laser Power Around Threshold 


In the earlier sections we considered the three-level and four-level laser systems and 
obtained conditions for the attainment of population inversion. In this section we 
shall discuss the variation of the power in the laser transition as the pumping rate 
passes through threshold. 

We consider the two levels involved in the laser transition in a four-level laser” 
and assume that the lower laser level has a very fast relaxation rate to lower levels 
so that it is essentially unpopulated. We will assume that only one mode has suffi- 
cient gain to oscillate and that the line is homogenously broadened so that the same 
induced rate applies to all atoms (see Section 4.5). Let R represent the number of 
atoms that are being pumped into the upper level per unit time per unit volume [see 


2A similar analysis can also be performed for a three-level laser system but the general conclusions 
of this simple analysis remain valid. 
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Fig. 5.4 The upper level is R 


pumped at a rate R per unit 

volume and the lower level is 

assumed to be unpopulated 

due to rapid relaxation to E Np 


other lower levels 


(Fig. 5.4)]. If the population density of the upper level is Nz, then the number of 
atoms undergoing stimulated emissions from level 2 to level | per unit time will be 


[see Eq. (4.16)] 5% 


UC 
Fo, = T21V = —, sAniug(@)N2V (5.69) 
hw? 5 


where u is the density of radiation at the oscillating mode frequency w,V rep- 
resents the volume of the active medium, and no is the refractive index of the 
medium. 

Instead of working with the energy density u, we introduce the number of photons 
nin the oscillating cavity mode. Since each photon carries an energy /ia, the number 
of photons n in the cavity mode will be given by 


n=uV/hw (5.70) 
Thus 
23 
F = 5) 3A218(@)Non = KnN2 (5.71) 
ong 
where 
K = (1773 /w°ng)Ar1g(@) (5.72) 


The spontaneous relaxation rate from level 2 to level | in the whole volume will be 
T2,N2V where 


To, = Ag, + S21 (5.73) 


is the total relaxation rate consisting of the radiative (A21) and the nonradiative (S21) 
components. Hence we have for the net rate of the change of population of level 2 


d 
nee) = —KnN) — T2;NoV + RV 


or 
dN> KnN2 


= TN R 5.74 
a 7 212 + (5.74) 
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In order to write a rate equation describing the variation of photon number n in the 
oscillating mode in the cavity, we note that n change due to 


a) All stimulated emissions caused by the n photons existing in the cavity mode 
which results in a rate of increase of n of KnN?2 since every stimulated emission 
from level 2 to level 1 caused by radiation in that mode will result in the addition 
of a photon in that mode. There is no absorption since we have assumed the 
lower level to be unpopulated. 

b) In order to estimate the increase in the number of photons in the cavity mode 
due to spontaneous emission, we must note that not all spontaneous emission 
occurring from the 2 — 1 transition will contribute to a photon in the oscillat- 
ing mode. As we will show in Section 7.2 for an optical resonator which has 
dimensions which are large compared to the wavelength of light, there are an 
extremely large number of modes (~ 10°) that have their frequencies within the 
atomic linewidth. Thus when an atom deexcites from level 2 to level 1 by spon- 
taneous emission it may appear in any one of these modes. Since we are only 
interested in the number of photons in the oscillating cavity mode, we must first 
obtain the rate of spontaneous emission into a mode of oscillation of the cavity. 
In order to obtain this we recall from Section 4.2 that the number of spontaneous 
emissions occurring between w and w + dw will be 


G21dw = A2\N2g(w)dwV (5.75) 


We shall show in Appendix E that the number of oscillating modes lying in a 
frequency interval between w and w + dw is 


ow 


N(o)do = nV dw (5.76) 


re 
where no is the refractive index of the medium. Thus the spontaneous emission 
rate per mode of oscillation at frequency w is 


G21dw we 
S21 = Saat = 9 8(@)A21N2 
ore (5.77) 


= KN) 


i.e., the rate of spontaneous emission into a particular cavity mode is the same 
as the rate of stimulated emission into the same mode when there is just one 
photon in that mode. This result can indeed be obtained by rigorous quantum 
mechanical derivation (see Chapter 9). 

c) The photons in the cavity mode are also lost due to the finite cavity lifetime. 
Since the energy in the cavity reduces with time as e~/“ (see Section 4.4) the 
rate of decrease of photon number in the cavity will also be n/t. 
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Thus we can write for the total rate of change of n 


dn n 
Ps KnN2 + KN2 — . (5.78) 
Eqs. (5.74) and (5.78) represent the pair of coupled rate equations describing the 
variation of Nz and n with time. 
Under steady-state conditions both time derivatives are zero. Thus we obtain 
from Eq. (5.78), 


n 1 
n+1 Kt. 


Nz = (5.79) 
The above equation implies that under steady-state conditions Nz < 1/Kt,. When 
the laser is oscillating under steady-state conditions n >> 1 and N2 © 1/Kt,. If we 
substitute the value of K from Eq. (5.72) we find that (for n >> 1) 


23 
wn tsp 1 


No 


Ce & He (5.80) 
which is nothing but the threshold population inversion density required for laser 
oscillation (cf. Eq. (4.32)). Thus Eq. (5.79) implies that when the laser oscillates 
under steady-state conditions, the population inversion density is almost equal to 
and can never exceed the threshold value. This is also obvious since if the inversion 
density exceeds the threshold value, the gain in the cavity will exceed the loss and 
thus the laser power will start increasing. This increase will continue till saturation 
effects take over and reduce N> to the threshold value. 
Substituting from Eq. (5.79) into Eq. (5.74) and putting dN2/dt = 0, we get 


is oe (: =) BEG (5.81) 
—-n +n{l—-—)]-—= : 
VT R; R, 
where 
R, = 2 (5.82) 
eRe 


The solution of the above equation which gives a positive value of n is 


ly 

VIy, | (R Re. Ae ey 
eae | pes | 1 5.83 
"2K & )+{( a "Vin 4 nr 


The above equation gives the photon number in the cavity under steady-state 
conditions for a pump rate R. 
For a typical laser system, for example an Nd:glass laser (see Chapter 11), 


V = 10cm’, no © 1.5 


A+ 1.064m, Avx3~x 10!?Hz 
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so that 


K (oa 1 


= ei13% 10°? 5.84 
VT} 8v2ng Va Av i ( ) 


where we have used 7; * Az). For such small values of K/V7T21, unless R/R; is 
extremely close to unity, we can make a binomial expansion in Eq. (5.83) to get 


wy R/R: R 
nN TORR, for Roe A 
w= Vin (Ry f Roy (5.85) 
where A > (2 K/VT> 1)2. Further 
Vx R 
nw | —— for —=1 (5.86) 
K Rt 


Figure 5.5 shows a typical variation of n with R/R;. As is evident n © 1 for R < R, 
and approaches 10!” for R > R;. Thus R; as given by Eq. (5.82) gives the threshold 
pump rate for laser oscillation. 


Fig. 5.5 Variation of photon 
number n in the cavity mode 
as a function of pumping rate 10" 
R; R, corresponds to the 

threshold pumping rate. Note 


9 
the steep rise in the photon 10 
number as one crosses the 
threshold for laser oscillation 107 
n 
10° 
103 
10! 
|_| ss | | | J Uttitt 
0.1 05 #10 2.0 4.0 10.0 


RIR, 


Problem 5.2 Show that the threshold pump rate R; given by Eq. (5.82) is consistent with that obtained in 
Section 4.4. 


From the above analysis it follows that when the pumping rate is below threshold 
(R < R,) then the number of photons in the cavity mode is very small (~1). As 
one approaches the threshold, the number of photons in the preferred cavity mode 
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(having higher gain and lower cavity losses) increases at a tremendous rate and 
as one passes the threshold, the number of photons in the oscillating cavity mode 
becomes extremely large. At the same time the number of photons in other cavity 
modes which are below threshold remains orders of magnitude smaller. 

In addition to the sudden increase in the number of photons in the cavity mode 
and hence laser output power, the output also changes from an incoherent to a 
coherent emission. The output becomes an almost pure sinusoidal wave with a 
well-defined wave front, apart from small amplitude and phase fluctuations caused 
by the ever-present spontaneous emission.* It is this spontaneous emission which 
determines the ultimate linewidth of the laser. 

If the only mechanism in the cavity is that arising from output coupling due to 
the finite reflectivity of one of the mirrors, then the output laser power will be 


nhy 
Pou = — (5.87) 
te 
where n/t, is the number of photons escaping from the cavity per unit time and hv 
is the energy of each photon. Taking K/VT>, as given by Eq. (5.84) and t. © 1078s, 
for R/R; = 2 we obtain 


Pout = 144W 


Example 5.3 It is interesting to compare the number of photons per cavity mode in an oscillating laser 
and in a black body at a temperature T. The number of photons/mode in a black body is (see Appendix D) 


1 


n= hoje? 1 (5.88) 


Hence forA = 1.064m, T = 1000K, we obtain 


1 


1% — 2 14x 107% 
25:24 


I 


which is orders of magnitude smaller than in an oscillating laser [see (Fig 5.5)]. 


From Eq. (5.85) we may write for the change in number of photons dz for a 
change dR in the pump rate as 


dn VT2, 1 
— = — —=Vi, 
dR KR, 
or 
dn 
VdR = — (5.89) 


Cc 


where we have used Eq. (5.82). The LHS of Eq. (5.89) represents the additional 
number of atoms that are being pumped per unit time into the upper laser level and 


3Tn an actual laser system, the ultimate purity of the output beam is restricted due to mechanical 
vibrations of the laser, mirrors, temperature fluctuations, etc. 
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the RHS represents the additional number of photons that is being lost from the 
cavity. Thus above threshold all the increase in pump rate goes toward the increase 
in the laser power. 

Example 5.4 Let us consider an Nd:glass laser (see Chapter 11) with the parameters given in page 119 


and having 
d= 10cm 


R, = 0.95, Ro = 1.00 
For these values of the parameters, using Eq. (4.31) we have 
2nod 


—-—!" _ = 1.96 x 1078s 
cln R}Ro 


te © 


and 
Vy, OV 4v? Vij, 


ES = (5.90) 
K Ktsp 3 g(a) 
Thus for R/R; = 2, i.e., for a pumping rate twice the threshold value (see Eq. (5.85)) 
n= VIy1/K © 7.7 x 10!2 
Hence the energy inside the cavity is 
E =nhv 
6 (5.91) 
~14x 10°) 


If the only loss mechanism is the finite reflectivity of one of the mirrors, then the output power will be 


nhv 
Pot = a =~ 74W 


Cc 


Problem 5.3 In the above example, if it is required that there be 1 W of power from the mirror at the left 
and 73 W of power from the right mirror, what should the reflectivities of the two mirrors be? Assume 
the absence of all other loss mechanisms in the cavity. 

[Answer: R; = 0.9993, Rz = 0.9507] 


Example 5.5 In this example, we will obtain the relationship between the output power of the laser and 
the energy present inside the cavity by considering radiation to be making to and fro oscillations in the 
cavity. Figure 5.6a shows the cavity of length | bounded by mirrors of reflectivities 1 and R and filled by 
a medium characterized by the gain coefficient a. Let us for simplicity assume absence of all other loss 
mechanisms. Figure 5.6b shows schematically the variation of intensity along the length of the resonator 
when the laser oscillates under steady-state conditions. For such a case, the intensity after one round trip 
I4 must be equal to the intensity at the same point at the start of the round trip. Hence 


Re =] (5.92) 

Also, recalling the definition of cavity lifetime (see Eq. (4.31) with a] = 0), we have 
te = —— In R= — (5.93) 
Now let us consider a plane P inside the resonator. Let the distance of the plane from mirror My 


be x. Thus if /; is the intensity of the beam at mirror Mj, then assuming exponential amplification, the 
intensity of the beam going from left to right at P is 
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R,=1 Ry=R h=he" 

1 

——> I 
| > 
Ly=R Le“ 

yo —<—__ 

M, P M, 2 = GR 
(a) (b) 


Fig. 5.6 (a) A resonator of length / bound by mirrors of reflectivities 1 and R and filled by a 
medium of gain coefficient a. (b) Curves 1 and 2 represent the qualitative variation of intensity 
associated with the waves propagating in the forward and backward directions within the cavity. 
The sudden drop in intensity from Jp to J; is due to the finite reflectivity of the mirror Mz 


I, =Te™ (5.94) 
Similarly, the intensity of the beam going from right to left at P is 


f= Tye! Ret) — Ree 


(5.95) 
=e 
Hence the energy density at x is 
L IL ot . 
gos (co 4.27%) (5.96) 
c c 
If A is the area of cross section, then the total energy in the cavity is 
1 
w= | fuaac=a udx 
0 
(5.97) 


Al 

= Oo! _ Rp) 
ac 

= Aly tee“! (1 — R) 


where we have used Egs. (5.92) and (5.93) and have assumed, for the sake of simplicity, uniform intensity 
distribution in the transverse direction. Now the power emerging from mirror M9 is 


Pout = 1A —R) 
= 1;Ae“(1 — R) (5.98) 
=W/te 


which is consistent with Eq. (5.87) 


5.6 Optimum Output Coupling 


In the last section we obtained the steady-state energy inside the resonator cavity 
as a function of the pump rate. In order to get an output laser beam, one of the 
mirrors is made partially transparent so that a part of the energy is coupled out. In 
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this section we shall obtain the optimum reflectivity of the mirror so as to have a 
maximum output power. 

The fact that an optimum output coupling exists can be understood as follows. 
If one has an almost zero output coupling (i.e., if both mirrors are almost 100% 
reflecting) then even though the laser may be oscillating, the output power will be 
almost zero. As one starts to increase the output coupling, the energy inside the 
cavity will start to decrease since the cavity loss is being increased but, since one is 
taking out a larger fraction of power the output power starts increasing. The output 
power will start decreasing again if the reflectivity of the mirror is continuously 
reduced since if it is made too small, then for that pumping rate, the losses will 
exceed the gain and the laser will stop oscillating. Thus for a given pumping rate, 
there must be an optimum output coupling which gives the maximum output power. 

In Section 4.4 we showed that the cavity lifetime of a passive resonator is 


1 
; == (2a4d —In RiRo) 
c No 
4 (5.99) 
S24 
ti te 
where 
he © in RR (5.100) 
= ‘ = n si 
tj no te 2dno i 


t; accounts for all loss mechanisms except for the output coupling due to the finite 
mirror reflectivities and t, for the loss due to output coupling only. Thus, the number 
photons escaping the cavity due to finite mirror reflectivity will be n/t. and hence 
the output power will be 


(5.101) 


_ fv VIn | RK (1 1 — 
tt K |Ta \t te 
where we have used Eqs. (5.82), (5.85), and (5.99). The optimum output power will 
correspond to the value of fe satisfying 0Pout/dte = 0 which gives 


1 RK\2 1 
=( ) (5.102) 


te Tot ti 


Using Eqs. (5.99) and (5.82), the above equation can be simplified to 


1 1/R 
—-=- (= - 1) (5.103) 
te t; \ Rt 


Problems 119 


Substituting for te from Eq. (5.103) in Eq. (5.101) we obtain the maximum output 
power as 


1/272 
Pmax = hvRV | 1 — (4) (5.104) 


It is interesting to note that the optimum ¢, and hence the optimum reflectivity is a 
function of the pump rate R. 

Even though the output power passes through a maximum as the transmittivity 
T = (1-R) of the mirror is increased, the energy inside the cavity monotonically 
reduces from a maximum value as T is increased. This may be seen from the fact 
that the energy in the cavity is 


VT, ( KRt 
fae ( ce i) hy (5.105) 
K T21 


Thus as T is increased, ft, reduces and hence FE reduces monotonically finally 
becoming zero when 


ve 
eS (5.106) 
KR 


beyond which the losses become more than the gain. 


Problems 


Problem 5.4 Using Eq. (5.103) calculate the optimum reflectivity of one of the mirrors of the resonator 
(assuming the other mirror to have 100% reflectivity) for R = 2R;. Assume the length of the resonator to 
be 100 cm, np = | and the intrinsic loss per unit length to be 3 x 10cm, 


Problem 5.5 Consider an atomic system as shown below: 


3 F; =3 eV 
2—___F) =1leV 
1——_E =0eV 


The A coefficient of the various transitions are given by 
A327 = 7x 10’s~!, Az, = 10’s~!, Any = 10857! 


(a) Show that this system cannot be used for continuous wave laser oscillation between levels 2 and 1. 
(b) Suppose at t = 0, No atoms are lifted to level 3 by some external mechanism describe the change 
of populations in levels 1, 2, and 3. 


Problem 5.6 Using Eq. (5.103) calculate the optimum reflectivity of one of the mirrors of the resonator 
(assuming the other mirror to be 100% reflecting) for R = 2R;. Assume the length of the resonator to 
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be 50 cm, no = 1 and the intrinsic loss per unit length to be 3 x 10-4m!. If the power output at the 
optimum coupling is 10 mW, what is the corresponding energy inside the cavity? 


[Answer: R © 0.9997, energy = 1.1 x 107-7 J] 


Problem 5.7 Consider a laser with plane mirrors having reflectivities of 0.9 each and of length 50 cm 
filled with the gain medium. Neglecting scattering and other cavity losses, estimate the threshold gain 
coefficient (in m-!) required to start laser oscillation. 


Problem 5.8 The cavity of a 6328 A He-Ne laser is 1 m long and has mirror of reflectivities 100 and 
98%; the internal cavity losses are negligible. (a) If the steady-state power output is 10 mW, what is the 
energy stored in the resonator? (b) What is the linewidth of the above passive cavity? (c) If the oscillating 
linewidth is 1500 MHz, how many longitudinal modes would oscillate? 


Problem 5.9 Consider a two-level system shown below: 


—___ Ey =2eV 
Ap, = 107 s! 
______E, =0 


a) What is the frequency of light emitted due to transitions from E> to £1? 

b) Assuming the emission to have only natural broadening, what is the FWHM of the emission? 

c) What is the population ratio N2/N, at 300 K? 

d) Anatomic system containing No atoms/cm? of the above atoms is radiated by a beam of intensity Jp 
at the line center. Write down the rate equation and obtain the population difference between E and 


E\ under steady-state condition. Calculate the incident intensity required to produce a population 
ratio Ny = 2 No. 


Problem 5.10 The active medium of a three-level atomic system is characterized by the following spon- 
taneous emission rates: Az) = 108s, Az, = 10°s-!, Az = 105s. (Neglect non-radiative transitions.) 
Can we use the atomic system to realize a laser? (YES or NO). Justify your answer. 


Problem 5.11 Consider a three-level laser system with lasing between levels Ez and E). The level E 
has a lift time of 1 jus. Assuming the transition £3 — E> to be very rapid, estimate the number of atoms 
that needs to be pumped per unit time per unit volume from level £; to reach threshold for achieving 
population inversion. Given that the total population density of the atoms is 10!%cem, 


Chapter 6 
Semiclassical Theory of the Laser 


6.1 Introduction 


The present chapter deals with the semiclasscial theory of the laser as developed 
by Lamb (1964). In this analysis, we will treat the electromagnetic field classically 
with the help of Maxwell’s equations and the atom will be treated using quantum 
mechanics. We will consider a collection of two-level atoms placed inside an opti- 
cal resonator. The electromagnetic field of the cavity mode produces a macroscopic 
polarization of the medium. This macroscopic polarization is calculated using quan- 
tum mechanics. The polarization then acts as a source for the electromagnetic field 
in the cavity. Since this field must be self-consistent with the field already assumed, 
one gets, using this condition, the amplitude and frequencies of oscillation. We will 
obtain explicit expressions for the real and imaginary parts of the electric suscepti- 
bility of the medium. The real part is responsible for additional phase shifts due to 
the medium and leads to the phenomenon of mode pulling. On the other hand, the 
imaginary part of the susceptibility is responsible for loss or gain due to the medium. 
Under normal conditions, the population of the upper level is less than that of the 
lower level and the medium adds to the losses of the cavity. In the presence of popu- 
lation inversion, the medium becomes an amplifying medium; however, a minimum 
population inversion is necessary to sustain oscillations in the cavity. We will show 
that in the first-order theory, the electric field in the cavity can grow indefinitely, but 
using a third-order theory we would show that the field would indeed saturate rather 
than growing indefinitely. 

Since the analysis is semiclassical in nature, the effects of spontaneous emission 
do not appear. Thus, the analysis does not give the ultimate linewidth of the laser 
oscillator which is caused by spontaneous emissions. 


6.2 Cavity Modes 


We consider a laser cavity with plane mirrors at z = O and z = L (see Fig. 6.1). 
The electromagnetic radiation inside the cavity can be described by Maxwell’s 
equations, which in the MKS system of units are 
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Fig. 6.1 A plane parallel MIRROR MIRROR 
resonator bounded by a pair 

of plane mirrors facing each 

other. The active medium is 

placed inside the resonator 


Z=0 Z=L 
VxE a: (6.1) 
x => ——_— : 
Ot 
dD 
VxH=Jp+ — (6.2) 
; ot 
V-D=pF (6.3) 
V-B=0 (6.4) 


where pf represents the free charge density and Jy the free current density; 
E,D,B, and H represent the electric field, electric displacement, magnetic induc- 
tion, and magnetic field, respectively. Inside the cavity we may assume 


pp =0 (6.5) 
B= oH (6.6) 
D=eE+P (6.7) 
Jp=oE (6.8) 


where P is the polarization, o the conductivity, and ¢g and zo are the dielectric 
permittivity and magnetic permeability of free space. It will be seen that the conduc- 
tivity term leads to the medium being lossy which implies attenuation of the field; 
we will assume that other losses like those due to diffraction and finite transmission 
at the mirrors are taken into account in o. Now, 


Teen wea (6.9) 
at at ar 
or 
9 Sex my tiine ey Sy (6.10) 
at ar? ar 


If we assume the losses to be small and the medium to be dilute, we may neglect the 
second term on the left-hand side and the term on the right-hand side of the above 
equation to approximately obtain 

2 


iE 
V x (V XE) + 60055 =0 (6.11) 
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Further since P is small, Eq. (6.3) gives 


0=V-DeeoV-E (6.12) 
Thus 
Vx VxE=—-VE+V(V-E)*-V’E (6.13) 
or 
2 a°E 
VXVxEX-VE=—— (6.14) 
022 


where, in writing the last equation, we have neglected the x and y derivatives; this 

is justified when intensity variations in the directions transverse to the laser axis is 

small in distances ~ 4, which is indeed the case (see Chapter 7). Thus Eq. (6.11) 
becomes 

PE 10°E 

— Oe2 * e2 a 


=0 (6.15) 


where c = (egf9)~ 1/7 represents the speed of light in free space. If we further 


assume a specific polarization of the beam, Eq. (6.15) becomes a scalar equation: 


CE 10E 6.16) 
dz2 ce? a 
which we solve by the method of separation of variables: 
E(z,t) = Z2)T(0) (6.17) 
to obtain 
iez tide Pew (6.18) 
= = sa s 
Zd2 2T dP Y 
Thus 
Z(z) =A sin (Kz+ 8) (6.19) 


where the quantity K corresponds to the wave number. At the cavity ends (i.e., at 
z= 0 and z= L), the field [and hence Z(z)] will vanish, giving 


and 


a 
a N= 1,2, 3,605 (6.20) 
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We designate different values of K by Ky, (n = 1,2,3,...). The corresponding time 
dependence will be of the form 


COs Qyt 
where 


Qy = Kpc = — (6.21) 
Thus the complete solution of Eq. (6.16) would be given by 


E(z,t) = So An cos (Qyt) sin (Kyz) (6.22) 
n 
If we next include the term describing the loses, we would have (instead of Eq. 6.16) 


a°E dE 10°E 
ae a ~ 2 oP 


(6.23) 


We assume the same spatial dependence (~ sin K,z) and the time dependence to be 


of the form e’4*’ to obtain 
AZ — poo CiAn — 22 =0 (6.24) 
or 
1 1/2 
An=-=|i 2+ (-njore" 497) 
7 i oe a (6.25) 
x+Q, + io /2e0 
Thus the time dependence is of the form 
exp (- =] etiQnt (6.26) 
2€0 


the first term describing the attenuation of the beam. In the expression derived above, 
the attenuation coefficient does not depend on the mode number n; however, in 
general, there is a dependence on the mode number which we explicitly indicate by 
writing the time-dependent factor as! 


© ; 
ap (=— theo (6.27) 
20n 


where 


Because of the losses, the field in the cavity decays with time as exp (-Qut / 20n) and hence the 
energy decays as exp (-Qut / Qn).Thus, the energy decays to | / e of the value at ¢ = O in a time 
t: =O, / Q, which is referred to as the cavity lifetime (see also Section 7.4). 
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Oe 6, (6.28) 
oO 


represents the quality factor (see Section 7.4). Thus the solution of Eq. (6.23) 
would be 


Qn . 
E(zh)= "An exp (-x) cos (Qt) sin (Knz) (6.29) 


Finally, we try to solve the equation which includes the term involving the 
polarization: 


0°E dE 10°E a°P 
ae oe hae aR 029) 
[cf. Eqs. (6.16) and (6.23)]. We assume E to be given by 
1 ; 
E=5 S > {En () exp [-i (nt + n (O)] + c.c.} sin Knz (6.31) 
n 


where c.c. stands for the complex conjugate (so that E is necessarily real), E, (t) 
and @,(t) are real slowly varying amplitude and phase coefficients, and w, is the 
frequency of oscillation of the mode which may, in general, be slightly different 
from Q,. We assume P to be of the form 


P= {Pn (¢,z) exp [—i (@nt (t))] } (6.32) 
= oe n (f,Z) CXP|—1 (@n + bn + c.c. i 


n 


where P,, (t,z) may be complex but is a slowly varying component of the polar- 
ization. On substitution of E and P in Eq. (6.30), we get” (after multiplying 
by c’) 


2 


2 .({ o ie ae + \2 On 
QLEn — i (=) On En — 2i@, En — (On a dn) En = a (t) (6.33) 


2 L 
Prt) = =f Py (t,Z) sin Kyz dz 
L Jo 


where we have neglected small terms involving E,, dns Pr, Enns oEn, odn, PnPns 
and py, which are all of second order. Now, since w, will be very close to Qn, we 
may write 


2; a (on ae dn) & 2p (Qn — Wn — dn) (6.34) 


2 Actually we have equated each Fourier component; this follows immediately by multiplying 
Eq. (6.32) by sin K,,z and integrating from 0 to L. 
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Thus, equating real and imaginary parts of both sides of Eq. (6.33), we get 


1 1 n 
(on + bn — Qn) En (t) = —= —" Re (Pn (0) (6.35) 

2 EO 
EB ce 6.36 
"O+7o ni) ==> PaO) (6.36) 

where 
re eas (6.37) 
oO 


When py = 0, @, = Qy and E; (t) will decrease exponentially with time — consis- 
tent with our earlier findings. In general, if we define the susceptibility x through 
the equation 


Pn (t) = €0XnEn (1) = £0 (xp, +X, ) En O (6.38) 


where x/ and x,’ represent, respectively, the real and imaginary parts of x», then 


: 1 
On + On = Qn - zonkn (6.39) 
and 
: 1 wn 1 i) 
En = 75 a = 7 nXn En (t) (6.40) 


The first term on the right-hand side of Eq. (6.40) represents cavity losses and the 
second term represents the effect of the medium filling the cavity. It can be easily 
seen that if x/’ is positive, then the cavity medium adds to the losses. On the other 
hand if x,” is negative, the second term leads to gain. If 


1 
~x¥f=— (6.41) 


n 


the losses are just compensated by the gain and Eq. (6.41) is referred to as the 
threshold condition. If —x/’ > 1/@Q/,, there would be a buildup of oscillation. 

From Eq. (6.39), one may note that if we neglect the term ¢, the oscillation 
frequency differs from the passive cavity frequency by —50n x}, which is known 
as the pulling term. In order to physically understand the gain and pulling effects 
due to the cavity medium, we consider a plane wave propagating through the cavity 
medium. If x, represents the electric susceptibility of the medium for the wave, then 
the permittivity ¢ of the medium would be 


3We will show in Section 6.3 that X/, is negative for a medium with a population inversion. 
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€ = € + €0Xn = €0 (1 + Xn) (6.42) 


This implies that the complex refractive index of the cavity medium is 


1/2 : 
€ 1 1 I 
(=) = (1+ xn)? » (: + 5X) =1+ 5 Xn + 5 Xn (6.43) 


The propagation constant of the plane wave in such a medium would be 


1/2 

we a) 1 lo 
———— — = 1 / ; " 

P c (=) c ( . aK) + 5h 


=atid (6.44) 


where 
Sie) 837 (6.45) 
iar a%n}? = 3g" 


Thus, a plane wave propagating along the z-direction would have a z dependence of 
the form 


eae es 6.46) 


In the absence of the component due to the laser transition xj = x/’ = 0 and the 
plane wave propagating through the medium undergoes a phase shift per unit length 
of w/c. The presence of the laser transition contributes both to the phase change and 
to the loss or amplification of the beam. Thus if x,’ is positive, then 6 is positive 
and the beam is attenuated as it propagates along the z-direction. On the other hand 
if x;’ is negative, then the beam is amplified as it propagates through the medium. 
As the response of the medium is stimulated by the field, the applied field and the 
stimulated response are phase coherent. 

In addition to the losses or amplification caused by the cavity medium, there is 
also a phase shift caused by the real part of the susceptibility x/. We will show in 
the next section that x/, is zero exactly at resonance, i.e., if the frequency of the 
oscillating mode is at the center of the atomic line and it has opposite signs on 
either side of the line center. This additional phase shift causes the frequencies of 
oscillation of the optical cavity filled with the laser medium to be different from 
the frequencies of oscillation of the passive cavity (i.e., the cavity in the absence of 
the laser medium). The actual oscillation frequencies are slightly pulled toward the 
center of the atomic line and hence the phenomenon is referred to as mode pulling. 
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6.3 Polarization of the Cavity Medium 


In the last section, we obtained equations describing the cavity field and the oscil- 
lation frequency of the cavity in terms of the polarization associated with the cavity 
medium. In the present section, we consider a collection of two-level atoms and 
obtain an explicit expression for the macroscopic polarization (and hence the elec- 
tric susceptibility) of the cavity medium in terms of the atomic populations in the 
two levels of the system. The time-dependent Schrédinger equation is given by. 


ih— = HW (6.47) 


where H is the Hamiltonian and W represents the time-dependent wave function of 
the atomic system. 

Let Ho represent the Hamiltonian of the atom and let yy (r)e and 
Wo (r) e '2' be the normalized wave functions associated with the lower level 1 
and the upper level 2, respectively, of the atom. Then 


—iw\t 


Aow (F) = Ei @) (6.48a) 
Aow2 (r) = Ex (r) (6.48b) 
where FE; = fw, and Ey = hwy are the energies of the lower and the upper 


levels, respectively. The interaction of the atom with the electromagnetic field is 
described by 


H! =-—ecEr (6.49) 


which is assumed to be a perturbation on the Hamiltonian Ho; here E represents the 
electric field associated with the radiation. In the presence of such an interaction we 
write the wave function as 


YED=A0WO+QaMO Wr) (6.50) 


where Cj (tf) and C(t) are time-dependent factors. The physical significance of 
C, (t) and C> (f) is that |C; (A ? and |C2 (t)|* represent, respectively, the probability 
of finding the atom in the lower state yy and in the upper state w2 at time rf. Also, 
since we are considering a collection of N,, atoms per unit volume and each atom 
has a probability |C; (4) he of being found in the level y; at time ¢, the mean number 
of atoms per unit volume in the lower level 1, namely N; would be 


M =NyICi OP (6.51a) 
Similarly, the mean number of atoms per unit volume in the level 2, N2, would be 


Nz = Ny |C2 (7 (6.51b) 
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Using Eqs. (6.48) and (6.50), Eq. (6.47) gives 


in YT Cavin = YE (hon + H') Can (6.52) 


n=1,2 n=1,2 


Multiplying both sides by Vr and integrating over spatial coordinates, one obtains 
ihC, = E,C) + Hi, Ci + Hi,Co (6.53) 
where 
Fin = / VinH Unde (6.54) 


Similarly by multiplying Eq. (6.52) by w5 and integrating one obtains 


ihCy = ExC2 + Hb,C2 + 5, C\ (6.55) 
But 
Hy, = —eE. / Wy ©) ry @) dt =0 (6.56) 
because r is an odd function. Similarly 
Hj, =0 and Hi, = Hi (6.57) 
Thus 
: 1 
Ci (t) = = [EC (t) + HyxC2 (1) | (6.58a) 
and 
: 1 
C2 (t) = 7 [E2C2 (1) + Hy,C1 O| (6.58b) 


In deriving the above equations, we have not considered any damping mechanism. 
We wish to do so now by introducing phenomenological damping factors. Even 
though we are considering only two levels of the atomic system, the phenomeno- 
logical damping factors take account of not only spontaneous transitions from the 
two levels but also, for example, collisions, etc. This we do by rewriting Eqs. (6.58a) 
and (6.58b) as 
: i 1 i 
Ci) = —SE\C) — =y1Ci () — =H C2 (1) (6.59a) 
h 2 h 
: i 1 i 
C2) = —F EC. — 5 nr) — pac (1) (6.59b) 
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where 7; and y2 represent damping factors for levels 1 and 2, respectively. In order 
to see more physically, we find that in the absence of any interaction when H/, = 
0= Hy, the solutions of Eqs. (6.59a) and (6.59b) would be 


E 

C, (ft) = const x exp (-4) e “aes (6.60a) 
Fr) .-(n/dt 

C2 (t) = const x exp =i! e (6.60b) 


Hence the probability of finding the atom in levels | and 2 (which are, respectively, 
proportional to |C,|* and |C|*) decays as e~”!! and e~”', respectively. Thus, the 
lifetimes of levels 1 and 2 are 1 / y, and 1 7 y2, respectively. 

We now define the following quantities*: 


pir=—C Cis p12 = CiC3 (6.61) 
pu = C{C2, p22 = CzCz (6.62) 


Notice that 1; and p22 are nothing but the probabilities of finding the system in 
states 1 and 2, respectively. Since we know the time dependence of C; and Cz we 
can write down the time variation of the quantities 01, etc. Thus, 


ou = C\Ct + C1C% 


E y | 
= (-7 + ') Cey + z HyC5C\ 
or 


i 


Pu =—vNeut (FH1en + ca) (6.63) 


where c.c. represents the complex conjugate. Similarly 


: i 
P22 = —¥2022 — (FHi0. + ca) (6.64) 
. ; i 
621 = — (iw21 + 112) p21 + jf (p22 — pili) (6.65) 
where 
En-E 
21 = = and yi2 = a (6.66) 


4The four quantities 011, 012, P21, and 22 form the elements of what is known as the density 
matrix p. 
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Now, 
By. = ek. f vsryae (6.67) 
and if we consider single-mode operation with E along with the x-axis then 
Hy, = —eE, | yoxyidt = —E,P (6.68) 
where 
P=e / Wyxpidt (6.69) 
and 


1 : ‘ 
E, = 3 Fn (t) exp {—i[@,t + d, (H]} sin Ky,z + c.c. (6.70) 
= E, (t) cos [@nt + dn (f)] sin Knz 


Further when the system is in the state W (f), the average dipole moment is given by 


Pa= ef W*xW dr 


= P(o21 + (12) 
where we have used the relation 
[ vier dt = w5xW1 dt (6.72) 


which can always be made to satisfy by appropriate choice of phase factors. Thus, 
in order to calculate Pz we must know :12 and its complex conjugate 021. We first 
present the first-order theory which will be followed by the more rigorous third- 
order theory. 


6.3.1 First-Order Theory 


In the first-order theory, we assume (22 — (11) to be dependent only on z and to be 
independent of time’: 


p22 — pil = N(z) (6.73) 


Referring to Eqs. (6.51a) and (6.51b), we see that N, (022 — 611) represents the 
difference (per unit volume) in the population of the upper and lower states. Thus, 


>This will be justified in Section 6.3.2 
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Eq. (6.65) becomes 


i 


5p PEn () (eee f cc.) sin KnzN (2) (6.74) 


621 = — (iw21 + y12) p21 — 


where we have used Eqs. (6.68) and (6.70). Now, if we neglect the second term on 
the right-hand side of the above equation, the solution would be of the form 


pri (t) = ps? exp[— (wa + v12) 4] (6.75) 


We next assume the solution of Eq. (6.74) to be of the above form with on now 
depending on time. On substitution in Eq. (6.74), we obtain 


: i : 
bay = Paget ON @) sin Kaz {exp [—i(@n — @21 + ivi2) t — ibn] (6.76) 
+ exp [i (@n + @21 — iyi2) t— idn|} 


We neglect the time dependence of E, and ¢, and integrate the above equation to 
get 


exp [—i (@n — @21 + ivi2) t— ign] 
@n — @21 + iy12 


exp [i (@n + 21 — iyi2) t — ibn | 
On + 21 + iM12 


©. f 
Pz, © ora (Z) En (1) sin Knz 
(6.77) 


We neglect the second exponential term in the curly brackets in the above equation 
as it has very rapid variations and we obtain 


exp {—i[(@, — 21) t + bn (O]} 


1 
(0) : at 
x P—N (z) E, (t) sin Kyze”"” 6.78 

P21 Th (z) En (0) n a ee ( ) 
Thus,°: 

1 N(z)sin Kyz Ep (t) : 
xP : ex U(@pt + 
P21 oh (i, So) his pl-i(@n on)] 
or 
1 N(z)sinkyz En) _; : 
np PAO EEE th eeitioee ge 16.79) 


2h T, 


©The constant of integration in Eq. (6.77) would have led to an exponentially decaying term in 
Eq. (6.79). 
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where 


On — @ 
cos 0, = a as sin), = = (6.80) 
n n 


1/2 
T, = [ton = wn)" + vis] (6.81) 
Thus, from Eq. (6.71) we get for the average dipole moment per atom 
Pa = P(p21 + p12) = P (p21 +.€.c.) 


If we assume that there are N,, atoms per unit volume in the cavity, then the 
macroscopic polarization would be given by 


P=N,P, 


_ pone E (z) sin Knz 


7: 7 En (1) ene Hout tn) 4 cc| (6.82) 


where we have used Eq. (6.79). Comparing with Eq. (6.78), we get 


Ny P? En (1) N (2) sin Knz _ io, 
e 


Py (t,Z) = AT, (6.83) 
and 
2 EL 
Pn (j= a Py, (t,Z) sin Kyz dz 
L Jo 
2En®) _i9,— 
=P iT, e "NN, (6.84) 
where 
— 2 fh 1. 2 
N= al N (z) sin? Knzdz © al N(z) dz (6.85) 
L Jo L Jo 


In writing the last step, we have assumed that N (z) (which represents the population 
inversion density) varies slowly in an optical wavelength. Comparing Eq. (6.84) 
with Eq. (6.38), we get 


NN. = 
a dhe onl (6.86) 
£0 (Wn — 21)" + Vio 
and 
NN Y12 
1 pet (6.87) 


eh (wn — w21)? + Vin 


The above two equations represent the variation of the real and imaginary parts of 
the susceptibility with the mode frequency @,. 
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Fig. 6.2. Variation of x) and Xn 
x}, which represent, 
respectively, the real and 
imaginary parts of the electric 
susceptibility of the medium, 
as a function of @, — w21; xX}, 
is peaked at w, = w21 and 
thus maximum gain appears 
at Wn = 021 


(w= ie) D 


T21 


In Fig. 6.2 we have plotted the variation of x/ and x,’ with w, for a medium with 
a population inversion (i.e., NV > 0). 
Substituting for x/’ in Eq. (6.40), we get 


®n @nP?NNy ¥12 
20, 2e0h (an — 21)" sg Vio 


E,(t) (6.88) 


Thus, for the amplitude to grow with time, the quantity inside the square brackets 
should be positive or 
P NNy V12 1 


2 2 = > 
eh (@n — @21) + Yi n 


(6.89) 


When the two sides of the above inequality are equal, then the losses are exactly 
compensated by the gain due to the cavity medium and this corresponds to the 
threshold condition. 

The sign of the second term in the square brackets in Eq. (6.88) depends on the 
sign of N. It may be recalled that N is proportional to the population difference 
between the upper and the lower states’. Thus if N is negative, i.e., if there are more 
atoms in the lower level than in the upper level, then the second term contributes 
an additional loss. On the other hand, if there is a population inversion between the 
levels 1 and 2 then N is positive and the medium acts as an amplifying medium. In 
order that the mode may oscillate, the losses have to be compensated by the gain 
and this leads to the threshold condition, for which we must have 


7In fact NN, represents the population inversion density in the cavity medium, i.e., it is equal to 
(N2 — N1) of Chapter 5 [see discussion after Eq. (6.73)]. 


6.3 Polarization of the Cavity Medium 135 


e0h (@_ — 21)" + Vip 


2 / 
eye ; (6.90) 


NiNy = (N2 — M1); = 


_ eoh 
mg (w) PO, 


where the subscript t implies the threshold value and g (w) represents the normalized 
lineshape function. 


v12 1 

g(a) = ee (6.91) 
HT (Wn — 21)" + V12 
which is identical to Eq. (4.37) with 215, = 1 { ¥12. Further 
2 42 2 
an i vixtnd | = 5. ( woryide 

(6.92) 

_ meohic? _ meohc? 1 

~  @ ~  @ tsp 


where f,, is the spontaneous relaxation time of level 2. Substituting for P* in Eq. 
(6.90), we get an expression for (Nz — Nj); identical to Eq. (4.32) for the case of 
natural broadening. 

The minimum value of threshold inversion would correspond to @, = 21 (i.e., 
at resonance) giving® 


~ eghyi2 
Ne. = > 6.93 
= sae (6.93) 
Next, we substitute for x/, from Eq. (6.86) in Eq. (6.39) to obtain 
On — Qn = = P°NN» a a 5) (6.94) 
2heo (@p — 21)" + Y{9 


where we have neglected the term ¢n, in Eq. (6.39). Thus, in the presence of the 
active medium, the oscillations do not occur at the passive cavity resonances but are 
shifted because of the presence of the x/, term. In general, this shift is small and one 
can obtain the approximate oscillation frequencies as 


on 21 — Qh 
2hea (Qn — on) + 7%, 


On © Qy + (6.95) 


8Notice that for @n # 21, 1.e., for a mode shifted away from resonance, the value of N; increases 
with increase in the value of |w@, — w21|. 
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If Q, coincides exactly with the resonance frequency w2; then @, = Q, and in 
such a case the frequency of oscillation in the active resonator is the same as in the 
passive case. If Q, < 21, then for an inverted medium @, > Q,. Similarly for 
Qn > @21,@, < Qn. Thus, in the presence of the active medium, the oscillation 
frequencies are pulled toward the line center. 

At threshold, we substitute for NV, from Eq. (6.90) to obtain 


Wyn 


20,712 


(21 — @n) (6.96) 


On — Qn © 


where we have assumed @, © 21. We define a parameter 


a@n/2Q; 
S= on/ 20h (6.97) 
vi2 
which is known as the stabilizing factor, so that 
®n — Qn © S(@21 — On) 
or 
Qn + Sa12 
x —___— 6.98 
@n 1+5S ( ) 


For a gas laser S$ ~ 0.01 — 0.1 so that the oscillation frequency lies very close to the 
normal mode frequency of the passive cavity mode. 


6.3.2 Higher Order Theory 


We have shown earlier that if the laser operates above threshold [see Eq. (6.89)], the 
power will grow exponentially with time [see Eq. (6.88)]. This unlimited growth 
is due to the assumption that the population difference remains constant with time 
[see Eq. (6.73)]. However, as the power increases, the population of the upper level 
would decrease (because of increase in stimulated emission), and hence in an actual 
laser, the power level would saturate at a certain value. We will show this explicitly 
in this section!?, 

Similar to the rate equations discussed in Chapter 5, we start with the equations 


describing the population of the two levels: 


. i 
Pu =Ar-— Meu t+ Ga + cc) (6.99a) 
. i 
(22 = A2 — y2022 — (Fier + cc) (6.99b) 


Tt represents the ratio of the cavity bandwidth to the natural linewidth. 


!0See also Section 5.5, where we showed that on a steady-state basis the inversion can never exceed 
the threshold value. 
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Fig. 6.3. 4; and Az represent E, 
the rates of pumping of the ¥ 
lower and upper levels, Ay 2 
respectively, and y; and y2 
represent their decay 
constants 

E, 

My v1 


Just as in Section 5.4, the quantities 4; and A2 represent constant rates of pumping 
of atoms into levels | and 2, respectively (see Fig. 6.3). In order to solve the above 
equations, we substitute for 012 from the first-order solution obtained in the previous 
section. Thus 


FH p12 = ; [—EnP cos (Wnt + $n) sin Knz] =N (z) ee Ey (eget) 
~ 7 Pe mi (022 — pi) Sin” Knz COs (Wat + gy) een FOrtOn) 
Hence 
i PO EG.» 
7 fair +¢6.0.= a2 T, sin® Knz (p22 — p11) G (6.100) 
where 


G = — cos (pt + on) [igen ton+On) —ie i(@ntt+on | 


= 208 (Mnt + bn) SiN (Opt + bn + On) 


= 2cos* (@nt + dn) Sin Oy, + sin 2 (@nt + bn) COS Oy 


. Y12 
x sind, = — 
n 


(6.101) 


where we have replaced G by its time average value. Substituting in Eq. (6.99a), 
we get 


Pu =A1 — vip +R (p22 — pit) (6.102) 


Similarly 


£22 = A2 — ¥222 — R (p22 — pir) (6.103) 
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where 


+ 2 
— Vi2 42 po SiN” Knz 


R= 77) no (6.104) 
n 
At steady state we must have 61; = (22 = 0, and 
R MM 
Pil — — (p22 — pil) = — (6.105a) 
Y1 YI 
R 2 
p22 + — (p22 — pil) = — (6.105b) 
y2 v2 
or 
N (z) 
= 6.106 
(22 — Pll iz R/R, ( ) 
where 
2 =A 
N(z) = - — (6.107) 
Y2 Y1 
and 
i, ty 
= ( 4 ) are (6.108) 
vy «2 2y12 


It follows from Eq. (6.106) that the population inversion depends on the field value 
also. In the absence of the field, R = O and the population difference density is 
simply N (z) Ny; however, as the field strength E,, (and hence R) increases, the pop- 
ulation difference decreases. Since R (z) has a sinusoidal dependence on z [see Eq. 
(6.104)], the population difference also varies with z. Whenever Ky,z is an odd mul- 
tiple of z / 2 [i.e., wherever the field has a maximum amplitude — see Eq. (6.70)], 
the population difference has a minimum value, which is often referred to as hole 
burning in the population difference and the holes have a spacing of half of a 
wavelength. 

If instead of Eq. (6.73), we now use Eq. (6.106) for p22 — e11, Eq. (6.79) would 
be replaced by 


PE, sinKyz N(z) 


eon ep UOnt + Pn) 6.109 
2h rn I R/Rs 


pa ~ 
Thus [cf. Eq. (6.84)] 


; L 
PE, (t) en 2 N (2) 


. 22 

sin” K,zd 6.110 

an “| LJ 1+R/R, vet oe 
0 


Pn (t) = 
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We next assume E,, (and hence R) to be small enough so that 
io) ae (6.111) 
Ry 


Substituting this in Eq. (6.110) and carrying out a term-by-term integration, we 
obtain 


L L 
2 N (2) » 2 al ig 
= ——— sin’ K,zdz~ — N sin’ K,zd. 
L T+R/R, ne de > (z) nz dz 
0 0 
Pp? 1 [2 f 
nVi2 i (6.112) 
N Kyzd. 
anys T2 al (z) sin” Knzdz 
0 


2 
4h? yy. TF 


where we have used Eq. (6.85) and the relation 


L L 
2 aa 2 a - 
“| N@sint Kjzdz=~—| | N@az (sin Knz) © “N (6.113) 
L i 4 
0 0 
Thus, 
Pip om a PEE ye 
jhe — se Ny hia aE 6.114 
ee ( ) AT), 7 7 4 ry y2 T, ( ) 
or 
Pele in x SPE ye \ 
t) ~ —"e- NN, (1+ = = 6.115 
Pn (t) Ar, e v + 4 yy r2 ( ) 


where in the last step we have assumed the two terms inside the square brackets 
in Eq. (6.114) to be the first two terms of a geometric series. This way the gain 
saturates as the electric field increases indefinitely. Eq. (6.115) may be compared 
with Eq. (6.84); hence instead of Eqs. (6.86) and (6.87), we get 


P-NN. 3 PE y2\— 
yl & ~ cos@, {1+ > =—" 2 (6.116) 
£00 n 4heyviy2 V5 


3 PE Yin 7 
4h yiy2 2 


(6.117) 
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Substituting this value of x,’ in Eq. (6.40), we get at steady state, 


=f, = ~ sind 
i 20, 2°" fel, 


4 heyy T2 


—_ —l 
1 1 P2NN, ca eg Sa 
rs (1+ n V2 E, (6.118) 


which after simplification gives 


Ah N (Wn — @21)" 
F2= — 1 6.119 
n= 3p 172 N,, I ( ) 


where Nim is given by Eq. (6.93). The above equation gives the dependence of 
the saturation value of the intensity as a function of the detuning (w, — w2;). At 
resonance w, = w2; and we get 


Ah? N 
pe (= = i) (6.120) 
aF? Nin 


It is clear from the above equation that the intensity of the field inside the cavity 
increases linearly with the pumping rate above threshold. 

It should be pointed out that in the above equation, Ny» is proportional to the 
pumping rate at threshold [see Eq. (6.107)] and happens to be equal to the inversion 
density at the threshold [see Eq. (6.73)]. On the other hand, N is proportional to the 
pumping rate corresponding to the actual laser operation which is greater than N,. 
Thus if we assume y; >> 72, then NN, is nothing but R/T of Section 5.5. Using 
this value of N one obtains 


Ah yiy2 (R 
Be ~ — anes | 6.121 
"3 Pp ( ) ( ) 


where we have used the relation 
R; = NuT21 © NyNry2 (6.122) 


Further, in order to relate the photon number of the cavity to E. we note that the 


energy density of the field in the cavity is given by 50E2 and the total energy in the 


cavity of volume V would be 5£0 VE?. If the frequency of the cavity mode is @,, the 
number of photons in the cavity mode would be 


I. 2eV 
= =£0 
2 hoy 


(6.123) 


n 
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Substituting this in Eq. (6.121) and using the fact that K defined in Eq. (5.72) is 
identical to!! 


P2an 
= (6.124) 
heovi2 
we obtain 
4 1/R 
as ( 2 1 (6.125) 
3) \2yi2/ K \R: 


For yj > y2 (i.e., the lower level has a very short lifetime as compared to the upper 
state) 


Ny2_  viye 


= XY yo (6.126) 
2v2, vi t+ y12 
Thus Eq. (6.125) becomes 
4 R 
ee at (6.127) 
3. K \R; 


which is the same as Eq. (5.85) obtained in the last chapter (72 correspond to 
T2, of Section 5.5), apart from the factor 4/3 which has appeared because of the 
consideration of the spatial dependence of the modal field in this chapter. 


11 Use has been made of Eq. (6.92) 


Chapter 7 
Optical Resonators 


7.1 Introduction 


In Chapter 4 we discussed briefly the optical resonator, which consists of a pair 
of mirrors facing each other in between which is placed the active laser medium 
which provides for optical amplification. As we discussed, the mirrors provide opti- 
cal feedback and the system then acts as an oscillator generating light rather than just 
amplifying. In this chapter we give a more detailed account of optical resonators. In 
Section 7.2 we will discuss the modes of a rectangular cavity and show that there 
exist an extremely large number of modes of oscillation under the linewidth of the 
active medium in a closed cavity of practical dimensions (which are large com- 
pared to the wavelength of light). Section 7.3 discusses the important concept of 
the quality factor of an optical resonator. In this section we obtain the linewidth 
corresponding to the passive cavity in terms of the parameters of the resonator. 
We also introduce the concept of cavity lifetime. In Section 7.4 we discuss the 
ultimate linewidth of the laser oscillator — this is, as discussed earlier in Chapter 
6, determined by spontaneous emissions occurring in the cavity. In practice the 
observed linewidth is much larger than the ultimate linewidth and is determined by 
mechanical stability, temperature fluctuations, etc. Section 7.5 discusses some tech- 
niques for selecting a single transverse and longitudinal mode in a laser oscillator. 
In Sections 7.6 and 7.7 we discuss the techniques for producing short intense pulses 
of light using Q-switching and mode locking. Using the mode locking techniques 
one can obtain ultrashort pulses of very high peak power which find widespread 
applications. 

In Section 7.8 we give a scalar wave analysis of the modes of a symmetrical 
confocal resonator which consists of a pair of concave mirrors of equal radii of 
curvatures and separated by a distance equal to the radius of curvature. We will 
show that in such a structure, the lowest order transverse mode has a Gaussian field 
distribution across its wave front. Most practical lasers are made to oscillate in this 
mode. In Section 7.9 we give the results for the beamwidth and the field distributions 
corresponding to a general spherical resonator. 
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7.2 Modes of a Rectangular Cavity and the Open 
Planar Resonator 


Consider a rectangular cavity of dimensions 2a x 2b x d as shown in Fig. 7.1. 
Starting from Maxwell’s equations [see Eqs. (2.1), (2.2), (2.3), and (2.4)] one can 
show that the electric and magnetic fields satisfy a wave equation of the form 
given by 
a ny 0°E 
VE - “B- =0 (7.1) 

where c represents the velocity of light in free space and ng represents the refractive 
index of the medium filling the rectangular cavity. Equation (7.1) has been derived 
in Chapter 2. 

If the walls of the rectangular cavity are assumed to be perfectly conducting then 
the tangential component of the electric field must vanish at the walls. Thus if 
represents the unit vector along the normal to the wall then we must have 


Exi-0 (7.2) 


on the walls of the cavity. 

Let us consider a Cartesian component (say x component) of the electric vector; 
this will also satisfy the wave equation, which in the Cartesian system of coordinates 
will be given by 


O°-E, 0°, a°Ey 15 0° Ex 
= 13 
a2 t op t (7.3) 


de ar 
In order to solve Eq. (7.3) we use the method of separation of variables and write 


Ey = X@)YW)Z@)TO (7.4) 


Fig. 7.1 A rectangular cavity 
of dimensions 2a x 2b x d 
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Substituting this in Eq. (7.3) and dividing by E, We obtain 


18x 10Y 182 nj PT 


= 75 
X ax? . Y dy? ". L.0¢ OT ar >) 
Thus the variables have indeed separated out and we may write 
1 0°x 
~~ =-k 7.6 
X dx? ‘a oD) 
Lary 
i a (7.7) 
Y ay J 
1 az 
— =-k 7.8 
Zaz" G8) 
and 
2 92 
No O-T 2 
s=-a = Tk 7.9 
CT at ane) 
where 
2 24324 22 
kak +k +k, (7.10) 
Equation (7.9) tells us that the time dependence is of the form 
T(t) = Ae! (7.11) 


where w = c k/no represents the angular frequency of the wave and A is a constant. 
It should be mentioned that we could equally well have chosen the time dependence 
to be of the form e’’. Since Ey is a tangential component on the planes y = 0, y = 
2b, z = 0, and z = d, it has to vanish on these planes and the solution of Eqs. (7.7) 
and (7.8) would be sin kyy and sin kzz, respectively, with 


Lo, Be, #gstios., (7.12) 


where we have intentionally included the value 0, which in this case would lead to 
the trivial solution of EF. vanishing everywhere (The above solutions are very similar 
to the ones discussed in Example 3.3). In a similar manner, the x and z dependences 
of Ey would be sin kxx and sin k;z, respectively, with 


mit 


—, m= 0,1,2,3,... (7.13) 
2a 


y= 


and k, given by Eq. (7.12). Finally the x and y dependences of FE, would be sin kxx 
and sin kyy respectively. 
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Now, because of the above forms of the x dependence of Ey and E,, JE, / dy, and 
dE, / dz would vanish on the surfaces x = 0 and x = 2 a. Thus on the planes x = 0 
and x = 2a, the equation V.E = 0 leads to dE, / 0x = 0.Hence the x dependence 
of Ey will be of the form cos kxx with kx given by Eq. (7.13). Notice that the case 
m = 0 now corresponds to a nontrivial solution. 

In a similar manner, one may obtain the solutions for E, and E,. The complete 
solution (apart from the time dependence) would therefore be given by 


E, = Epox cos kyx sin kyy sin kzz 
Ey = Eoy sin k,x cos kyy sin kzz (7.14) 
E, = Eo; sink,x sin kyy cos kzz 


where Eox, Egy, and Eo, are constants. The use of Maxwell’s equation V.E = 0, 
immediately gives 


E.k =0 (7.15) 


where k = ik, + Yky + 2k,. Since the coefficients Eox, Eoy and Eo, have to satisfy 
Eq. (7.15) it follows that for a given mode, i.e., for a given set of values of m, n, 
and q only two of the components of Ep can be chosen independently. Thus a given 
mode can have two independent states of polarization. 

Note that when one of the quantities m, n, or q is zero, then there is only one 
possible polarization state associated with the mode. Thus if we consider the use 
with m = 0, n £0, g £0, then E, = Eo, sinkyy sink,z, Ey = 0, E, = 0. Thus the 
only possible case is with the electric vector oriented along the x-direction. 

Using Eqs (7.10), (7.12), and (7.13), we obtain 


C2 ke 2 


Cc 
w= =5(KR +6 +2) 
No 0 
_ cn m2 ‘e n2 n Gg 
nx \4a? 4b? a? 
or 
pe a a - (7.16) 
oO= 5 
no \4a2 4b? a? 


which gives us the allowed frequencies of oscillation of the field in the cavity. Field 
configurations given by Eq. (7.14) represent standing wave patterns in the cavity and 
are called modes of oscillation of the cavity. These are similar to the acoustic modes 
of vibration of an acoustic cavity (like in a musical instrument such as a guitar and 
veena) and represent the only possible frequencies that can exist within the cavity. 


Example 7.1 As a specific example we consider a mode with 


m=0,n=1, andg=1 
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Thus ky = 0, ky = /2b,k, = /d and using Eq. (7.14), we have 


: e : a oe 
Ex = Epox sin kyy sinkzz = Eo, sin ( y) sin ( z) 


2b d 
Ey =0 
E,=0 
Using the time dependence of the form e~" and expanding the sine functions into exponentials, we may 
write 
E= BS (c iotkyy—kzz) 4 p—wt—kyy thes) 4 g-ilwtthyy—kzz) 4 p—ottkyy4 ue) (7.17) 
(2i)? 


Thus the total field inside the cavity has been broken up into four propagating plane waves; in Eq. (7.17) 
the first term on the right-hand side represents a wave propagating along the (+y, +z) direction, the 
second along (+y, —z) direction, the third along (—y, +z) direction, and the fourth along (—y, —z) direction, 
respectively. These four plane waves interfere at every point inside the cavity to produce a standing wave 
pattern. However, since ky and kz take discrete values, the plane waves which constitute the mode make 
discrete angles with the axes. 


Example 7.2 If we take a cavity with a = b = 1 cm and d = 20 cm and consider the mode with m = 0, n 
=1,q= 10° 
then 

k= 0, ky =m/ 2cm—!, k, = 10°x / 20cm7! 


implying 
k= 10°x /20cm7! and v = ck/2a = 7.5 x 10!4 Hz 


which lies in the optical region. For such a case 
=i ky ° 
Oy = cos + =~ 89.9994 


ke 
6, = cos! (=) = 0.0006° 


and 6x = 0 because of which 6) + 6; = 90°. It may be noted that the component waves are propagating 
almost along the z-axis. In general, 


cos” 6, + cos” Oy + cos” 6,=1 


Further form # 0, n #0, q # 0 the cavity mode can be thought of as a standing wave pattern formed 
by eight plane waves with components of k given by ( ky, ky, kz). 


Example 7.3 Let us now consider a few hundred nanometer-sized rectangular cavity (also referred to as 
a microcavity) filled with free space. Let 2a = 2b = d = 500 nm. We now calculate the wavelengths 
(A = c/v) of oscillation corresponding to some of the lower order modes which can be obtained from 
Eq. (7.16) as 


A (nm) 


1000 

1000 

1000 
707.1 
707.1 
707.1 
577.4 
500 


2 
3 


NBEFORHKROOH 
CORR OoOFSoHO 
CORR ROROCSO!S 
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Note that since the cavity dimensions are of the order of optical wavelength, in the optical wavelength 
region, the wavelengths of oscillation of the modes are well separated. Also the cavity cannot support 
any mode at wavelengths longer than 1000 nm. If we place an atom in such a cavity and if the atom has 
energy levels separated by energy difference corresponding to a wavelength of say 800 nm with emission 
spectral width of about 10 nm, then since there are no possible modes in the cavity corresponding to this 
wavelength region, the atom would be inhibited from emitting radiation. Thus it is possible to inhibit 
spontaneous emission from atoms and increase the lifetime of the level. Microcavities of dimensions 
comparable to optical wavelength are now being extensively investigated for various applications includ- 
ing suppressing spontaneous emission or for enhancing spontaneous emission, for lowering threshold for 
laser oscillation, etc. (see, e.g., Vahala (2003) and Gerard (2003)). 

If we had chosen even one of the dimensions to be much larger then the mode spacing would be 
much smaller. As an example if we assume 2a = 2b = 500 nm and d = 10,000 nm, then the wavelength 
corresponding to various low-order modes would be 


m n q A (nm) 
1 0 0 1000 

0 1 0 1000 

1 1 0 707.1 
1 0 1 998.8 
0 1 1 998.8 
1 1 1 706.7 
2 0 0 500 

0 0 21 952.3 
0 0 22 909.1 
0 0 23 869.5 
0 0 24 833.3 


It can be noted that since the value of d is large compared to wavelength around 900 nm, the mode 
spacing is small. 


Using Eq. (7.16) we can show (see Appendix E) that the number of modes per 


unit volume in a frequency interval from v to v + dv will be given by 


8xne 2 
p(v)dv = av dv (7.18) 
c 


where no represents the refractive index of the medium filling the cavity. For a typ- 
ical atomic system dv~3 x 10? Hz at v = 3 x 10!4 Hz and the number of modes 
per unit volume would be (assuming no = 1) 


ie 2 8 x mx 1 x (3 x 10!4)? 
— (3 x 108)? 


8 9 8-3 
p(v)dv = —,— x 3x 10° +2 x 10°cm 
c 


Thus for cavities having typical volumes of 10 cm?, the number of possible oscil- 
lating modes within the linewidth will be 2 x 10° which is very large. To achieve a 
very small number of possible oscillating modes within the linewidth of the atomic 
transition, the volume of the cavity has to be made very small. Thus to achieve 
a single mode of oscillation within the linewidth the volume of the cavity should 
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be of the order of 5 x 10°? cm’. This corresponds to a cube of linear dimen- 
sion of the order of 17 um. Optical microcavities having such small dimensions 
can be fabricated using various techniques and are finding applications for studying 
strong interactions between atoms and radiation (cavity quantum electrodynamics), 
for inhibiting spontaneous emission, or for enhancing spontaneous emission and 
as filters for optical fiber communication systems. For a nice review, readers are 
referred to Vahala (2003). 

In the case of conventional lasers the volume of the cavity is large and thus the 
number of oscillating modes within the linewidth of the atomic transition is very 
large. Thus all these oscillating modes can draw energy from the atomic system and 
the resulting emission would be far from monochromatic. In order to have very few 
oscillating modes within the cavity, if the dimensions of the cavity are chosen to be 
of the order of the wavelength, then the volume of the atomic system available for 
lasing becomes quite small and the power would be quite small. 

The problem of the extremely large number of oscillating modes can be over- 
come by using open cavities (as against closed cavities) which consist of a pair of 
plane or curved mirrors facing each other. As we have seen earlier, a mode can 
be considered to be a standing wave pattern formed between plane waves propa- 
gating within the cavity with k given by feet has ah) Thus the angles made 
by the component plane waves with the x-, y- and z-directions will, respectively, be, 
cos—!(ma/ 2a), and cos! (na / 2b), cos! (qh/ d). Since in open resonators, the side 
walls of the cavity have been removed, those modes which are propagating almost 
along the z-direction (i.e., with large value of g and small values of m and n) will 
have a loss which is much smaller than the loss of modes which make large angles 
with the z-axis (i.e., modes with large values of m and n). Thus on removing the side 
walls of the cavity, only modes having small values of m and n (~0, 1, 2..,) will have 
a small loss, and thus as the amplifying medium placed inside the cavity is pumped, 
only these modes will be able to oscillate. Modes with larger values of m and n will 
have a large loss and thus will be unable to oscillate. 

It should be noted here that since the resonator cavity is now open, all modes 
would be lossy. Thus even the modes that have plane wave components travel- 
ing almost along the z-direction will suffer losses. Since m and n specify the field 
patterns along the transverse directions x and y and gq that along the longitudinal 
direction z, modes having different values of (m, n) are referred to as various trans- 
verse modes while modes differing in g-values are referred to as various longitudinal 
modes. 

The oscillation frequencies of the various modes of the closed cavity are given 
by Eq. (7.16). In order to obtain an approximate value for the oscillation frequencies 
of the modes of an open cavity, we may again use Eq. (7.16) with the condition m, 
n << q. Thus making a binomial expansion in Eq. (7.16) we obtain 


c (q 4 m Ee m\ d\\? (7.19) 
Ving = : 
md Ino \d \ a2 b2/ 8q 


The difference in frequency between two adjacent modes having same values of m 
and n and differing in g value by unity would be very nearly given by 
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Cc 
2nod 


Avg © 


(7.20) 


which corresponds to the longitudinal mode spacing. In addition if we completely 
neglect the terms containing m and n in Eq. (7.19) we will obtain 


c 
2nod 


Vg © q (7.21) 
The above equation is similar to the frequencies of oscillation of a stretched string 
of length d. 


Example 7.4 For a typical laser resonator d~100 cm and assuming free space filling the cavity, the 
longitudinal mode spacing comes out to be ~150 MHz which corresponds to a wavelength spacing of 
approximately 0.18 pm (= 0.18 x 10-!2 m) ata wavelength of 600 nm. 


Problem 7.1 Show that the separation between two adjacent transverse modes is much smaller than Avg. 


Solution The frequency separation between two modes differing in m values by unity would be 


cod 2 2 Ad 1 
x — [m (m= 17] © Avg 5 m— = 
2ng 8a2q 8a2 2 


where we have used q © 2d/ [see Eq. (7.21)]. For typical values of A = 600 nm, d = 100 cm, 
a=1 om, 24 = 7.5 x 1074. Thus for m ~1, Aum << Avg. 


Aum 


It is of interest to mention that an open resonator consisting of two plane mir- 
rors facing each other is, in principle, the same as a Fabry—Perot interferometer or 
an etalon (see Section 2.9). The essential difference in respect of the geometrical 
dimensions is that in a Fabry—Perot interferometer the spacing between the mirrors 
is very small compared to the transverse dimensions of the mirrors while in an opti- 
cal resonator the converse is true. In addition, in the former case the radiation is 
incident from outside while in the latter the radiation is generated within the cavity. 

Earlier we showed that the modes in closed cavities are essentially superpositions 
of propagating plane waves. Because of diffraction effects, plane waves cannot rep- 
resent the modes in open cavities. Indeed if we start with a plane wave traveling 
parallel to the axis from one of the mirrors, it will undergo diffraction as it reaches 
the second mirror and since the mirror is of finite transverse dimension the energy 
in the diffracted wave that lies outside the mirror would be lost. The wave reflected 
from the mirror will again undergo diffraction losses when it is reflected from the 
first mirror. Fox and Li (1961) performed numerical calculations of such a planar 
resonator. The analysis consisted of assuming a certain field distribution at one of 
the mirrors of the resonator and calculating the Fresnel diffracted field at the second 
mirror. The field reflected at the second mirror is used to calculate back the field 
distribution at the first mirror. It was shown that after many traversals between the 
mirrors, the field distribution settles down to a steady pattern, i.e., it does not change 
between successive reflections but only the amplitude of the field decays exponen- 
tially in time due to diffraction losses. Such a field distribution represents a normal 
mode of the resonator and by changing the initial field distribution on the first mirror 
other modes can also be obtained. 
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A pair of curved mirrors instead of plane mirrors can also form an optical cav- 
ity. Depending on the curvature of the mirrors and the spacing between them, the 
resonator so formed can be stable or unstable. In stable resonators, the field distribu- 
tion can keep bouncing back and forth between the mirrors without much loss due 
to the finite size of the mirrors. On the other hand, in unstable resonators, the field 
escapes from the sides of the mirrors and is not well confined to the cavity. Thus the 
diffraction losses in resonators formed by curved mirrors can be much smaller. In 
fact if the mirrors are sufficiently large in the transverse dimensions, the diffraction 
losses can be made almost negligible. 


7.3 Spherical Mirror Resonators 


An open resonator with plane mirrors would have significant diffraction losses on 
account of the finite transverse size of the mirrors. If focusing action is provided in 
the cavity then the diffraction losses can be much reduced; this can be achieved by 
replacing plane mirrors by spherical mirrors. 

In spherical mirror resonators, the resonator is formed by a pair of spherical mir- 
rors or a plane mirror and a concave mirror. Figure 7.2 shows various spherical 
mirror resonators. These include the symmetric confocal resonator which consists 
of a pair of identical concave mirrors each having a radius of curvature R and the 
separation between the mirrors is R so that the foci of the two mirrors coincide at 
the center of the resonator. In a symmetric concentric resonator, identical concave 
mirrors of radii of curvature R are separated by a distance 2R so that the centers of 
curvatures of the mirrors coincide. In general one can form a spherical mirror res- 
onator with plane, concave, or convex mirrors. Depending on the curvatures of the 


(a) (b) 


C0) 


Fig. 7.2. Different spherical 


mirror resonators sg 
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mirrors and the separation between the mirrors, the resonator is stable or unstable. 
In the language of geometrical optics, in stable resonators, a family of light rays may 
keep bouncing back and forth between the mirrors of the cavity indefinitely without 
ever escaping from the cavity. On the other hand in unstable resonator system, there 
are no ray families that can bounce back and forth without escaping from the cav- 
ity; the ray diverges away from the axis after every pass and thus escapes from the 
resonator after a few traversals. 

In Section 7.9 we will give a detailed scalar analysis of spherical mirror res- 
onators and will show that the modes of such a stable resonator system are given by 
Hermite—Gauss functions: 


Ne) x H, J2 y e (x? ty")/ we 


wo 


Emn(x, y) = EoHin 


(7.22) 


where m and n represent the transverse mode numbers, Hy, (v2x/ wo) and 


An (v2 y/ wo) represent Hermite polynomials (see Chapter 3), and wo is the char- 


acteristic mode width which depends on the wavelength of operation, the resonator 
characteristics such as the radii of the mirrors, and the distance between them. 
Figure 7.3 shows the intensity patterns of some of the lower order modes of a stable 
resonator cavity formed by spherical mirrors. 


Fig. 7.3 Photograph showing some of the lower order resonator modes (www.absolute 
astromy.com/topics/Transverse_mode) 
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The lowest order mode of such a resonator system has a Gaussian amplitude 
distribution across its wave front and is given by 


Eoo(x,y) = Eye "0 3% 


Higher order modes are characterized by a larger transverse dimension. 


7.4 The Quality Factor 


The quality factor (Q factor) is a dimensionless parameter that characterizes the 
energy dissipation in a resonant system by comparing the time constant of decay 
of energy to the oscillation period of the system. The smaller the loss, the slower 
would be the decay rate compared to the oscillating period and larger would be the 
Q factor. If we consider a closed optical cavity made up of perfectly conducting 
walls which do not have any loss and if the cavity is filled with free space, then 
in principle energy fed into the cavity will never die and thus would correspond to 
an infinite quality factor. Since in practice the walls of the cavity would have some 
loss and also the medium within the cavity would have some loss the Q factor of 
the cavity would not be infinite. On the other hand, open cavities by definition are 
lossy even if the two mirrors at the ends of the cavity are lossless with the free space 
filling the cavity; diffraction loss would still occur. 

In an actual resonator, the mirrors would not be having 100% reflectivity; the 
medium filling the cavity would have some losses. 

We define the Q factor of the cavity by the following equation: 


energy stored in the mode 
QO = a0 — (7.24) 
energy lost per unit time 


Here wo is the oscillation frequency of the mode. If W(t) represents the energy in 
the mode at time ¢, then from Eq. (7.24) we obtain 


Wo) 


= await 


or 


dw _ wo 
a= (5) "e 


whose solution is 
W(t) = WO)e— "2 (7.25) 


Thus if ¢, represents the cavity lifetime, i.e., the time in which the energy in the 
mode decreases by a factor 1/e, then, 


154 7 Optical Resonators 


— 2 = Q (7.26) 
WO 20 vO 
We can write for the electric field associated with the mode as 
E(t) = Ege’? e072 (7.27) 


The frequency spectrum of this wave train can be obtained in a manner similar to 
that used in Section 4.5.1 to obtain the spontaneous emission spectrum and it comes 
out to be 


a, ae 1 
|Z@)|" = = aa (7.28) 
(v = Vo) ale ree 
which represents a Lorentzian (see Fig. 4.7). The FWHM of the spectrum is 
Riga (7.29) 
vp=—z : 
Q 


Thus the linewidth of the passive mode depends inversely on the quality factor. The 
higher the quality factor (i.e., longer the cavity lifetime) the smaller will be the 
FWHM. 

In order to calculate the Q of a passive resonator, we first find the energy left in 
the cavity after one complete cycle of oscillation and then use Eq. (7.25) to obtain 
an explicit expression for Q. Let Wo be the total energy contained within the cavity 
at f = 0. One complete cycle of oscillation in the cavity corresponds to a pair of 
reflections from the mirrors M; and M2 (with power reflection coefficients R; and 
R», respectively) and two traversals through the medium filling the cavity, which 
is assumed to have a net power attenuation coefficient a per unit length. Thus the 
energy remaining within the cavity after one complete cycle would be 


WoR Roe 2%4 = Woe 2midtin Rika (7.30) 


where d is the length of the cavity. Also one complete cycle corresponds to a time 


interval of 
_ 2nod 


Cc 


Tr 


where ng is the refractive index of the medium filling the cavity. Thus from Eq. 
(7.25) we obtain for the energy inside the cavity 


20 vo 2nod 
W(t,) = Wo exp { — (7.31) 
iC 
From Eggs. (7.30) and (7.31) we obtain 
Aor vonod 


2ajd — InRiR2 = 
a] 142 cO 
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or 
= An Vonod 1 


Q Cc 2aj;d — In R, Ro 


(7.32) 


We can also obtain an expression for the cavity lifetime f, in terms of the fractional 
loss per round trip. The initial energy Wo becomes Wo exp(-k) after one round trip; 
here 


kK = 2ajd — InR{R2 
Thus the fractional loss per round trip would be 


Wo — Woe * 
 o— 
Wo 


kK=In 
1l-x 


Hence from Eqs. (7.26) and (7.32) we have 


=l-—e* 


or 


2nod 2nod 
cIn(dl/(—x)) ce Qajd —1nR{R2) 
From Egs. (7.29) and (7.32) we may write 
Avp = —— (2a;d — IR Ro) (7.34) 
4a nod 


where the subscript P stands for passive cavity. 


Example 7.5 Let us consider a typical cavity of a He-Ne laser with the following specifications: d = 
20 cm, np = 1, Ry = 1, Ro = 0.98, aj ~0 
For such a cavity 
Avp © 2.4 MHz 


For the same cavity, the frequency separation between adjacent longitudinal modes is 


sv x — = 750 MHz 
2d 


Thus the spectral width of each mode is much smaller than the separation between adjacent modes. 


Example 7.6 As another example we consider a GaAs semiconductor laser (see Chapter 13) with the 
following values of various parameters: d = 500 xm, no = 3.5, Ry = R2 = 0.3, aj~O 
For such a cavity we obtain 
Avp © 3.3 x 10!9 Hz 


7.5 The Ultimate Linewidth of a Laser 


One of the most important properties of a laser is its ability to produce light of high 
spectral purity or high temporal coherence. The finite spectral width of a laser oper- 
ating continuously in a single mode is caused by two primary mechanisms. One 
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is the external factors, which tend to perturb the cavity, for example, temperature 
fluctuations, vibrations. randomly alter the oscillation frequency which results in a 
finite spectral width. The second more fundamental mechanism which determines 
the ultimate spectral width of the laser is that due to the ever present random sponta- 
neous emissions in the cavity. Since spontaneous emission is completely incoherent 
with respect to the existing energy in the cavity mode, it leads to a finite spectral 
width of the laser. In this section, we shall give a heuristic derivation of the ultimate 
linewidth of a laser (Gordon, Zeiger and Townes 1955, Maitland and Dunn 1969). In 
order to obtain a value for the ultimate laser linewidth, we assume that the radiation 
arising out of spontaneous emission represents a loss as far as the coherent energy is 
concerned. This loss will then lead to a finite linewidth of the laser. We recall from 
Section 5.5 that the number of spontaneous emissions per unit time into a mode of 
the cavity is given by KN> [where K is defined by Eq. (5.72)] and N2 represents 
the number of atoms per unit volume in the upper laser level. We are assuming that 
N,~0. When the laser oscillates in steady state, then we know from Eq. (5.79) that 
N2~1/Kt, where we are assuming that n >> | and f, is the passive cavity lifetime. 
Thus above threshold the number of spontaneous emissions per unit time would be 
KN>2 = 1/t,. Hence the energy appearing per unit time in a mode due to spontaneous 
emission will be hvo/t,e where vo is the oscillation frequency of the mode. 

Now the total energy contained in the mode is nhvo and since the output power 
Pout is given by nhvo/t., the energy contained in the mode is Pout tc. 

We now use Eq (7.29) and denote the linewidth of the oscillating laser caused by 
spontaneous emission by dvsp to obtain 


2 
OS vo 0 fue Poutte _ 27 Poutte 
5 Usp hvo/ te h 


(7.35) 


Now if Avp is the passive cavity linewidth then t, = 1 j 27 Avp and thus from Eq. 
(7.35) we obtain 


_ 20 (Avp)” hvo 


— 7.36 
Usp Pon (7.36) 


The above equation gives the ultimate linewidth of an oscillating laser and is similar 
to the one given by Schawlow and Townes (1958). It is interesting to note that dvsp 
depends inversely on the output power Pout. This is physically due to the fact that 
for a given mirror reflectivity, an increase in Poy corresponds to an increase in the 
energy in the mode inside the cavity which in turn implies a greater dominance of 
stimulated emission over spontaneous emission. Figure 7.4 shows a typical mea- 
sured variation of the linewidth of a GaAs semiconductor laser which shows the 
linear increase in the linewidth with inverse optical power. 

The above derivation is rather heuristic: an analysis based on the random-phase 
additions due to spontaneous emission is given by Jacobs (1979) which gives a result 
half that predicted by Eq. (7.36). 

Example 7.7 Let us first consider a He-Ne laser given in Example 7.5 and we assume that it oscillates 


with an output power of | mW at a wavelength of 632.8 nm. The spontaneous emission linewidth of the 
laser will be 


7.6 Mode Selection 157 


Fig. 7.4 Experimentally Linewidth (MHz) 
measured variation of laser 200 - 
linewidth in a 
single-frequency GaAs 
semiconductor laser as a 
function of inverse optical 160 
power (Reprinted with 
permission from 
A. Mooradian, Laser 120 L 
linewidth, Physics Today, 
May 1985, 
p. 43, © 1985, American 
Institute of Physics.) 80 F e 
e 
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Inverse power (mW~!) 


dVsp~¥0.01 Hz 


which is extremely small. To emphasize how small these widths are, let us try to estimate the precision 
with which the length of the cavity has to be controlled in order that the oscillation frequency changes by 
0.01 Hz. We know that the approximate oscillation frequency of a mode is v = gc/ 2d.Thus the change 
in frequency Av caused by a change in length Ad is 


sv= (-) Ad 
d 
Using d = 20 cm, Ap = 632.8 nm, and dv = 0.01 Hz, we obtain 
Ad~4 x 10718 


which corresponds to a stability of less than nuclear dimensions. 


Example 7.8 As another example consider a GaAs semiconductor laser operating at a wavelength of 
850 nm with an output power of 1 mW with cavity dimensions as given in Example 7.6. For such a laser 


dVsp © 1.6 MHz 


which is much larger than that of a He-Ne laser. This is primarily due to the very large value of Avp in 
the case of semiconductor lasers. Since Avp can be reduced by increasing the length of the cavity, one 
can use an external mirror for feedback and thus reduce the linewidth. For a more detailed discussion of 
semiconductor laser linewidth, readers are referred to Mooradian (1985). 


7.6 Mode Selection 


Since conventional laser resonators have dimensions that are large compared to the 
optical wavelength there are, in general, a large number of modes which fall within 
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the gain bandwidth of the active medium and which can oscillate in the laser. Hence 
the output may consist of various transverse and longitudinal modes leading to a 
greater divergence of the output beam as well as containing a number of oscillating 
frequencies. In fact the power per unit frequency and solid angle interval is maxi- 
mum when the laser oscillates in a single mode which is the fundamental mode. In 
order to obtain highly directional and spectrally pure output, various techniques have 
been developed both for transverse and for longitudinal mode selection in lasers. In 
this section we will describe some techniques that are used to select a single trans- 
verse mode (well-defined transverse field pattern with minimal divergence) and a 
single longitudinal mode (small spectral width) of oscillation. 


7.6.1 Transverse Mode Selection 


As we mentioned in Section 7.3 different transverse modes are characterized by 
different transverse field distributions. The lowest order transverse mode has a 
Gaussian amplitude distribution across the transverse plane. It is this mode that one 
usually prefers to work with as it does not have any abrupt phase changes across 
the wave front (as the higher order transverse modes have) and has also a mono- 
tonically decreasing amplitude away from the axis. This leads to the fact that it 
can be focused to regions of the order of wavelength of light, producing enormous 
intensities. 

Since the fundamental Gaussian mode has the narrowest transverse dimension, 
an aperture placed inside the resonator cavity can preferentially introduce higher 
losses for higher order modes. Thus if a circular aperture is introduced into the 
laser cavity such that the loss suffered by all higher order modes is greater than the 
gain while the loss suffered by the fundamental mode is lower that its gain, then 
the laser would oscillate only in the fundamental mode (see Fig. 7.5). It is inter- 
esting to note that specific higher order transverse modes can also be selected at a 
time by choosing complex apertures which introduce high loss for all modes except 


R= R=10m 
\\ 


Laser beam 


Fig. 7.5 A typical 
configuration for achieving 
single transverse mode 
oscillation. The aperture 
introduces differential losses 
between the fundamental 
mode and the higher order 
modes 
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the required mode or by profiling the reflectivity of one of the mirrors to suit the 
required mode. Thus a wire placed normal to the axis would select the second-order 
TE mode. 


Problem 7.2 Consider a Gaussian mode and the first-order Hermite-Gauss mode with wo = | mm. 
Assume that both the beams pass through a circular aperture of radius a placed with its center coinciding 
with the axis. Obtain the fraction of light passing through the aperture for the Gaussian and the first- 
order Hermite—Gauss mode. For what value of a would there be maximum discrimination between the 
two modes? 


7.6.2 Longitudinal Mode Selection 


We have seen in Section 7.2 that the various longitudinal modes corresponding to 
a transverse mode are approximately separated by a frequency interval of c/2ngd. 
As an example if we consider a 50 cm long laser cavity with no = 1, then the 
longitudinal mode spacing would be 300 MHz. If the gain bandwidth of the laser 
is 1500 MHz, then in this case even if the laser is oscillating in a single transverse 
mode it would still oscillate in about five longitudinal modes. Thus the output would 
consist of five different frequencies separated by 300 MHz. This would result in a 
much reduced coherence length of the laser (see Problem 7.3). Thus in applications 
such as holography and interferometry where a long coherence length is required or 
where a well-defined frequency is required (e.g., in spectroscopy) one would require 
the laser to oscillate in a single longitudinal mode in addition to its single transverse 
mode oscillation. 

Referring to Fig. 7.6 we can have a simple method of obtaining single longitudi- 
nal mode oscillation by reducing the cavity length to a value such that the intermode 


Modes with Oscillating 


Gain > Loss mode 


(a) (b) 


Fig. 7.6 (a) The longitudinal mode spacing of a resonator of length d is c/2d. Different modes 
having gain more than loss would oscillate simultaneously. (b) If the resonator length is reduced, 
the mode spacing can become less than the gain bandwidth and if there is a mode at the line center, 
then it would result in single longitudinal mode oscillation of the laser 
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spacing is larger than the spectral width over which gain exceeds loss in the cavity. 
Thus if this bandwidth is Avg then for single longitudinal mode laser oscillation the 
cavity length must be such that 


For a He-Ne laser Avg ~ 1500 MHz and for single longitudinal mode oscillation 
one must have d < 10 cm. We should note here that if one can ensure that a resonant 
mode exists at the center of the gain profile, then single mode oscillation can be 
obtained even with a cavity length of c/ noAvg. 

One of the major drawbacks with the above method is that since the volume of 
the active medium gets very much reduced due to the restriction on the length of 
the cavity, the output power is small. In addition, in solid-state lasers where the gain 
bandwidth is large, the above technique becomes impractical. Hence other tech- 
niques have been developed which can lead to single longitudinal mode oscillation 
without any restriction in the length of the cavity and hence capable of high powers. 

It is important to understand that even if the laser oscillates in a single longitudi- 
nal mode (single-frequency output), there could be a temporal drift in the frequency 
of the output. In many applications it is important to have single-frequency lasers 
in which the frequency of the laser should not deviate beyond a desired range. To 
achieve this the frequency of oscillation of the laser can be locked by using feedback 
mechanisms in which the frequency of the output of the laser is monitored contin- 
uously and any change in the frequency of the laser is fed back to the cavity as an 
error signal which is then used to control the mirror positions of the cavity to keep 
the frequency stable. There are many techniques to monitor the frequency of the 
laser output; this includes using very accurate wavelength meters capable of giving 
frequency accuracy in the range of 2 MHz. 

Oscillation of a laser in a given resonant mode can be achieved by introducing 
frequency selective elements such as Fabry—Perot etalons (see Chapter 2) into the 
laser cavity. The element should be so chosen that it introduces losses at all but the 
desired frequency so that the losses of the unwanted frequencies are larger than gain 
resulting in a single-frequency oscillation. Figure 7.7 shows a tilted Fabry—Perot 
etalon placed inside the resonator. The etalon consists of a pair of highly reflecting 
parallel surfaces which has a transmission versus frequency variation as shown in 
Fig. 7.8. As discussed in Chapter 2, such an etalon has transmission peaks centered 
at frequencies given by 


(737) 


Fig. 7.7 A laser resonator tad 
with a Fabry—Perot etalon 


placed inside the cavity Fabry-Perot etalon 
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Fig. 7.8 Transmittance 1 
versus frequency of a 
Fabry-Perot etalon. The 0.8 
higher the reflectivity the ; 
sharper are the resonances 
0.6 
0.4 
0.2 
0 


Vp Vp Vp+1 


where ¢ is the thickness of the etalon and n is the refractive index of the medium 
between the reflecting plates and 6 is the angle made by the wave inside the etalon. 
The width of each peak depends on the reflectivity of the surfaces, the higher the 
reflectivity, the shaper are the resonance peaks. The frequency separation between 
two adjacent peaks of transmission is 


Cc 


Av = —— 
2nt cos 0 


(7.38) 


which is also referred to as free spectral range (FSR). 

If the etalon is so chosen that its free spectral range is greater than the spectral 
width of the gain profile, then the Fabry—Perot etalon can be tilted inside the res- 
onator so that one of the longitudinal modes of the resonator cavity coincides with 
the peak transmittance of the etalon (see Fig. 7.9) and other modes are reflected 
away from the cavity. If the finesse of the etalon is high enough so as to introduce 
sufficiently high losses for the modes adjacent to the mode selected, then one can 
have single longitudinal mode oscillation (see Fig. 7.9). 


Example 7.9 Consider an argon ion laser for which the FWHM of the gain profile is about 8 GHz. Thus 
for near normal incidence (@ ~0) the free spectral range of the etalon must be greater than about 10 GHz. 
Thus 


— > 10! Hz 
2nt 


Taking fused quartz as the medium of the etalon, we have n~1.462 (at A~510 nm) and thus f < 1cm 


Another very important method used to obtain single-frequency oscillation is 
to replace one of the mirrors of the resonator with a Fox—Smith interferometer as 
shown in Fig. 7.10. Waves incident on the beam splitter BS from My will suffer 
multiple reflections as follows: 

Reflection 1: M; — BS — M2 > BS > M, 

Reflection 2: M; — BS— M» — BS — M3— BS Mo—> BS—> My, etc. 
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Cavity modes Gain spectrum 


SYN / 


Only oscillating 
() mode 


(c) 


Fig. 7.9 The figure shows how by inserting a Fabry—Perot etalon in the laser cavity one can achieve 
single longitudinal mode oscillation 


Sud», 


M3 


Fig. 7.10 The Fox—Smith interferometer arrangement for selection of a single longitudinal mode 


Thus the structure still behaves much like a Fabry—Perot etalon if the beam split- 
ter BS has a high reflectivity.! For constructive interference among waves reflected 


toward M, from the interferometer, the path difference between two consecutively 
reflected waves must be mA, 1.e., 


'It is interesting to note that if mirror M3 is put above BS (in Fig. 7.10), then it would correspond 
to a Michelson interferometer arrangement and the transmittivity would not be sharply peaked. 
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(2d + 2d3 + 2d2 — 2d2) = mh 


or 


Cc 


= m————_., m = any integer (7.39) 
2 (do + ds) — 

Thus the frequencies separated by Av = c/ 2 (dz + d3) will have a low loss. Hence 

if Av is greater than the bandwidth of oscillation of the laser, then one can achieve 

single mode oscillation. Since the frequencies of the resonator formed by mirrors 

M, and Mp2 are 


C 
v = q——-—_., = any integer 7.40 
as Gea) q y integ (7.40) 

for the oscillation of a mode one must have 
is Es (7.41) 


(do +3) (dy +d) 


which can be adjusted by varying d3 by placing the mirror M3 on a piezoelectric 
movement. 


Example 7.10 If one wishes to choose a particular oscillating mode out of the possible resonator modes 
which are separated by 300 MHz, what is the approximate change in d3 required to change oscillation 
from one mode to another? Assume Ag = 500 nm, dz + d3 = 5 cm. 

Solution Differentiating Eq. (7.39) we have 


mc v 
v= 5 6d3 = bd 
2 (do + d3) (do + d3) 
which gives us §d3 = 25 nm. 


3 


Problem 7.3 Consider a laser which is oscillating simultaneously at two adjacent frequencies v, and 
v2. If this laser is used in an interference experiment, what is the minimum path difference between the 
interfering beams for which the interference pattern disappears? 


Solution The interference pattern disappears when the interference maxima produced by one wavelength 
fall on the interference minima produced by the other wavelength. This will happen when 


c 1\ ¢ 
l=m— =(|(m+-— . m= 0, 1,2... 
vy 2) v2 


Eliminating m from the two equations we get 


Cc 
1 = ——_=d 
2 (v2 — 4) 


where d is the length of the laser resonator. Thus the laser can be considered coherent only for path 
differences of / = d, the length of the laser. On the other hand, if the laser was oscillating in a single 
mode the coherence length would have been much larger and would be determined by the frequency 
width of the oscillating mode only. 
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7.7 Pulsed Operation of Lasers 


In many applications of lasers, one wishes to have a pulsed laser source. In principle 
it is possible to generate pulses of light from a continuously operating laser, but it 
would be even more efficient if the laser itself could be made to emit pulses of light. 
In this case the energy contained in the population inversion would be much more 
efficiently utilized. There are two standard techniques for the pulsed operation of 
a laser; these are Q-switching and mode locking. Q-switching is used to generate 
pulses of high energy but nominal pulse widths in the nanosecond regime. On the 
other hand mode locking produces ultrashort pulses with smaller energy content. 
We shall see that using mode locking it is possible to produce laser pulses in the 
femtosecond regime. 


7.7.1 Q-Switching 


Imagine a laser cavity within which we have placed a shutter which can be opened 
and closed at will (see Fig. 7.11). Let us assume that the shutter is closed (i.e., does 
not transmit) and we start to pump the amplifying medium. Since the shutter is 
closed, there is no feedback from the mirror and the laser beam does not build up. 
Since the pump is taking the atoms from the ground state and disposing them into the 
excited state and there is no stimulated emission the population inversion keeps on 
building up. This value could be much higher than the threshold inversion required 
for the same laser in the absence of the shutter. When the inversion is built to a 
reasonably high value, if we now open the shutter, then the spontaneous emission is 
now able to reflect from the mirror and pass back and forth through the amplifying 
medium. Since the population inversion has been built up to a large value, the gain 
provided by the medium in one round trip will be much more than the loss in one 
round trip and as such the power of the laser beam would grow very quickly with 
every passage. The growing laser beam consumes the population inversion, which 
then decreases rapidly resulting in the decrease of power of the laser beam. Thus 
when the shutter is suddenly opened, a huge light pulse gets generated and this 
technique is referred to as Q-switching. High losses imply low Q while low losses 


Pump 


een 


Amplifying medium 


Shutter 


Fig. 7.11 A laser resonator with a shutter placed in front of one of the mirrors to achieve Q- 
switching 
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imply high Q. Thus when the shutter is kept closed and suddenly opened, the Q of 
the cavity is suddenly increased from a very small value to a large value and hence 
the name Q-switching. For generating another pulse the medium would again need 
to be pumped while the shutter is kept closed and the process repeated again. 

Figure 7.12 shows schematically the time variation of the cavity loss, cavity Q, 
population inversion, and the output power. As shown in the figure an intense pulse 
is generated with the peak intensity appearing when the population inversion in 
the cavity is equal to the threshold value. Figure 7.13 shows a Q-switched pulse 
emitted from a neodymium—YAG laser. The energy per pulse is 850 mJ and the 
pulse width is about 6 ns. This corresponds to a peak power of about 140 MW. The 
pulse repetition frequency is 10 Hz, i.e., the laser emits 10 pulses per second. Using 
this phenomenon it is possible to generate extremely high power pulses for use in 
various applications such as cutting, drilling, or in nuclear fusion experiments. 

We will now write down rate equations corresponding to Q-switching and obtain 
the most important parameters such as peak power, total energy, and duration of the 
pulse. We shall consider only one mode of the laser resonator and shall examine 


out 
Fig. 7.12 Schematic of the 

variation of loss, Q value, 

population inversion, and the 

laser output power with time 
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Trigger 
10.0 mVidiv 200 nsidiy Stop 3.3mV 
-19,00 mv 10.0kS 5.0GS/s Edge Positive 


Fig. 7.13 An acousto optically Q-switched output from an Nd:YAG laser. The average power of 
the pulse train is 15 W and the repetition frequency is 2 kHz with the pulse duration of 97 ns. 
[Figure provided by Brahmanand Upadhyaya, RRCAT, Indore] 


the specific case of a three-level laser system such as that of ruby. In Section 5.5 
while writing the rate equations for the population N2 and the photon number n, we 
assumed the lower laser level to be essentially unpopulated. If this is not the case 
then instead of Eq. (5.74) we will have 


d(N2V) 
7 = —KnN2 + KnN, — T21N2V + RV (7.42) 


where the second term on the right-hand side is the contribution due to absorption 
by N; atoms per unit volume in the lower level. Since the Q-switched pulse is of a 
very short duration, we will neglect the effect of the pump and spontaneous emission 
during the generation of the Q-switched pulse. It must, at the same time, be noted 
that for the start of the laser oscillation, spontaneous emission is essential. Thus we 
get from Eq. (7.42) 


ee CSN (7.43) 
dt V 
where 
AN’ =(N2—-N)V, NS =NoV (7.44) 


and V is the volume of the amplifying medium. Similarly one can also obtain or the 
rate of change of population of the lower level 


dN; Kn ; 
<= (=) aw (7.45) 


where N, = NV. Subtracting Eq. (7.45) from Eq. (7.43) we get 
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d(AN’) Kn ; 
= = 2( ) aw (7.46) 


We can also write the equation for the rate of change of the photon number n in the 
cavity mode in analogy to Eq. (5.78) as 


dn n 
— = Kn(N2 —M,) - al: 
c 


dt 
Kn , Nn 
~ | — } AN - — 
Vv te 


where we have again neglected the spontaneous emission term KN. From Eq. (7.47) 
we see that the threshold population inversion is 


(7.47) 


rn Vv 
(AN); = Ki (7.48) 


when the gain represented by the first term on the right-hand side becomes equal 
to the loss represented by the second term [see Eq. (7.47)]. Replacing V/K in Eqs. 
(7.46) and (7.47) by (AN’);t, and writing 


t=— (7.49) 
we obtain 


d(AN’) AN’ 
=-—2n 
dt (AN’); 


(7.50) 


and 


(AN'), 


ae (AN) 1 (7.51) 


Equations (7.51) and (7.50) give us the variation of the photon number n and the 
population inversion AN’ in the cavity as a function of time. As can be seen the 
equations are nonlinear and solutions to the above set of equations can be obtained 
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numerically by starting from an initial condition 


(AN’)(t =0)= (AN), and n(t =0)=7; (7.52) 


L 
where the subscript i stands for initial values. Here n; represents the initial small 
number of photons excited in the cavity mode through spontaneous emission. This 
spontaneous emission is necessary to trigger laser oscillation. 

From Eq. (7.51) we see that since the system is initially pumped to an inver- 
sion AN’ > (AN’ ) » dn/ dt is positive; thus the number of photons in the cavity 
increases with time. The maximum number of photons in the cavity appear when 
dn/ dt = 0,i.e., when AN’ = (AN’) . At such an instant 7 is very large and from 
Eq. (7.50) we see that AN’ will further reduce below (AN ! ) , and thus will result in 
a decrease in n. 

Although the time-dependent solution of Eqs. (7.50) and (7.51) requires numeri- 
cal computation, we can analytically obtain the variation of n with AN’ and from this 
we can draw some general conclusions regarding the peak power, the total energy in 
the pulse, and the approximate pulse duration. Indeed, dividing Eq. (7.51) by (7.50) 


we obtain 
dn _ 1 (AN ’, 1 
d(AN’) 2} (AN’) 


Integrating we get 


1 


1 Hs) AN ; ' 
t=; {a lar | + [(aw),- an']} (7.53) 


7.7.1.1 Peak Power 


Assuming the only loss mechanism to be output coupling and recalling our 
discussion in Section 7.5 we have for the instantaneous power output 


nhv 
Pout = - (7.54) 


Cc 


Thus the peak power output will correspond to maximum n which occurs when 
AN’ = (AN’),. Thus 


(7.55) 


= = (av, (Sr ] + ((AN’), — an) 


where we have neglected nj; (the small number of initial spontaneously emitted pho- 
tons in the cavity). This shows that the peak power is inversely proportional to cavity 
lifetime. 
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7.7.1.2 Total Energy 
In order to calculate the total energy in the Q-switched pulse we return to Eq. (7.51) 
and substitute for (AN’) / (AN’), from Eq (7.50) to get 
dn 1d(AN’) 
dr 2 drt 


n 


Integrating the above equation from tf = 0 to 00 we get 


n-ne = 


CO 
[rae = 
0 


where the subscript f denotes final values. Since nj and ng are very small in 
comparison to the total integrated number of photons we may neglect them and 


obtain 
CO 
/ ndt © 
0 


Thus the total energy of the Q-switched pulse is 


[o.@) 
E= i Pourdt 
0 


, 757 
= hv f nde 787) 
0 


Nile 


[(aN’);- (AN’),] - / nd 


or 
[(AN’), — (AN’),| — (rt — ni) (7.56) 


Nie 


[(AN’); — (4N’);] 


Nile 


[(AN’); — (AN) ;] Av 

The above expression could also have been derived through physical argu- 
ments as follows: for every additional photon appearing in the cavity mode 
there is an atom making a transition from the upper level to the lower level 
and for every atom making this transition the population inversion reduces by 
2. Thus if the population inversion changes from (AN’); to (AN’),, the num- 
ber of photons emitted must be 5 [(AN’), — (AN’),] and Eg. (7.57) follows 
immediately. 
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7.7.1.3 Pulse Duration 


An approximate estimate for the duration of the Q-switched pulse can be obtained 
by dividing the total energy by the peak power. Thus 


d= = fe . 
Pmax — [(AN'),In (42%) + (AN") — (AN) 


In the above formulas we still have the unknown quantity (AN ’ ) , the final inversion. 
In order to obtain this, we may use Eq. (7.53) for t > oo. Since the final number of 
photons in the cavity is small, we have 


((AN’), - (AN’),) = (AN), In (S] (7.59) 


from which we can obtain (AN’), for a given set of (AN’), and (AN’), 


Example 7.11 We consider the Q-switching of a ruby laser with the following 
characteristics: 


Length of ruby rod = 10 cm 

Area of cross section = 1 cm? 

Resonator length = 10 cm 

Mirror reflectivities = 1 and 0.7 

Cr** population density = 1.58 x 10!? cm™3 
Ao = 694.3 nm 

no = 1.76 

oe wae 

g(wo) = 1.1 x 10° s 


The above parameters yield a cavity lifetime of 3.3 x 10~° s and the required 
threshold population density of 1.25 x 10!7 cm. Thus 


(AN) = 1.25 10” 


Choosing 
(AN’), = 4(AN’), =5 x 10'8 
we get 
Prise = 8,7 * 10" W 
Solving Eq. (7.59) we obtain (AN’), ~ 0.02 (AN’), Thus 


Ew 0.7J 
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and 


tq © 8ns 


7.7.2 Techniques for Q-Switching 


As discussed, for Q-switching the feedback to the amplifying medium must be 
initially inhibited and when the inversion is well past the threshold inversion, the 
optical feedback must be restored very rapidly. In order to perform this, various 
devices are available which include mechanical movements of the mirror or shutters 
which can be electronically controlled. The mechanical device may simply rotate 
one of the mirrors about an axis perpendicular to the laser axis which would restore 
the Q of the resonator once every rotation. Since the rotation speed cannot be made 
very large (typical rotation rates are 24,000 revolutions per second) the switching of 
the Q from a low to a high value does not take place instantaneously and this leads 
to multiple pulsing. 

In comparison to mechanical rotation, electronically controlled shutters employ- 
ing the electro optic or acousto optic effect can be extremely rapid. A schematic 
arrangement of Q-switching using the electro optic effect is shown in Fig. 7.14 
The electro optic effect is the change in the birefringence of a material on applica- 
tion of an external electric field (see, e.g., Yariv (1977), Ghatak and Thyagarajan 
(1989)). Thus the electro optic modulator (EOM) shown in Fig. 7.14 could be a 
crystal which is such that in the absence of any applied electric field the crystal 
does not introduce any phase difference between two orthogonally polarized com- 
ponents traveling along the laser axis. On the other hand, if a voltage Vo is applied 
across the crystal, then the crystal introduces a phase difference of 2/2 between the 
orthogonal components, i.e., it behaves like a quarter wave plate. If we now con- 
sider the polarizer-modulator—mirror system, when there is no applied voltage, the 


Electrooptic 
modulator 


Polarizer 


M, 
Laser rod iad 


M, 


Fig. 7.14 A typical arrangement for achieving Q-switching using an electro optic modulator 
placed within the cavity 
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state of polarization (SOP) of the light incident on the polarizer after reflection by 
the mirror is along the pass axis of the polarizer and thus corresponds to a high Q 
state. When a voltage Vo is applied the linearly polarized light on passage through 
the EOM becomes circularly polarized (say right circularly polarized). Reflection 
from the mirror converts this to left circularly polarized light and passage through 
the EOM the wave becomes linearly polarized but now polarized perpendicular to 
the pass axis of the polarizer. The polarizer does not allow this to pass through and 
this leads to essentially no feedback which corresponds to the low Q state. Hence 
Q-switching can be accomplished by first applying a voltage across the crystal and 
removing it at the instant of highest inversion in the cavity. Some important electro 
optic crystals used for Q-switching include potassium dihydrogen phosphate (KDP) 
and lithium niobate (LiNbO3). 

An acousto optic Q-switch is based on the acousto optic effect. In the acousto 
optic effect a propagating acoustic wave in a medium creates a periodic refractive 
index modulation due to the periodic strain in the medium, and this periodic refrac- 
tive index modulation leads to diffraction of a light wave interacting with it (see, 
e.g., Ghatak and Thyagarajan (1989), Yariv (1977)). The medium in the presence 
of the acoustic wave behaves like a phase grating. Thus if an acousto optic cell is 
placed inside the resonator, it can be used to deflect the light beam out of the cavity, 
thus leading to a low Q value. The Q can be switched to high value by switching off 
the acoustic wave. 

Q-switching can also be obtained by using a saturable absorber inside the laser 
cavity. In a saturable absorber (which essentially consists of an organic dye dis- 
solved in an appropriate solvent) the absorption coefficient of the medium reduces 
with an increase in the incident intensity. This reduction in the absorption is caused 
by the saturation of a transition (see Chapter 5). In order to understand how a 
saturable absorber can be made to Q-switch, consider a laser resonator with the 
amplifying medium and the saturable absorber placed inside the cavity as shown in 
Fig. 7.15. As the amplifying medium is pumped, the intensity level inside the cavity 
is initially low since the saturable absorber does not allow any feedback from the 
mirror M2. As the pumping increases, the intensity level inside the cavity increases 
which, in turn, starts to bleach the saturable absorber. This leads to an increase in 
feedback which gives rise to an increased intensity and so on. Thus the energy stored 
inside the medium is released in the form of a giant pulse leading to Q-switching. If 
the relaxation time of the absorber is short compared to the cavity transit time then 
as we will discuss in Section 7.7.3, the saturable absorber would simultaneously 
mode lock and Q-switch the laser. 


Fig. 7.15 A laser resonator 1 1 | | j 1 

with a saturable absorber Nf ‘i 

placed inside the cavity for , Pump Saturable 2 
absorber 


passive Q-switching 
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7.7.3. Mode Locking 


Q-switching produces very high energy pulses but the pulse durations are typi- 
cally in the nanosecond regime. In order to produce ultrashort pulses of durations 
in picoseconds or shorter, the technique most commonly used is mode locking. In 
order to understand mode locking let us first consider the formation of beats when 
two closely lying sound waves interfere with each other. In this case we hear beats 
due to the fact that the two sound waves (each of constant intensity) being of slightly 
different frequency will get into and out of phase periodically (see Fig. 7.16). When 
they are in phase then the two waves add constructively to produce a larger inten- 
sity. When they are out of phase, then they will destructively interfere to produce no 
sound. Hence in such a case we hear a waxing and waning of sound waves and call 
them as beats. 


Fig. 7.16 The top curve is obtained by adding the lower two sinusoidal variations and corresponds 
to beats as observed when two sound waves at closely lying frequencies interfere with each other 


Mode locking is very similar to beating except that instead of just two waves now 
we are dealing with a large number of closely lying frequencies of light. Thus we 
expect beating between the waves; of course this beating will be in terms of intensity 
of light rather than intensity of sound. In order to understand mode locking, we first 
consider a laser oscillating in many frequencies simultaneously. Usually these waves 
at different frequencies are not correlated and oscillate almost independently of each 
other, i.e., there is no fixed-phase relationship between the different frequencies. In 
this case the output consists of a sum of these waves with no correlation among 
them. When this happens the output is almost the sum of the intensities of each 
individual mode and we get an output beam having random fluctuations in intensity. 
In Fig. 7.17 we have plotted the output intensity variation with time obtained as a 
sum of eight different equally spaced frequencies but with random phases. It can be 
seen that the output intensity varies randomly with time resembling noise. 

Now, if we can lock the phases of each of the oscillating modes, for example 
bring them all in phase at any time and maintain this phase relationship, then just 
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Fig. 7.17 The intensity variation obtained by adding eight equally spaced frequencies with random 
phases. The intensity variation is noise like 


like in the case of beats, once in a while the waves will have their crests and troughs 
coinciding to give a very large output and at other times the crests and troughs will 
not be overlapping and thus giving a much smaller intensity (see Fig. 7.18). In sucha 
case the output from the laser would be a repetitive series of pulses of light and such 
a pulse train is called mode-locked pulse train and this phenomenon is called mode 
locking. Figure 7.19 shows the output intensity variation with time corresponding 
to the same set of frequencies as used to plot Fig.7.17, but now the different waves 
have the same initial phase. In this case the output intensity consists of a periodic 
series of pulses with intensity levels much higher than obtained with random phases. 
The peak intensity in this case is higher than the average intensity in the earlier case 
by the number of modes beating with each other. Also the pulse width is inversely 
proportional to the number of frequencies. 


ANAM 
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Fig. 7.18 Figure showing interference between four closely lying and equally spaced frequencies 
and which are in phase at the beginning and retain a constant phase relationship. Note that the 
waves add constructively periodically 
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Fig. 7.19 The output intensity variation for the same situation as in Fig. 7.17 but now the waves 
are having the same phase at a given instant of time and they maintain their phase relationship. 
Note that the resultant intensity peaks periodically 


If the number of waves interfering becomes very large, e.g., a hundred or so, 
then the peak intensity can be very high and the pulse widths can be very small. 
Figure 7.20 shows the output mode-locked pulse train coming out of a titanium 
sapphire laser. Such mode-locked pulse train can be very short in duration (in 
picoseconds) and have a number of applications. 

Mode locking is very similar to the case of diffraction of light from a grating. 
In this case the constructive interference among the waves diffracted from differ- 
ent slits appears at specific angles and at other angular positions, the waves almost 
cancel each other. The angular width of any of the diffracted order depends on the 
number of slits in the grating similar to the temporal width of the mode-locked pulse 
train depending on the number of modes that are locked in phase. 

In order to understand the concept of mode locking, we consider a laser formed 
by a pair of mirrors separated by a distance d. If the bandwidth over which gain 
exceeds losses in the cavity is Av (see Fig.7.21), then, since the intermodal spacing 
is c/2nod, the laser will oscillate simultaneously in a large number of frequencies. 
The number of oscillating modes will be approximately (assuming that the laser is 
oscillating only in the fundamental transverse mode) 


Fig. 7.20 Mode-locked pulse 
train from a titanium sapphire 
laser. Each division 
corresponds to 2 ns (Adapted 
from French et al. (1990) © 
1990 OSA) 


176 7 Optical Resonators 


Fig. 7.21 Gain profile of an Gain curve 
active medium centered at the 
frequency vg and of width Av 


Threshold 


N+1# 1+ integer closest to but less than (7.60) 


Av 
Cc /2nod 


For example if we consider a ruby laser with an oscillating bandwidth of 6 x 
10!° Hz, with a cavity length of about 50 cm, the number of oscillating modes 
will be ~200. This large number of modes oscillates independently of each other 
and their relative phases are, in general, randomly distributed over the range —7 to 
+a. In order to obtain the output intensity of the laser when it oscillates in such 
a condition, we note that the total electric field of the laser output will be given by a 
superposition of the various modes of the laser. Thus 

N/2 
E(t) = ye An exp (27 iVpt + ibn) (7.61) 
n=—N/2 


where A, and @, represent the amplitude and phase of the nth mode whose 
frequency is given by 
N N N 
= év, =—--—,-(—4+1)..= 7.62 
Vn = Vo + ndv n 5 (5 ae ) 5 ( ) 
with dv = c/2nod, the intermode spacing, and vo represents the frequency of the 
mode at the line center. 

In general the various modes represented by different values of v oscillate with 
different amplitudes A, and also different phases ¢,. The intensity at the output of 
the laser will be given by 
N2 2 

Yo An exp (277ivpt + ibn) 
Ne g (7.63) 


IT=K\|EH? =K 


N/2 
Yo An exp (27indv t + ibn) 
n=—N/2 


=K 


where K represents a constant of proportionality and we have used Eq. (7.62) for vp. 
Equation (7.63) can be rewritten as 
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T= KYU lanl + KY) AnAn, expl2zi(n — m)5v t+ (on —bm)| (7-64) 


nzAm Mm 


From the above equation the following observations can be made: 


(a) Since the phases ¢, are randomly distributed in the range —z to +z for the 
various modes, if the number of modes is sufficiently large, the second term on 
the right-hand side in Eq. (7.64) will have a very small value. Thus the intensity 
at the output would have an average value equal to the first term which is nothing 
but the sum of the intensities of various modes. In this case the output is an 
incoherent sum of the intensities of the various modes. 

Although the output intensity has an average value of the sum of the individual 
mode intensities, it is fluctuating with time due to the second term in Eq. (7.64). 
It is obvious from Eq. (7.64) that if t is replaced by t + g/5v where gq is an inte- 
ger, then the intensity value repeats itself. Thus the output intensity fluctuation 
repeats itself every time interval of 1/S5v = 2ngd/c which is nothing but the 
round-trip transit time in the resonator (see Fig. 7.17). 

It also follows from Eq. (7.64) that within this periodic repetition in intensity, 
the intensity fluctuates. The time interval of this intensity fluctuation (which is 
caused by the beating between the two extreme modes) will be 


1 1 +. fl 
te & r) N6b xX — 7. 
f |(m + rik ») ( 5 »)| fa (7.65) 


i.e., the inverse of the oscillation bandwidth of the laser medium. 


(b 


we 


(c 


Ne 


When the laser is oscillating below threshold the various modes are largely uncor- 
related due to the absence of correlation among the various spontaneously emitting 
sources. The fluctuations become much less on passing about threshold but the 
different modes remain essentially uncorrelated and the output intensity fluctuates 
with time. 

Let us now consider the case in which the modes are locked in phase such that 
on = 0, Le., they are all in phase at some arbitrary instant of time t = 0. For such 
a case we have from Eq. (7.63) 

NP 
1=K a An exp (270 ivpt) (7.66) 
n=—N/2 


If we also assume that all the modes have the same amplitude, i.e, Ay = Ao, then 
we have 
NP : 


l=I De exp (27 ivpt) (7.67) 
n=—N/2 


where Ip = KAs is the intensity of each mode. The sum in Eq. (7.67) can be easily 
evaluated and we obtain 
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(7.68) 


ap, {ile + Dv A 
7 o| sin [dv ft] 


The variation of intensity with time as given by Eq. (7.68) is shown in Fig. 7.22. 
It is interesting to note that Eq. (7.68) represents a variation in time similar to that 
exhibited by a diffraction grating in terms of angle. Indeed the two situations are 
very similar, in the case of diffraction grating, the principal maxima are caused due 
to the constructive interference among waves diffracted by different slits and in the 
present case it is the interference in the temporal domain among modes of various 
frequencies. 


Fig. 7.22 Time variation of 
the output intensity of a 
mode-locked laser 


From Eq. (7.68) we can conclude the following: 


(a) The output of a mode-locked laser will be in the form of a series of pulses and 
the pulses are separated by a duration 
t= = = aHod (7.69) 
bv c 

i.e., the cavity round-trip time. Thus the mode-locked condition can also be 
viewed as a condition in which a pulse of light is bouncing back and forth inside 
the cavity and every time it hits the mirror, a certain fraction is transmitted as 
the output pulse. 

From Eq. (7.68) it follows that the intensity falls off very rapidly around every 
peak (for large N) and the time interval between the zeroes of intensity on either 
side of the peak is 


(b 


we 


2 2 


At ~~ ———_— = — 
(N+1)dv Av 


We may define the pulse duration as approximately (like FWHM) 
1 


tp~ — 7.70 
eae (7.70) 
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i.e., the inverse of the oscillating bandwidth of the laser. Thus the larger the 
oscillating bandwidth the smaller would be the pulse width. Table 7.1 shows 
the bandwidth and expected and observed pulse duration for some typical laser 
systems. As can be seen one can obtain pulses of duration as short as a few 
hundred femtoseconds. Such ultrashort pulses are finding wide applications in 
various scientific investigations and industrial applications. 


Table 7.1. Some typical laser systems and their mode locked pulse widths 


Laser X%(um) Av(GHz) to~ (Avy! (ps) | Observed pulse width (ps) 
He-Ne 0.6328 1.5 670 600 

Argonion 0.488 7 150 250 

Nd: YAG 1.06 12 83 76 

Ruby 0.6943 60 17 12 

Nd: Glass 1.06 3000 0.33 0.3 

Dye 0.6 10000 0.1 0.1 


(c) The peak intensity of each mode-locked pulse is given by 
I=(N+1)°Io C71) 


which is (N+1) times the average intensity when the modes are not locked. 
Thus for typical solid-state lasers which can oscillate simultaneously in 10°—104 
modes, the peak power due to mode locking can be very large. 


Figure 7.23 shows the output from a mode-locked He-Ne laser operating at 
632.8 nm. Notice the regular train of pulses separated by the round-trip time of 
the cavity. Figure 7.23b shows an expanded view of one of the pulses, the pulse 
width is about 330 ps. 


7.7.3.1 Techniques for Mode Locking 


As we have seen above, mode locking essentially requires that the various longi- 
tudinal modes be coupled to each other. In practice this can be achieved either by 
modulating the loss or optical path length of the cavity externally (active mode lock- 
ing) or by placing saturable absorbers inside the laser cavity (passive mode locking). 
In Chapter 12 we also discuss the concept of Kerr lens mode locking. 

In order to understand how a periodic loss modulation inside the resonator cavity 
can lead to mode locking, we consider a laser resonator having a loss modulator 
inside the cavity with the modulation frequency equal to the intermode frequency 
spacing dv. Consider one of the modes at a frequency vg. Since the loss of the 
cavity is being modulated at a frequency dv, the amplitude of the mode will also be 
modulated at the same frequency 6v and thus the resultant field in the mode may be 
written as 
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Fig. 7.23 Output train of a 
mode-locked He-Ne laser 
(Reprinted with permission 
from A.G. Fox, S.E. Schwarz, 
and P.W. Smith, use of neon 
as a nonlinear absorber for 
mode locking a He-Ne laser, 
Appl. Phys. Lett. 12 (1969), 
371, © 1969 American 
Institute of Physics.) 
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Time (5 ns/div.) 
(a) 


Time (0.1 ns/div.) 
(6) 


1 
(A + Bcos 2 dvt) cos 2m vgt = Acos 2m vgt + a cos[27 (vg + dv)t] 


1 
+ a cos[27 (vg — dv)t] 


Thus the amplitude-modulated mode at a frequency vg generates two waves at 
frequencies vg +dv and vg—dv. Since dv is the intermode spacing, these new frequen- 
cies correspond to the two modes lying on either side of vg. The oscillating field at 
the frequencies (v, + dv) = vg+1 forces the modes corresponding to these frequen- 
cies to oscillate such that a perfect phase relationship now exists between the three 
modes. Since the amplitudes of these new modes are also modulated at the frequency 
dv, they generate new side bands at (vg41 + dv) = vg+2 and (vg—1 — dv) = vg—2. 
Thus all modes are forced to oscillate with a definite phase relationship and this 
leads to mode locking. 
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The above phenomenon of mode locking can also be understood in the time 
domain by noticing that the intermode frequency spacing dv=c/2nod corresponds 
to the time for the light wave to go through one round trip through the cavity. Hence 
considering the fluctuating intensity present inside the cavity (see Fig. 7.17), we 
observe that since the loss modulation has a period equal to a round-trip time, the 
portion of the fluctuating intensity incident on the loss modulator at a given value 
of loss would after every round trip be incident at the same loss value. Thus the 
portion incident at the highest loss instant will suffer the highest loss at every round 
trip. Similarly, the portion incident at the instant of lowest loss will suffer the lowest 
loss at every round trip. This will result in the buildup of narrow pulses of light 
which pass through the loss modulator at the instant of lowest loss. The pulse width 
must be approximately the inverse of the gain bandwidth since wider pulses would 
experience higher losses in the modulator and narrower pulses (which would have a 
spectrum broader than the gain bandwidth) would have lower gain. Thus the above 
process leads to mode locking. 

The loss modulator inside the cavity could be an electro optic modulator or an 
acousto optic modulator. The electro optic modulator changes the state of polariza- 
tion of the propagating light beam and the output state of polarization depends on 
the voltage applied across the modulator crystal. Thus the SOP of the light pass- 
ing through the modulator, reflected by the mirror and returning to the polarizer, 
can be changed by the applied voltage and consequently the feedback provided by 
the polarizer-modulator—mirror system. This leads to a loss modulation. Some of 
the electro optic materials used include potassium dihydrogen phosphate (KDP), 
lithium niobate (LiNbO3). 

Acousto optic modulators can also be used for mode locking. In this case the 
acousto optic modulator is used to diffract the propagating light beam out of the 
cavity (see Fig. 7.24) and thus can be used to modulate the loss of the cavity. 
Thus standing acoustic waves at frequency Q2 produce a loss modulation at the fre- 
quency 2Q and if this equals the intermode spacing, then this would result in mode 
locking. 

The above techniques in which an external signal is used to mode lock the laser 
are referred to as active mode locking. One can also obtain mode locking using a 
saturable absorber inside the laser cavity. This technique does not require an exter- 
nal signal to mode lock and is referred to as passive mode locking. As described 
in Section 7.7.2 in a saturable absorber the absorption coefficient decreases with an 
increase in the incident light intensity. Thus, the material becomes more and more 
transparent as the intensity of the incident light increases. In order to understand 
how a saturable absorber can mode lock a laser, consider a laser cavity with a cell 
containing the saturable absorber placed adjacent to one of the resonator mirrors 
(see Fig. 7.15). Initially the saturable absorber does not transmit fully and the inten- 
sity inside the resonator has a noise-like structure. The intensity peaks arising from 
this fluctuation bleach the saturable absorber more than the average intensity values. 
Thus the intensity peaks suffer less loss than the other intensity values and are ampli- 
fied more rapidly as compared to the average intensity. If the saturable absorber has 
a rapid relaxation time (i.e., the excited atoms relax back rapidly to the ground state) 
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Fig. 7.24 A typical configuration for mode locking of lasers using an acousto optic modulator 
placed within the cavity 


so that it can follow the fast oscillations in the intensity in the cavity, one will obtain 
mode locking. Since the transit time of the pulse through the resonator is 2ngd/c, the 
mode-locked pulse train will appear at a frequency of c/2nod. Table 7.2 gives some 
organic dyes used to mode lock ruby and Nd laser systems; J, and tp represent the 
saturation intensity and relaxation time, respectively. 


Table 7.2. Some organic dyes used to mode lock laser systems 


Eastman Eastman 
DDI* Cryptocyanine No. 9740 No. 9860 
Laser Rudy Rudy Nd: Nd: 
I,(Wim?) ~2x107 ~5~x 10° ~4x107 ~5.6~x 107 
Tp(ps) ~ 14 ~ 22 ~ 8.3 ~ 93 
Solvents Methanol Nitrobenzene 1,2- 
Ethanol Acetone Dichloroethane 
Ethanol Chlorobenzene 


Methanol 


DDI* stands for 1,1’-diethyl-2,2’-dicarbocyanine iodide. Table adapted from 
Koechner (1976) 


7.8 Modes of Confocal Resonator System 


In this section, we shall obtain the modes of a symmetric confocal resonator sys- 
tem which consists of a pair of mirrors of equal radii of curvatures separated by a 
distance equal to the radius of curvature — see Fig. 7.25. Since the resonator system 
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Fig. 7.25 A symmetric A N, Cc 
confocal resonator system d ; 


is symmetric about the midplane Nj N2 the modes of the resonator can be obtained 
by simply requiring that the field distribution across the plane AB (say) after com- 
pleting half a round trip (i.e., after traversing a distance R and getting reflected from 
mirror M2) must repeat itself on the plane CD. Such a condition would give us the 
transverse modes of the resonator. The oscillation frequencies can also be obtained 
by requiring that the phase shift suffered by the wave in half a round trip must be 
equal to an integral multiple of zr. 

In order to obtain the modes, we recall that if the field in a plane z = 0 is given 
by f(x,y,0), then the field on a plane z is given by (see Chapter 2) 


fosya= pet ff pel.y.Oexp |-i5 {@-xP +0 - vy dv'dy’ 
z 2Z 
G72) 


We also need to know the effect of a mirror on the field distribution as it gets 
reflected from a mirror of radius of curvature R. In order to calculate this we note 
that a spherical wave emanating from an axial point situated at a distance u from the 
mirror, after getting reflected from the mirror, becomes a spherical wave converging 
to a point at a distance v from the mirror (see Fig. 7.26); u and v are related through 
the mirror equation 


ot eee as (7.73) 


Thus the mirror converts the incident diverging spherical wave of radius u 
to a converging spherical wave of radius v. The phase variation produced on 
the plane AB by the diverging spherical wave would be given by e*", where 
r = Vx*+y*+22 ; x and y being the transverse coordinates on the plane 
AB. If we assume x, y << z (which is the paraxial approximation), then we 
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Fig. 7.26 Diverging A 
spherical waves are converted ' 
to converging spherical waves 
by a concave mirror 


+ us 


+ R— 


may write 


2 2\ 1/2 2 2, 
rau(1+2 3") Sy (7.74) 
Uu 


Thus the phase distribution on the plane AB would be 


ik 
(Bers) 


where we have omitted the constant phase term exp(—iku). Similarly the phase dis- 
tribution produced on the plane AB by the spherical wave converging to the point Q 
at a distance v from the mirror would be 


ik 
wo (Bey) 
2v 
where we have again omitted the constant phase term exp (+ikv). Hence if pm rep- 


resents the factor which when multiplied to the incident-phase distribution gives the 
emergent phase distribution, then we have 


ik ik 
Pm ©Xp | — — ae y’) = xp — (x? = y’) 
2u 2v 
or 


ik 4 2 
Pm = €Xp af +y") (7.75) 


where f = R/2 represents the focal length of the mirror. Equation (7.75) represents 
the effect of the mirror on the incident field distribution. 
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A field distribution f(x,y) would be a transverse mode of the resonator if it repro- 
duces itself after traversing from plane AB to plane CD (see Fig. 7.25). Thus if f(x,y) 
represents the field distribution on the plane AB, then the field distribution on the 
plane CD (after half a round trip) would be given by 


| k 
g(x,y) = ene / / Fla’, y exp |-55 fa-xP+0- al dx! dy’ 


ae ee: 
a ake 7] 
(7.76) 
where the integration is performed over the surface represented by AB. The field 


distribution f(x,y) would be a mode of the resonator if 


g(x, y) = of (x, y) (7.77) 


where o is some complex constant. The losses suffered by the field would be gov- 
erned by the magnitude of o, and the phase shift suffered by the wave (which 
determines the oscillation frequencies of the resonator) would be determined by 
the phase of o. Using Eq. (7.77), Eq. (7.76) may be written as 


a k 
apts = seem ff for.shexn| -i5 fora? +0 - YP} favay 
exp site + | 
(7.78) 
where we have used the fact that f= R/2. 


In order to solve Eq. (7.78) we define a function u(x,y) through the following 
relation: 


. k 2 2 
u(x, y) = f(x, y) exp Ee +y | (7.79) 


We also introduce a set of dimensionless variables 


K\ 12 dn \ 12 
K\ 12 a \ 2 


Using Eqs. (7.79), (7.80), and (7.81), Eq. (7.78) becomes 


ou(é,n) = eR / i u(é’, nf MES +9) dé! dn! (7.82) 


In order to simplify the analysis, we assume the mirrors to be rectangular with 
dimensions 2ax2b. In such a case we may write 
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. & 70 
ou(é,n) = =e / / u(é’, n/ei58' +0) dé! dn! (7.83) 
a 
—§ —N0 
where 
k\ 122 k\ 12 
=a = : = b 7.84 
&0 ( *) a m0 ( *) (7.84) 
In order to solve Eq. (7.83) we try the separation of variable technique and write 
O=KT (7.85) 
u(é,n) = pl )q(n) (7.86) 


On substituting Eq. (7.86) in Eq. (7.83) we find that the variables indeed separate 


out and we obtain 
- 50 
i _; By 
Kp) = xe ae / plé’ ye dé’ (7.87) 
—& 


: n0 
tq(n) = y/ ooo / gn Je" dr! (7.88) 


—n0 


and 


The integrals appearing in Eqs. (7.87) and (7.88) are referred to as finite Fourier 
transforms; they reduce to the usual Fourier transforms in the limit &— > oo and 
no— > oo. It has been shown by Slepian and Pollack (1961) that the solutions of 
Eqs. (7.87) and (7.88) are prolate spheroidal functions. We will only consider the 
case when &) >> | and no >> 1, i.e, resonators having large Fresnel numbers. For 
such a case, we may extend the limits of integration in Eq. (7.87) from —oo to +00. 
Thus Eq. (7.87) becomes 


oe) 


Ap(é) = / ple el®* ae" (7.89) 


—oo 


2 : 
A=x,| etikR/2 (7.90) 
Ll 


An identical equation is satisfied by g(7). Equation (7.89) requires that (apart from 
some constant factors) p(&) be its own Fourier transform. 

In order to solve Eq. (7.89) for p(&), we differentiate Eq. (7.89) twice with respect 
to € and obtain 


where 


oe) 


/ pe EF de" (7.91) 


—oo 


dp = 
dé2 
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We now consider the integral 


Pike! 

I= / eo dé’ (7.92) 
—oo 

For the mode, we assume p(&) and its derivative to vanish at infinity and integrate 

Eq. (7.92) twice by parts and obtain 


oO, loo) 
i; d Dp elf & ge! _ a | ple’ )e* ae’ 


J ge (7.93) 
= AE*p(E) 
Combining Eqs. (7.91) and (7.93) we get 
dp 00 Lp ren ae oe 
A = Fn] = i (3 — &p(é ) elS8 dé (7.94) 


Comparing Eq. (7.89) with Eq. (7.94) we note that both p(é) and 
[d*p / dé? — &p(é)| satisfy the same equation and as such one must have 


dp 


ger ~ & PE) = —Kpls) (7.95) 
where K is a constant. We may rewrite Eq. (7.95) as 

Wp , 

az + (K€ we) =0 (7.96) 


The solutions of Eq. (7.96) with the condition that p(&) vanish at large values of € 
are the Hermite—Gauss functions (see Chapter 3): 


Pin) = NnHy(E)e~& (7.97) 


where Ny is the normalization constant, Hm(&) represents the mth order Hermite 
polynomial of argument €. A few lower order Hermite polynomials are 


Hoé)=1, Wig)=28, —-Ha(€) = 48? - 2... (7.98) 

Thus the complete solution of Eq. (7.78) may be written as 
f(y) = CH (E)Ha (Me EOP EP (7.99) 
where C is some constant; here m and n represent the transverse mode numbers 


and determine the transverse field distributions of the mode. The Hermite—Gauss 
functions satisfy the equation 
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[o.2) 
2 1 2 re) 
MH (Ee § ? = — / dé/Hn(E')e® 7? el 5 (7.100) 
J 20 


—oo 


If we use the fact that p(é) in Eq. (7.87) is a Hermite—Gauss function, then using 
Eq. (7.100) one readily obtains 


kR 1 
ke iM ie HR exp| i| 5 (m+ 5) =k (7.101) 


Similarly 


; kR 1\ az 
= “i s —ikR/2 = . 7.102 
t=i'VJie exp ik (+5) * || ( ) 


Thus from Eq. (7.85) we have 
sa 
o =«r = exp{—i[kR — (m+n +1) 5 || (7.103) 


Observe that |o| = 1 implying the absence of any losses. This can be attributed 
to the fact that, in our analysis we have essentially assumed the mirrors to be of 
extremely large transverse dimensions. 

Since the phase of o represents the phase shift suffered by the wave in half a 
round trip, one must have 


KR (m+n+1) 5 = qr, pao, (7.104) 


where q refers to the longitudinal mode number. Using k = 27 v/c, we obtain the 
frequencies of oscillation of the cavity as 


Cc 
Vnng = (24qg+m+n-+1) aR (7.105) 


Observe that all modes having the same value of (2g + m + n) would have the 
same oscillation frequency and hence would be degenerate. The frequency sepa- 
ration between two modes having the same value of m and n but adjacent values 
of gis 
c 
Avg = == 7.106 
a= 5p ( ) 
The frequency separation between two transverse modes corresponding to the same 
value of q is 
c 


Avim = Avn = 7 (7.107) 


which is half that between two consecutive longitudinal modes. 
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Fig. 7.27 Transverse 
intensity distributions 
corresponding to the three 
lowest order Hermite—Gauss 
modes 


In Fig. 7.27 we depict the transverse intensity distribution corresponding to the 
mode amplitude distributions given by Eq. (7.99). Figure 7.3 shows the photographs 
of the intensity distribution corresponding to different transverse modes of the res- 
onator. Observe that higher order modes extend more in the transverse dimension 
and hence would have higher diffraction losses. 

The field given by Eq. (7.99) is the field distribution in a transverse plane pass- 
ing through the pole of the mirror. The field distribution at any other plane can 
be derived by using the diffraction formula given in Eq. (7.72). Thus the field 
distribution midway between the mirrors would be 


iC 3 1 1 
fiuls,y) = eh? i - Hg Hat )exp| 56°) = 5 | 

x exp| —i (g? + £ — 288") — i(n? +n? — 2nn') | d8’dn/ 

_ get / Hy(é") exp |-5#74 aie vee’ | dé’ 
1 
x / H,(n') exp |-5974 +i)+ 2inn' di’ 
(7.108) 

Using the integral 


: Pp 
H, (axe? +2% dx = ./me” (1 = a)" 2 a (7.109) 
(1 = 02)? 


we obtain 


kR 
f(x,y) = C exp E ( - *)| exp |— (8? + 1”) | HV 26)HnV21) 
(7.110) 
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which shows that the phase along the transverse plane midway between the mirrors 
is constant. Thus the phase fronts are plane midway between the mirrors. From Eq. 
(7.99) it can also be seen that the phase front of the modal field distribution has 
a radius of curvature R which is equal to the radius of curvature of the resonator 
mirror. 


7.9 Modes of a General Spherical Resonator 


In Section 7.8 we showed that the transverse modes of a symmetric confo- 
cal resonator are Hermite-Gauss functions. In fact Hermite-Gauss functions 
describe the transverse modes of stable resonators formed using spherical mir- 
rors. In this section we consider a general spherical resonator and obtain the 
characteristics of the fundamental Gaussian mode and also obtain the stability 
condition. 

We consider a general spherical resonator consisting of two mirrors of radii of 
curvatures Rj and R2 separated by a distance d (see Fig. 7.28). The radius of cur- 
vature is assumed to be positive if the mirror is concave toward the resonator and 
negative if it is convex toward the resonator. We will now show that such a res- 
onator is stable or unstable depending on the values of Rj, Ro, and d and if the 
resonator is stable, then the fundamental transverse mode of such a resonator is a 
Gaussian. 


Fig. 7.28 A general 
spherical resonator 


In Chapter 2 we had shown that a Gaussian beam propagating along the 
z-direction and whose amplitude distribution on the plane z = 0 is given by 


ee 


2 
Wo 


u(x, y,0) = a exp | — (7.111) 


has the following electric field distribution at a plane z (see Eq. 2.51): 
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2.52 
u(x, y, 2% exp | = |-* (7.112) 
Chay) we (z) 
where 
Xr 
— (7.113) 
TT Wo 
7112 2 22 ie 
w (z) = wo [1+ 77] =wo |1+ 5G (7.114) 
TT" Wo 
= ket (249°) (7.115) 
2R(Z) 
1 n> wh 
RZ) =z aoe: =z/1l+ ee (7.116) 
Let the poles of the mirrors M, and M2 be at z = z} = —d) and at z = z2 = +d)p, 


respectively. We are assuming the origin somewhere between the mirrors so that 
both d, and d2 are positive quantities. Thus the distance between the two mirrors is 
given by 


d=d,+d) (7.117) 
Now, for the Gaussian beam to resonate between the two mirrors, the radii of 


the phase front (at the mirrors) should be equal to the radii of curvatures of 
the mirrors: 


a a 
Ri =—-d and Ry =d+ — (7.118) 
d, dy 


where a = 1° w4 /. In such a case, the Gaussian beam would be normally incident 
on the mirrors and hence will retrace its path to the other mirror where it is normally 
incident. Thus such a Gaussian beam can resonate in the resonator and would form 
a mode of the resonator. 

With the sign convention mentioned earlier, for the type of mirrors shown in 
Fig. 7.28, both R; and R2 are positive. Thus 


a = d; (Ri — d) = dz (R2 — do) (7.119) 
If we use the relation dz = d— dj , we would readily get 


R= ae Ri —dd 
i Oe st ee (7.120) 
R, + Ro — 2d R, +R2 — 2d 


We define 
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1 Z d 1 z (7.121) 
=1-—— an =1-— : 
§1 Ri §2 Ry 
From the above equations we may write R} = — and R2 = a and we 
obtain 7 
1—g\)d 1—go)d 
in ga (ls) ad ga! (1 = g2) (7.122) 


gi +82 — 28189 ~ gi t.g2 — 2g182 


Thus (see Eq. 7.119) 


a =d) (Ri — d) 
_ g1g2d? (1 — g1g2) (7.123) 
(g1 + g2— 28192) 


2 4 
Wo 
22 


Since, a = * we get for the spot size at the waist 


2 dd 
Wo g1g2 (1 — 8182) (7.124) 


(gi + g2 — 28182) 


For wo to be real we must have 0 < gig2 < 1, or 


(a) (-#) 
0o<{1-— 1—-—]<l (7.125) 
Ri Ro 


where R; and R> are the radii of curvatures of the mirrors. The above equa- 
tion represents the stability condition for a resonator consisting of two spher- 
ical mirrors. Figure 7.2 shows different resonator configurations. Figure 7.29 
shows the stability diagram and the shaded region correspond to stable resonator 
configurations. 

The spot sizes of the Gaussian beam at the two mirrors are given by 


7s >| 2 (7.126) 
mz V gi Ud — g1g2) 

fos (7.127) 
mY go(1 — g182) 


Since most of the energy in a Gaussian beam is contained within a radius of about 
twice the beamwidth, if the transverse dimensions of the mirrors are large compared 
to the spot sizes at the mirrors, then most of the energy is reflected back and the loss 
due to diffraction spill over from the edges of the mirrors is small. It can be easily 


and 
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Fig. 7.29 The stability diagram of spherical mirror resonators. The shaded region corresponds to 
stable resonators 


seen from Eqs. (7.126) and (7.127) that when g1g2— 0 or g1g2— 1, w(z1) or w(z2) 
both become very large and our analysis would not remain valid. 


Problems 


Problem 7.4 A Fabry-Perot (F.P.) etalon made of glass of refractive index 1.5 and having faces of 
reflectivities of 0.9 each is used inside a laser resonator cavity having a gain medium with a bandwidth 
Av~ 10 GHz. What thickness would you choose so that the F.P. etalon, placed perpendicular to the cavity, 
can lead to single longitudinal mode operation of the laser? 


Problem 7.5 I wish to make a resonator in which one of the mirrors is a convex mirror of radius of 
curvature | m. If the length of the resonator is to be | m, what type of mirror (plane, convex or concave) 
and what radius of curvature will you choose so that the resonator is stable? 


Problem 7.6 A gas laser of length 20 cm oscillates simultaneously in two adjacent longitudinal modes 
around a wavelength of 800 nm. Calculate the wavelength spacing between the modes and estimate the 
coherence length of the laser. 


Problem 7.7 Consider a symmetric spherical resonator consisting of two concave mirrors of radii of 
curvature | m and separated by 20 cm operating at 1 jum. What will be the angle of divergence of the 
laser beam (oscillating in the fundamental mode) emanating from such a laser? 
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Problem 7.8 Consider a resonator shown below: 
R=1m Rz=oo 


mm — _ 75cm ——> 


Given that; Aj = 1 xm 


(a) Obtain the transverse intensity distributions of the fundamental mode at the position of the two 
mirrors 

(b) If both the mirrors are partially reflecting which beam (one coming from the right and the other 
coming from the left) would have a larger diffraction divergence and why? 

(c) If the same resonator is used for oscillation at 1.5 jum by what approximate factor would the 
diffraction divergence of the beam at 1.5 j1m increase or decrease compared to | jxm? 


(d) For what range of mirror separation will the above resonator be stable. 


Problem 7.9 The length of a laser resonator oscillating in a single longitudinal mode varies randomly by 
20 nm from the equilibrium position. Assuming d = 10 cm and 9 = 500 nm, calculate the corresponding 


variation in the frequency of oscillation of the laser. 


Problem 7.10 A He-Ne laser with a gain tube of length 10 cm and a mirror separation of 40 cm oscillates 
over a bandwidth of 1.5 GHz. Estimate the shortest pulse that can be generated by mode locking such a 
laser. What is the duration of each pulse and the pulse repetition frequency. 


Problem 7.11 The gain coefficient (in m!) of a laser medium with a center wavelength of 500 nm 
depends on frequency through the following equation: 


2 
yo) =romeso|-4{"=2} 
Av 


where vg is the center frequency, y(vg)= | m-! and Av = 3 GHz. The length of the laser cavity is 1 m 
and the mirror reflectivities are 99% each. Obtain the number of longitudinal modes that will oscillate in 
the laser. Neglect all other losses in the cavity. 


Problem 7.12 Shown below is the output power from a mode-locked laser as a function of time: 


(a) What is the length of the laser resonator? (Assume the refractive index of the medium within the 
cavity to be unity). 

(b) What is the approximate number of oscillating modes? 

(c) What would be the average output power if the same laser operates without mode locking? 


(d) What should be the frequency of the loss modulation for mode locking? 
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Problem 7.13 The cavity of a 6328 A He-Ne laser is 1 m long and has mirror of reflectivities 100 and 
98%; the internal cavity losses are negligible (a) if the steady-state power output is 10 mW, what is the 
energy stored in the resonator (b) What is the linewidth of the above passive cavity. (c) If the oscillating 
band width is 1500 MHz, how many longitudinal mode would oscillate? 


Problem 7.14 Limiting apertures are used to suppress higher order transverse mode oscillation. Consider 
a Gaussian beam of waist size wo = 0.5 mm and a total power of 1 mW. An aperture of radius | mm is 
introduced at the position of the waist. Calculate the power which goes through the aperture. 


Problem 7.15 What is the approximate angular divergence of the output beam from a He-Ne laser 
(operating at 6328 A) having a 1 m long confocal cavity? 


Problem 7.16 The Gaussian beam coming out of a 100 cm long symmetric spherical resonator oscillating 
at a wavelength of 1 zm has an angular divergence of 0.06° of arc. Calculate the radius of curvature of 
the mirrors. 


Problem 7.17 Consider a He-Ne laser with Doppler broadened linewidth of 1700 MHz. What should be 
the length of the resonator cavity so that only a single longitudinal mode would oscillate? 


Problem 7.18 The cavity of a 6328 A He-Ne laser is 1 m long and has mirror of reflections 98 and 100%; 
the internal cavity losses being negligible. If the steady-state power output is 35 mW, what is the steady 
state photon number in the cavity? 


Problem 7.19 Consider a confocal resonator of length 1 m used for a He-Ne laser at A = 6328 A. 
Calculate the spot size at the resonator center and at the mirrors. If the total power in the laser beam is | 
mW, calculate the intensity of the beam on the axis as it comes out of the laser. 


Problem 7.20 Consider a laser of resonator length 100 cm and oscillating at a frequency of 3 x 10/4 Hz. 
Calculate the variation in the cavity length that will lead to a frequency fluctuation of 1 kHz 
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Problem 7.21 A stable resonator is to be made using a convex mirror of radius of curvature | m and a 
concave mirror of radius of curvature 0.5 m. What is the condition on the separation so that the resonator 
is stable? 


Problem 7.22 Consider a resonator consisting of a convex mirror of radius of curvature | m and a concave 
mirror of radius of curvature 0.5 m. Take a separation between the mirrors so that the resonator is stable. 
Obtain the position of the waist of the Gaussian mode. A = 1 pm. 


Problem 7.23 Consider a laser with a resonator consisting of mirrors of reflectivity 100 and 98%, oscil- 
lating in a single longitudinal mode; the length and width of the resonator are 20 and 1 cm, respectively. 
There are no intrinsic losses in the laser resonator. The laser is oscillating in steady state with a fre- 
quency wg, which corresponds to the peak of the lineshape function g(@). A monochromatic wave at 
a frequency [wo + (Aw/2)], where Aw is the FWHM of the lineshape function, passes perpendicular 
through the laser (see figure). Will the wave (at frequency [wp + (Aw/2)] get amplified or attenuated ? 
Obtain the corresponding amplification/attenuation factor for the intensity of this wave, in going across 
the laser. 


SLLLLLLLLLA, 
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Problem 7.24 Consider a resonator made of a concave mirror of radius of curvature 20 cm, and silvered 
thin plano-convex lens, as shown in the figure. The focal length of the unsilvered plano-convex lens is 
20 cm. For what values of d will the resonator be stable? 


R, 
| ( 


<$$£$——______—. ¢ ——_________» 


R 
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Problem 7.25 The cavity of a 6328 A laser is 1 m long and has mirror of reflectivities 100 and 98%, 
with negligible internal cavity losses (a) what is the cavity lifetime? (b) If the output of the laser is 50 
mW, calculate the energy inside the cavity. (c) What is the value of the gain coefficient required to reach 
threshold for laser oscillation? 


Problem 7.26 A Fabry—Perot interferometer with mirrors of reflectivity 90% and separated by a distance 
his kept inclined at 45° with the axis of the laser within the cavity of a He—Ne laser. If the gain bandwidth 
of the laser is 1 GHz, what is the condition on h so that only one longitudinal mode can oscillate? Are 
there any other conditions that need to be satisfied so that the laser oscillates? 


Problem 7.27 There are 10!! photons in the cavity of an Ar-ion laser oscillating in steady state at the 
wavelength of 514 nm. If the laser resonator is formed by two plane mirrors of reflectivities 100 and 
90%, separated by a distance of 50 cm, calculate the output power and the energy inside the cavity.[Ans : 
Po = 1.22 W,E = 38nJ]. 


Problem 7.28 State whether resonators made with the following mirror pairs are stable or not? 


(a) Ry =00, Ro = 20cm, d= 25 cm 
(b) Ry = 20cm, Rp = 20 cm, d= 40 cm 
(c) Ry = 20cm, Ro = -20 cm, d= 15cm. 


Problem 7.29 When a laser oscillates, the emerging transverse field distribution is characterized by a 
Hermite—Gaussian distribution: 


Wo 
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e 
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These correspond to the various modes of oscillation of the laser. The fundamental mode corresponds 
to m= 0, n = 0 and has a Gaussian field distribution. Obtain the Fraunhofer diffraction pattern of such a 
field distribution. 


Problem 7.30 In a ruby crystal, a population inversion density of (V2 -—N ,)=5 x 10!7 cm™ is generated 
by pumping. Assuming g(vg) = 5 x 10-!2 5, tsp = 3 Xx 10-3 s, wavelength of 694.3 nm and a refractive 
index of 1.78, obtain the gain coefficient y(vg). By what factor will a beam get amplified if it passes 
through 5 cm of such a crystal? 

[Ans: 5 x 10 cm, 1.28] 


Problem 7.31 The longitudinal mode spectrum of a passive resonator consisting of plane mirrors having 
one mirror of reflectivity 98% is shown below. 


(a) What is the length of the cavity? (1.5 m) 


(b) What is the reflectivity of the second mirror? (Assume ng = | and absence of any internal losses 
in the cavity) (95.8%). 


(c) If the cavity is filled with an amplifying medium having a single pass gain G, what is the threshold 
value of G to start laser oscillation? (1.03). 


(d) If for a given pumping rate, the output from the mirror having reflectivity 98% is 1 mW, what is 
the output from the other mirror? (2.12 mW). 
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Problem 7.32 The beam coming out of a laser resonator 50 cm long is seen to have an angular divergence 
of 1.1 min of arc and it is seen that the beam coming out of one of the mirrors is converging and reaches 
a minimum diameter at a distance of 10 cm from the mirror. Assuming the wavelength to be 1000 nm 


(a) Calculate the radii of curvatures of the mirrors. 
(b) Calculate the beam size at the two mirrors. 


(c) For what range of distance between the mirrors would the resonator be stable? 


Problem 7.33 A He-Ne laser of length 20 cm oscillates in two longitudinal modes. If the output of the 
laser is incident on a photodetector (a device which converts light into electrical current) whose output 
current is proportional to the incident intensity, what will be the time variation of the output current ? 


Problem 7.34 Consider a resonator consisting of a plane mirror and a concave mirror of radius of cur- 
vature R (see figure). Assume 4 = | xm, R = 100 cm, and the distance between the two mirrors to be 
50 cm. Calculate the spot size of the Gaussian beam. 


oO 


Solution 


2y4 1/4 
_ = Wo jAd|R re 4 
ead) at | m= mal lee 1 ~4x 10-"m= 0.4mm 


Problem 7.35 Show that a phase variation of the type exp [-i es ( + al (on the x—y plane) 


represents a diverging spherical wave of radius R. 


Solution For a spherical wave diverging from the origin, the field distribution is given by 


Now, on the plane z= R 


1/2 
r=|xety*+ R? 
74 1/2 
sey 
=ep R72 
KE 
wR 
i 2R 


where we have assumed |x|, |y| << R. Thus on the plane z = R, the phase distribution (corresponding to 
a spherical wave of radius R) would be given by 
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Thus, a phase variation of the type exp [-i te ( + v7) |(on the xy plane) represents a diverging 


spherical wave of radius R. Similarly, a phase variation of the type exp [+ite (2 + y)| (on the x—y 
plane) represents a converging spherical wave of radius R. 


Problem 7.36 The output of a semiconductor laser can be approximately described by a Gaussian 
function with two different widths along the transverse (wy) and lateral (wz) directions as 


x2 y2 
ee 2: 4 


WwW fa Ww T 


where x and y represent axes parallel and perpendicular to the junction plane. Typically wr ~ 0.5 pm 
and wy = 2 pm. Discuss the far field of this beam (see figure below). 


Solution 
2, 2 
a x y id 
u(x, y,Z) = — exp e 
VC + iyr) 1 + iyz) wt | 
Thus 
I 2x? 2y? 
1(x,y,2) = 0 exp — 
(1+ 72) (142) tat Mae 
where 
1/2 
2 2\1/2 22 : Az 
wy (z) = wr (1 t ve) =wr|l¢4 ia x (for large z) 
TW WT 
and 


1/2 

2 2\ 1/2 es Az 

W5(z) = WL (1 t ve) =w|14 72,4 ~~) = (for large z) 
& 


Problem 7.37 The output of a He-Ne laser (A = 6328 A) can be assumed to be Gaussian with plane 
phase front. For wo = 1 mm and wo = 0.2 mm, calculate the beam diameter at z = 20 m. 
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Solution The beam diameter is given by 


1/2 
91/2 y2g2 7! dz 
2w = 2wo [1 +y?| =m 1+ 55] wy=—5 


= 16.23 > 2w © 0.83cm 


For wo = 0.2 mm = 0.02 cm and with same values of 4 and z 


222 


1s 2 w4 


=~ 10143 > 2w = 4.0cm 


The above results show that the divergence increases as wo becomes smaller. 


Chapter 8 
Vector Spaces and Linear Operators: 
Dirac Notation 


8.1 Introduction 


In this chapter we will introduce Dirac’s bra and ket notation and also discuss the 
representation of observables by linear operators. By imposing the commutation 
relations, we will solve the linear harmonic oscillator problem which will be used 
in the next chapter to study the quantized states of the radiation field. Here, we will 
discuss only those aspects of the bra and ket algebra which will be used later on. For 
a thorough account, the reader is referred to the classic treatise by Dirac (1958a). 


8.2 The Bra and Ket Notation 


A state of a system can be represented by a certain type of vector, which we call a 
ket vector and represent by the symbol | ).! In order to distinguish the ket vectors 
corresponding to different states, we insert a label; thus, the ket vector (or simply 
the ket) corresponding to the state A is described by the symbol |A). The kets form 
a linear vector space implying that if we have two states described by the kets |A) 
and |B), then the linear combination 


C, |A) + C2 |B) (8.1) 


is also a vector in the same space; here C; and C? are arbitrary complex numbers. 
The state |P) = C; |A) represents the same state |A); thus, if a ket is superposed on 
itself, it corresponds to the same state. Further, to quote Dirac (p.16) 


...each state of a dynamical system at a particular time corresponds to a ket vector, the 
correspondence being such that if a state results from the superposition of certain other 
states, its corresponding ket vector is expressible linearly in terms of the corresponding ket 
vectors of the other states, and conversely. 


The conjugate imaginary of a ket vector |A) is denoted by (A| and is called a bra 
vector (or simply a bra). The scalar product of |A) and (B| is denoted by (B|A), 


'The analysis will be based on the book by Dirac (1958a). 
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which is a complex number. Further 


(B|A) = (A|B) (8.2) 


where (B|A) denotes the complex conjugate of the scalar product. If we put 
|B) = |A), we obtain from Eq. (8.2) that (A |A) should be a real number. We further 
impose that 


(A|A) > 0 (8.3) 
the equality sign holds if and only if |A) = 0, i-e., |A) is a null vector. 


The bra corresponding to C|A) is denoted by C* (A| where C is a complex 
number and C* its complex conjugate. A ket |A) is said to be normalized if 


(A|A) =1 (8.4) 
and the two kets are said to be orthogonal to each other if 

(A |B) =0 (8.5) 
We may mention here the relationship between the Schréddinger wave functions 
developed in Chapter 3 to the bra and kets developed in this section. If |W) and 


|®) represent the kets corresponding to the states described by the wave functions 
w (r) and g (r), respectively, then 


(o|w) -fe (r) y (x) de = (1) (8.6) 


8.3 Linear Operators 
Let & be a linear operator which, acting on |A), produces |B): 
& |A) = |B) (8.7) 


The hat on @ represents the fact that & is an operator. If |B) = 0 for all possible |A), 
then @ = 0, i.e., & is a null operator. The operator is said to be linear if 


& (Ci |A) + Cz |B)) = Cia |A) + Coe |B) (8.8) 


where C; and C2 are any complex numbers and |A) and |B) are arbitrary kets. Two 
linear operators @ and £ are said to be equal if 


(A| @|A) = (Al BIA) (8.9) 
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for any |A). The addition and multiplication of two linear operators @ and B are 
defined through the equations 


(@ +B) 1A) = 414) + BIA) 


{aA} a =8 (A | for any |A) (8.10) 


An operator @ acting on the bra (A| results in (A|@ and is defined through the 
equation 


{ (Al a} |B) = (A| {@ |B) } for any |B) (8.11) 
The adjoint of the operator @ is denoted by &* and is defined through the following 
equation: 
(Al &" |B) = (B| &|A) (8.12) 
where (B| & |A) is the complex conjugate of the number (B| & |A). Now 
(Ala 1B) = (Al Bt 1B) 5 (8 =a") 


= (Bl BIA) 
_ (B] & |A) (8.13) 


because the complex conjugate of the complex conjugate of a number is the original 
number itself. Since the above equation holds for arbitrary |A) and |B), we must have 


at=a& (8.14) 


implying that the adjoint of the adjoint of an operator is the original operator itself. 
If @' = a, then @" is said to be a real or a Hermitian operator. 
Let & |A) = |P), then 


(Al @" |B) = (B| &@|A) = (BIP) 


: (8.15) 
= (P |B) [using Eq.(8.2)] 
Since the above equation is valid for arbitrary |B) we have 
(P| = (Al &' = conjugate of & |A) (8.16) 


We next consider two linear operators @ and B whose adjoints are denoted by @* 
and £', respectively. Let 


|P) = &@B |A) (8.17) 
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then 
(P| = (Al (@B)" (8.18) 


Further, if |Q) = B |A), then |P) = @|Q) and 


(P| = (Q| a" = (Al pra! (8.19) 
Thus 
(ap)' = prat (8.20) 
and, in general, 
(@by...)' =--- pi Brat (8.21) 


It may be mentioned that the quantity 


|P) (Q| (8.22) 


is a linear operator, because when it acts on the ket |A) it produces the ket 
C |P) (8.23) 


where C = (Q|A) is acomplex number. However, operations like |P) |Q) or (Q| (P| 
or @ (Q| (where a is a linear operator) are meaningless. 

The bras and kets follow the same axiomatic rules as row and column matri- 
ces, and linear operators follow the axiomatic rules of a square matrix. Thus the 
multiplication of a row matrix by a column matrix (cf. (B| A)) gives a number, 
and multiplication of a column matrix by a row matrix (cf. |A) (B]) gives a square 
matrix. The multiplication of a square matrix by a column matrix (cf. @ |P)) gives 
another column matrix, whereas multiplications of a square matrix by a row matrix 
(cf. & (P|) or of two column matrices (cf.|P) |Q)) are meaningless. 


8.4 The Eigenvalue Equation 


The equation 
a |P) = a|P) (8.24) 
where a is a complex number, defines an eigenvalue equation; |P) is said to be an 


eigenket of the operator @ belonging to the eigenvalue a. We premultiply Eq. (8.24) 
by (P| to obtain 


(P| @|P) =a(P|P) (8.25) 
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If we assume & to be a real operator, then by taking the complex conjugate of both 
sides we get 


a* (P|P) = (P|@|P) = (P|a! |P) = (P|&|P) = a (P|P) (8.26) 


where we have used Eq. (8.14) and the fact that @* = @. Since (P|P) is always 
positive (unless |P) is a null ket — which corresponds to the trivial solution) we 
obtain that ais a real number. Thus, all eigenvalues of a real linear operator are real. 
We next show that eigenkets (of a real linear operator) belonging to different 
eigenvalues are necessarily orthogonal. The conjugate of Eq. (8.24) gives us 


(P|\a =a* (P| =a(P| (8.27) 


because a is just a real number. Now, if |Q) is another eigenket of & belonging to 
the eigenvalue b then 


& |Q) = b|Q) (8.28) 


Thus, postmultiplying Eq. (8.27) by |Q) and premultiplying Eq. (8.28) by (P| we get 


(P| @|Q) = a(P|Q) = b (P|Q) (8.29) 

Since b £ a, we get 
(P|Q) =0 (8.30) 
implying that two eigenkets of a real linear operator (belonging to different eigen- 
values) are orthogonal. Further, if |P;) and |P2) are eigenkets of @ belonging to the 
same eigenvalue a, i.e., 
@|P})=a|P;) and &|P2) =a|P2) 
then 
& (Ci |P1) + Cz |P2)) = a (Cy |Pi) + C2 |P2)) 

implying that the ket C; |P1:) + C2 |Pz2) is also an eigenket belonging to the same 


eigenvalue a. Consequently, we can always choose appropriate linear combinations 
so that the eigenkets form an orthonormal set. 


8.5 Observables 


We assume that all measurable quantities (like position, momentum, energy) can 
be represented by linear operators. Further, if one makes a precise measurement of 
such a quantity, one gets one of the eigenvalues of the corresponding linear operator. 
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The operator corresponding to the observable must be real (Hermitian) because the 
result of measurement of any observable must be a real number; however, not every 


linear operator need to correspond to an observable. Finally, if a system is in a state 
described by |P), then the expectation value of an observable @ is given by 


(a) = (P| &|P) (8.31) 

The above equation may be compared with Eq. (3.101). And, if |P) is such that 
|P) = Cy |a1) + C2 |r) (8.32) 
where |a1) and |@2) are the normalized eigenkets of & belonging to the eigenvalues 
a, and a2, respectively, then a measurement of an observable represented by the 


operator & on |P) would lead to either a; or a2 with probabilities |C 1[° and |C)|’, 
respectively; here we have assumed |P) to be normalized (i.e., (P|P) = 1) implying 


ICi? + [C27 = 1 (8.33) 
In general, if the system is in any state then a measurement of @ will definitely lead 


to one of its eigenvalues. Thus any ket |P) can be expressed as a linear combination 
of the eigenkets of the observable: 


IP) = )° Cy lon) (8.34) 


implying that the eigenkets of an observable form a complete set. 


8.6 The Harmonic Oscillator Problem 


In Section 3.2 we solved the Schrédinger equation for the linear harmonic oscillator 
problem. In this section we will use Dirac algebra to solve the harmonic oscillator 
problem for which the Hamiltonian is given by 


fre - £ seo (8.35) 
Since H, Pp, and X are observables, 
A=, p=p, z= (8.36) 


Further, the operators x and p will be assumed to satisfy the commutation relation 
(see Section 3.6): 


[3p] = Sp — p = ih (8.37) 
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Our objective is to solve the eigenvalue equation 

A |H'\ =H" |A’| (8.38) 
where | H’ } is the eigenket of the operator A belonging to the eigenvalue H’. 


It is convenient to introduce the dimensionless complex operator 


is 1 a 
a= mba (m Ox + ip) (8.39) 


The adjoint of a would be given by 


i I 
(i ——! 
(2mhw)!/? 


(max ip) (8.40) 


where we have used Eq. (8.36). In terms of the above operators 


hoaa’ = x (mak + ip) (mwk — ip) 


1 
= [ma?s? +p? — imo (xp — #4) (8.41) 
2m 
x 1 
Sf 
5) (42) 


where we have used Eqs. (8.35) and (8.37). Similarly 


~ 1 
hoa'a = H — sho (8.42) 

Thus 

7 1 ata | nat 

A= he (a a+ 48 ) (8.43) 

a 

and 

ase [a a] = (8.44) 
From Eq. (8.41) 

ee ae ee 
hwaa'a = Ha+ goa (8.45) 


and from Eq. (8.42) 


. 1 
hoaa'a = aH — shea (8.46) 
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Thus 
af — fa = [2.4] = fiw (8.47) 
Similarly 
a= He) = [@. a] = —fiwat (8.48) 
Let 
|P) = a|H’) 


where |H : } is an eigenket of H belonging to the eigenvalue H’ [see Eq. (8.38)]. Then 


ho (P|P) = ho(H'| a'a|H’) 


=(H'|H- she |H’) [using Eq. (8.42)] 


= (u = she) (H’|H’) [using Eq. (8.38)] 


But (P|P) and (H’ |H’ } are positive numbers [see Eq. (8.3)] and therefore 


H'> she (8.49) 
and H’ = sho if and only if |P) = a |") = 0 (conversely, a |") is also a null ket 
only when H’ = 1 hw). That H’ should be positive follows from Eq. (8.35) and the 
fact that the expectation values of %* and p” should be positive or zero for any state 
of the system. 

Next, let us consider the operator Ha operating on |H : I 


Ha |H') = (aft — hea) \H’) 
= (4H' — hwa) |H’) (8.50) 
= (H' — ho) a |H’) 


Thus, if |’) is an eigenket of H then @ |H’\ is also an eigenket of H belonging to the 
eigenvalue H’—hw provided, of course, a |H i } is not a null ket, which will occur only 
if H’ = sho. Thus if H’ 4 she, H' — hw is also an eigenvalue (provided @ |H’) A 
0). Similarly if H’—hw # sha then H’—2ha is also an eigenvalue of H. We can thus 
say that H’—hw, H’ —2ho,... are also eigenvalues provided a |’ ,da |") ,.. are 
not null kets. This, however, cannot go on indefinitely because it will then contradict 


shoo) = 0. 


Eq. (8.49). Further, it can terminate only at H’ = sho because then a 
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Now, using Eq. (8.48) 
Ha |’) = (aft + hw) |H 
= (at + haa) |x (8.51) 
= (H' + ho) a‘ |H’) 
implying that (H’ + hw) is another eigenvalue of A, with a‘ |H’ ) as the eigenket 


belonging to it, unless a’ |H’ } = 0. However, a’ |H’ } can never be equal to zero, 
since it would lead to 


0 = haaa' |H"\ = (a+ a) |’) [using Eq. (8.41)] 


1 
= ( H'+ —hw | |H’ 
(H+ jhe) [a 
giving H! = — she, which contradicts Eq. (8.49). Thus if H’ is an eigenvalue, then 
H' + ha is always another eigenvalue of H, and so are 


H'+2ho, H’'+3ha,... 


Hence the eigenvalues of the Hamiltonian for the linear harmonic oscillator 
problem are 


7 
h h h ho,... 2 
zie, Qo, 5 fe, 5 fe, (8.52) 
extending to infinity, which is the same as obtained in Section 3.2. 


We now relabel the eigenfunctions with the index n; thus |) denotes the 


eigenfunction corresponding to the eigenvalues (n + 5) ha: 


‘ 1 
fain) = (n+ 5) hein n=0, 1, 2,3,... (8.53) 


The eigenkets corresponding to different eigenvalues will necessarily be orthogonal. 
We assume that the states |7) are normalized, so that 


(m|n) = bmn (8.54) 
Further, since |0) corresponds to H’ = sho, we must have 


a|0) =0 (8.55) 
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Now, for n = 1,2,3,..., a |n) is an eigenket of A belonging to the eigenvalue 
n— sho [see Eq. (8.50)]; therefore a |n) must be a multiple of |n — 1): 


a|n) = a, |n — 1) (8.56) 


In order to determine a, we calculate the square of the length of a |n): 


(n| GG |n) = lanl? (n— 1 [n— 1) = Jar, | 
But 
he (n| a'a|n) = (nl (a- sh) |n) 
= (n| (n+ 5) hao De |n) 
2 2 
= nho (n\n) = nho 
Thus 
[nr =n 
and therefore 
a |n) = J/n|n—1) (8.57) 
Similarly 
a’ |n) = Jn +1\n+1) (8.58) 


Thus, if |0) denotes the ground-state eigenket, then 


at + 3 
a 

1) = —0), |2)= 0) = 0), |[2)= O) sexs 
|1) A |2) 0) 10), [2) 0) 


and, in general, 


(a‘)" 
|n) = Jal |0) (8.59) 


We can think of an excited state |n) of the oscillator as containing n quanta of energy 
ha in addition to the zero-point energy of sho. The operator G", according to Eq. 
(8.58), creates a quantum of energy; and, therefore, a’ is called the creation operator. 


Similarly, the operator a, according to Eq. (8.57), annihilates a quantum of energy, 
and therefore, @ is called the annihilation or destruction operator. 
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8.6.1 The Number Operator 


Consider the operator 


Nop = ata (8.60) 
Using Eq. (8.42) we may write 
A ~ 1 
H= (Wow + ;) ha (8.61) 
Since 
a 1 
H|n)= (: + 5) ho |n) (8.62) 
we have 
1 
hw (a + 5) |n) = (: + ;) ho |n) 
or 
Nop In) = nn) (8.63) 
Thus |7) are also the eigenkets of Now, the corresponding eigenvalue being n, and 
since n takes the values 0, 1, 2,..., the operator Nop is called the number operator. 
Obviously 
(m| NG |n) = Nbinn (8.64) 


8.6.2 The Uncertainty Product 


The quantities Ax and Ap, which represent the uncertainties in x and p, are defined 
through the equations 


Ax = ((#} - ap) (8.65) 
Ap = ((é°) - lay) (8.66) 


where (x?) represents the expectation value of %*, etc. We will calculate the expec- 
tation values of x, x, etc., when the harmonic oscillator is in the state |n). Now 


1/2 
(n|X|n) = (=) (n| (4+ 4") |n) [using Eqs. (8.39) and (8.40)] 
A \1/2 
=(5) [va (nln 1) +n (nin + 1)] (8.67) 


[using Eqs. (8.57) and (8.58)] 


=0 [using Eqs. (8.54)] 
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and 
(nl 32 [n) = ((n] jn) + (nl Ga" Jn) + (nl Gan) + (n'a [n)) 
= (0+ (n+ 1)4+n+0] 
2mw 
_ A 4 1 
~ ma 7 2 
Thus 
h 1 
Ax = ,/—|[n+-= (8.68) 
ma 2 
Similarly 
(n| p|n) = (8.69) 
and 
1 
Ap = ¥/ (n| p? |n) = .J moh (x + 5) (8.70) 
Thus 
1 
AxAp = (: + 5) A (8.71) 


The minimum uncertainty product (= 5h occurs for the ground state (n = 0). The 


result given by Eq. (8.71) is consistent with the uncertainty principle. 


8.6.3 The Coherent States 
Consider the eigenvalue equation 

a|a) =a |a) (8.72) 
where a is the annihilation operator defined through Eq. (8.39). The eigenkets 
defined by Eq. (8.72) are known as the coherent states.” In this section we will 


study some of the properties of the coherent states; these properties will be used in 
Chapter 9. 


2In Section 9.4 we will show that when a laser is operated much beyond the threshold, it generates 
a coherent-state excitation of the cavity mode. It is left as an exercise for the reader to show that 
the operator @ cannot have any eigenkets and similarly @ cannot have any eigenbras. 
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Since the eigenkets of an observable form a complete set, we expand |a) in terms 
of the kets |n): 


yan (8.73) 
n=0,1... 
Now 
[o.@) 
Gla) = S° Cpa |n) = > Ca/n |n — 1) (8.74) 
n=1 
Also 
Gla) =a |e) =a) °C, |n) (8.75) 
Thus 
o (Co JO) + Cy |1) +++ -) = Cy |0) + CyvV2 |1) + C3V3 |2) + 
or 
aC a 
KSaty. Ge ol = oo 
C2 oa 
C3 = a— = —C,... (8.76) 
J3 V3! 
In general, 
q” 
C, = wie (8.77) 
Thus 
q” 
lo) = C |n) (8.78) 
0 - Val 


If we normalize |a), we would get 


1= (a|a) = |Co|* ae nm 


n m 


= 160? > ee = |Col? exp (la?) 
i 


or 


1 
Co = exp (-; al?) (8.79) 


within an arbitrary phase factor. Substituting in Eq. (8.78) we obtain 


1 n 
la) = exp (-; a”) La (8.80) 


214 8 Vector Spaces and Linear Operators: Dirac Notation 


Notice that there is no restriction on the value of q, i.e., a can take any complex 
value. Further, if |6) is another eigenket of @ belonging to the eigenvalue £, then 


2 
i 1 *N m 
I( |B)|2 = Jexp (-; i) exp (-; i?) ps Tm nim 


7 (8.81) 


(a* 2)" 
a n! 


n 


= exp (- la|? — |B)? +a*6 + ap") = exp (- la I) 


= exp (— le? — [6!’) 


Thus the eigenkets are not orthogonal (this is because a is not a real operator); they, 
however, become approximately orthogonal for large values of |a — A|*. Further, 
the kets |~) can be shown to satisfy the following relations: 


nla)? = - la)" exp (— la) (8.82) 
Ahn sh (8.83) 
where 
Ax = y (alla) — (alla)? (8.84) 
and 
Ap = y (al p2 la) — (el pla)? (8.85) 


Thus the uncertainty product Ax Ap has the minimum value (= 3h) for all 
coherent states. Indeed it can be shown that if we solve the eigenvalue equation 


x 1 oak 
av = mba) 72 (max + ip) w=aw (8.86) 


by replacing p by —ihd/ dx [see Eq. (3.9)] then the eigenfunctions would be 
displaced Gaussian functions and the uncertainty product is a minimum for the 
Gaussian function (see, e.g., Ghatak and Lokanathan (2004)). It may be pointed 
out that the ground state (n = 0) wave function for the harmonic oscillator problem 
is also Gaussian [see Eq. (3.54) with Ho (§) = 1]; the corresponding uncertainty 
product is a minimum [see Eq. (8.71) with n = O]. 
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8.7 Time Development of States 


Let us consider a system described by the time-independent Hamiltonian H. Let |n) 
represent the eigenkets of H belonging to the eigenvalue E,,: 


H \n) = E, |n) (8.87) 


Now, since the eigenkets form a complete set, we may express an arbitrary ket |) 
as a linear combination of |n): 


Iw) = >5 Cain) (8.88) 
n 
The constants C,, can be obtained by premultiplying the above equation by 
(m\W) = S2 Cy (min) = YS) Cr8inn = Cn (8.89) 
where we have used the orthonormality condition satisfied by the eigenkets. Thus 


Iw) = So In) (nly) (8.90) 


which may be rewritten as 


m= | tl (8.91) 


Since the above equation is valid for an arbitrary ket, the quantity inside the curly 
brackets must be the unit operator: 


Yo la) a= (8.92) 


Equation (8.92) is often referred to as the completeness condition. 

Next, we are interested in finding out how a system (described by the time- 
independent Hamiltonian A) will evolve with time, if the state of the system, at 
t = 0, is described by the ket |y (0)). Now, the ket |y (f)) (which describes the 
evolution of the system with time) would satisfy the time-dependent Schrédinger 
equation [Eq. (3.61)]: 


ina W(t) = |W) (8.93) 


Since the Hamiltonian is independent of time, we can “integrate” the above equation 
to obtain 


|W () = e HP Ly CO) (8.94) 
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where the exponential of an operator is defined through the power series: 
0 ~ Lan Laan 
e SiO s Or goo ri (8.95) 


That Eq. (8.94) is the solution of Eq. (8.93) can be immediately seen by direct 
substitution. Using Eq. (8.91), we obtain 


WY ()) = eh S™ In) (n|W O)) (8.96) 


n 


Replacing eth by the power series and using Eq. (8.87), we get 
[WW ()) = Soe n/F In) (n |W O)) (8.97) 
n 


We may use the above equation to study the time development of coherent 
states. Thus, 


_ _ 1 4 a” 
|W (0)) = |a) = exp (-; |a| ) » oi |n) (8.98) 
[see Eq. (8.80)]. Thus 
(n|W (0)) = (n|or) = (-5 1a) . 8.99 
n|W (0)) = (n|a) = exp —5 le Jak (8.99) 


Hence 


|W (t)) = exp (-; ja?) > Fal exp | i(n+ 5) or| |n) (8.100) 


where we have used the fact that 


Es (n+ ;) ho (8.101) 


8.8 The Density Operator 


Let |0), |1), |2),... form a complete set of orthonormal kets, i.e., 

(n|m) = bmn (8.102) 
and 

Yo In) (n| = 1 (8.103) 


n 
[see Eqs. (8.54) and (8.92)]. An arbitrary ket can be expanded in terms of |7): 
IP) = Cala), Ca = (n|P) (8.104) 
n 
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A state can be characterized by the density operator 6 defined by the following 
equation: 


p = |P) (P| (8.105) 


The trace* of an operator is defined to be equal to the sum of the diagonal matrix 
elements for any complete set of states; thus 


TrO = ) > (n| O|n) (8.106) 


where O is an arbitrary operator and 


Onm = (n| O|m) (8.107) 


is known as the (nm)th matrix element of the operator O with respect to kets 
10), |1),... being the basis states; the n = m terms represent the diagonal 
elements. Now 


Tr (IP) (Ql) = }5 (n|P) (Qn) 


n 


= >> (QIn) MIP) 


[because (n|P) and (Q|n) are complex numbers] 


= (Q| {Dim a |P) (8.108) 


n 


or 
Tr (IP) (Ql) = (Q|P) (8.109) 

where, in the last step, we have used Eq. (8.103). Thus 
Tro =Tr |P) (P| = (PIP) =1 (8.110) 


where we have assumed |P) to be normalized. Further, the expectation value of the 
operator O (when the system is in the state |P)) is given by 


(0) = (P|O|P) = )- (P|O|n) (n|P) [using Eq. (8.103)] 


= Se (n|P) (Pl a) |n) [because (n|P.) is a number] 
= > (n|/O|n) [using Eq. (8.105)] 


3 Abbreviated as Tr. 
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or 
(0) 7 (A 0) (8.111) 
Also 

Pam = (n|P) (P\n) = [Cul (8.112) 
implying that the diagonal matrix elements of the density operator represent the 

probabilities of finding the system in the basis states. 
Perhaps the most important application of the density operator is in the field 
of statistical mechanics where we consider a large number of identical systems, 
each system having a certain probability of being in a certain state. If wy, repre- 


sents the probability of finding the system in the state characterized by |), then the 
corresponding density operator is given by 


p= Dow [Y) (YI (8.113) 
wv 


where the summation is carried over all possible states of the system; the density 
operator contains all the information about the ensemble. Since 


Siwy = 1 (8.114) 
Ww 


we obtain 
Tr 6 =) wwTr |W) (Y| 
wv 


= Dowy (Yl) (8.115) 
wv 

= So ww = 1 
wv 


Equation of Motion of the Density Operator 
We calculate the time dependence of the density operator by differentiating Eq. 
(8.113) with respect to time: 


_ dé .d|W) =U 
p= h Ww W) | ih— (WU a iB 
in Dw! ao ele | 7 | (8.116) 
But 
d A 
ine |W) = A|W) (8.117) 


and taking its conjugate imaginary 


d F 
— ih (U| = (WI (8.118) 
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Thus 
_ dp . 
nt = wu [A y) (WL) (WA 
po ae (8.119) 
or 
pe as. [6 a] (8.120) 
dt , , 


8.9 The Schrédinger and Heisenberg Pictures 


While solving the linear harmonic oscillator problem in Section 8.6, we had 
assumed the observables x, p, and H to be real operators and independent of 
time. This is the so-called Schrédinger picture, and the time development of 
the ket describing the quantum mechanical system is obtained by solving the 
time-dependent Schrédinger equation: 


ine W(t) = A|W ()) (8.121) 


If the Hamiltonian is independent of time then we can “integrate” the above equation 
to obtain (see Section 8.7) 


|W (t)) = eh yy) (8.122) 


-ifiyh — ift 1 (iHt\ (ift\ ‘3 
e = ( " + al Fh ;, +E (8.123) 


Now, the expectation value of an observable characterized by the operator O is 
given by 


where 


(0) = (W()| O |W) (8.124) 


Next, let |) represent the eigenkets of the Hamiltonian H belonging to the 
eigenvalue E y, i.e., 


H |n) = Ey |n) (8.125) 
then [see Eq. (8.97)] 


LY () = de In) [(n |W O))I (8.126) 


Thus, in the Schrédinger picture, we may visualize the basis vectors (here |n)) as a 
fixed set of vectors and | (f)) (describing the system) as moving. 
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Now, if we substitute for |W (4)) from Eq. (8.126) in Eq. (8.124), we would get 


(0) = (W (0)| oti he .—ityh |W (0) 


(8.127) 
= (Y (0)| On ® |W ()) 
where the operator Ou (t) is defined by the following equation: 
On (t) = elt RG eit h (8.128) 


Equations (8.124) and (8.127) tell us that the expectation values remain the same 
if we endow the operator Ou (t) with the entire time dependence but assume that 
the kets are time independent. This is known as the Heisenberg picture (and hence 
the subscript H) in which operators representing the observables change with time 
but the ket describing the state of the system is time independent. From Eq. (8.128), 
we have 


wou = Pe e iA 4 seth HO = oft] eit h (8.129) 


where the first term on the right-hand side allows for any explicit time dependence 
of the operator. If there is no such explicit time dependence, we may write 


ie dOy (t) = [eitog | A Cae | (8.130) 
dt 
= On () H — HOg () (8.131) 
or 
,d0n@) _[- ; 
i [On (t), a] (8.132) 


The above equation is known as the Heisenberg equation of motion and gives the 
time dependence of an operator in the Heisenberg picture. 

If the Hamiltonian is assumed to be independent of time in the Schrédinger rep- 
resentation, then it is also independent of time in the Heisenberg representation: 


An (t) = ciflt/ hy (if h = cif h (ifthe =ff (8.133) 


It should be mentioned that if H had an explicit time dependence, the analysis would 
have been much more involved (see, e.g., Baym (1969), Chapter 5). 
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We next consider the operators @ and B , which, in the Schrédinger representation, 


satisfy the commutation relation 
(8.134) 


or 

ap — pa = ip (8.135) 

If we multiply on the left by e#/” and on the right by e~#”, we obtain 

eilttl hig pitt Figiflt/ h Beit) h_ pif h Beit hi giflt/ hg e-iHuh - jet hy iA h 
(8.136) 


where we have inserted e~!#/ Meith (= 1) between @ and £. Using Eq. (8.128), 


we get 
(8.137) 


[an ba | = thn © 


which shows the physical equivalence of Heisenberg and Schrédinger pictures. 
As an illustration we consider the harmonic oscillator problem. However, before 


we do so, we note that 
(8.138) 


[%,p"] = ihnp"! = ash 


and 
(8.139) 


a a = ee 
(p2"|= thnx” = hae 


Thus if P (P) and X (3) can be expanded in a power series in p and x, respectively, 


we will have 
[.P (@)] =e (8.140) 
and 
[p.X (x)] = ~in (8.141) 
Now for the harmonic oscillator problem 
(8.142) 


a2 a? 
P 1 9a _ A Pri) 1 ano 
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where we have used Eq. (8.133). Thus, using Eq. (8.132), 


tw) Ly, - dHy 1, 
= LO Me] = ao" = Pw © (8.143) 
and 
din) 1p, 9 1 _ OAH 29 
eee ee ese t 8.144 
a = x [bn 0B] = Se = morn) (8144) 


These are the Hamilton equations of motion (see, e.g., Goldstein (1950)). The 
solutions of the above equations are 


1 
xy (t) =X cos wt + —p sin wt (8.145) 
mo 
Pu (t) = —max sin wt + p cos wt (8.146) 


where * = Xy (t = 0) and p = py (t = 0) represent the operators in the Schrédinger 
representation. Further, 


an (t) = Sana [moxy (t)+ iby (| [see Eq. (8.39)] re 
= Ge io 
where @ = ay (t = 0). Similarly 
ai, () = aletio (8.148) 
where 
at = aj, (t = 0) (8.149) 


These relations will be used in the next chapter. 


Problems 


Problem 8.1 If |5) is an eigenket of an operator g with an eigenvalue 5, then (5| is an eigenbra of which 
operator and what is the corresponding eigenvalue? 


Problem 8.2 Consider a harmonic oscillator state given by the following superposition state: 


ly) =a |0) + BI) 


Normalize |y) and obtain the relationship between a and f. 
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Problem 8.3 Using the commutation relations between @ and a’ obtain the value of the commutator 


[4 at] ; 


Problem 8.4 A harmonic oscillator is in a superposition of number states as given by 


V3 


1 3 
= — |2) + — |3 
lv) 3 [2) + 5) 3) 
Obtain the expectation value of energy of the harmonic oscillator. 
Problem 8.5 Consider a harmonic oscillator in a number state |) with n = 10. (a) what is the uncertainty 


in the energy of the oscillator? (b) What are the variances of the position and momentum of the oscillator 
in this state? (c) Is this a minimum uncertainty state? 


Chapter 9 
Quantum Theory of Interaction of Radiation 
Field with Matter 


9.1 Introduction 


In this chapter we show that the electromagnetic field can be considered as an infi- 
nite set of harmonic oscillators, each corresponding to a particular value of the 
frequency, wave vector, and a particular state of polarization. Comparing with the 
quantum mechanical treatment of harmonic oscillators, we replace the generalized 
coordinates and generalized momenta by operators. By imposing the commutation 
relations between the canonical variables, it is shown that the energy of each oscil- 
lator can increase or decrease by integral multiples of a certain quantum of energy; 
this quantum of energy is known as the photon. Having quantized the field, we show 
that the state which corresponds to a given number of photons (also referred to as 
the number state) for a particular mode does not correspond to the classical plane 
wave. Indeed, we show that the eigenstates of the annihilation operator (which are 
known as the coherent states) resemble the classical plane wave for large intensities. 

In Section 6.3 we considered the interaction of the radiation field with matter 
using the semiclassical theory; i.e., we used a quantum mechanical description of 
the atom and a classical description of the electromagnetic field. In Section 9.6 we 
use the quantum mechanical description of the radiation field to study its interac- 
tion with an atom and thereby obtain explicit expressions for the Einstein A and B 
coefficients, which are shown to be identical to the one obtained in Chapter 6. We 
may mention here that the fully quantum mechanical theory automatically leads to 
spontaneous emissions which in the semiclassical theory had to be introduced in an 
ad hoc manner. Further, the theory also shows that the natural lineshape function is 
Lorentzian; this is explicitly shown in Appendix G. 

In Section 9.7 we show that it is difficult to give a quantum mechanical 
description of the phase of the electromagnetic field. 


9.2 Quantization of the Electromagnetic Field 


We start with Maxwell’s equations in free space 


oD JE 
V x H= — = e9— (9.1) 
at at 
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VxE = Ze (9.2) 
x HE = —-— = -—po— : 
ot er 
V-E=0 (9.3) 
V-B=0 (9.4) 


where we have assumed the absence of free currents and free charges; E, D, B and H 
represent the electric field, electric displacement, magnetic field, and magnetic H 
vector, respectively; ¢9 and jzo represent the permittivity and magnetic permeability 
of free space. From Eq. (9.4), it follows that B can be expressed as the curl of a 
vector: 


B=VxA=joH (9.5) 


where A is called the vector potential. Thus Eqs. (9.2) and (9.5) give us 


dA 
Vx (E+—)=0 (9.6) 
ot 
Hence we may set 
E+ Se Vo (9.7) 
at 
or, 
E=-V@¢ e (9.8) 
7 at 


where ¢@ is known as the scalar potential. Substituting Eq. (9.8) into Eq. (9.3), we 
get 


V-o+ ~ (V-A)=0 (9.9) 
Now, B is left unchanged if the gradient of any scalar quantity is added to A: 
A> A'=A4+Vx (9.10) 
where x is any scalar function.! We may choose y such that 


V-A=0 (9.11) 


' This is because V x (Vx) = 0 for arbitrary x. 
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This is known as the Coulomb gauge. The scalar potential then satisfies the equation 
V*@ = 0 and we may assume ¢ = 0 Thus, we finally obtain 


B=poH=VxA (9.12) 
and 
E= a (9.13) 
Ot 


Substituting for H and E in Eq. (9.1), we get 


V x (V x A) is (9.14) 
x x = —&0 10 — : 
0HO are 
If we now use the identity 
Vx(VxA)=V(V-A)—-VWA=-VA (9.15) 
(because V - A = 0), we finally obtain 
1 a7A 
VA = — 9.16 
c? or ae) 


where c[= (eo0)!/ =| represents the speed of light in free space. Equation (9.16) 
represents the wave equation. In order to solve the wave equation, we use the method 
of separation of variables: 


A(r,t) = A(n)q (ft) (9.17) 
Thus 
1 dq 
q(t) V7A (r) = A(r) age (9.18) 


We next consider a Cartesian component (say the x component) of A (1) which we 
denote by A, (r); thus 


2 2 
a ee ee 
re @. A, (r) = Oe =-a (say) (9.19) 


Thus 
cone er" (9.20) 
and 


V7A, (tr) + KA, (r) = 0 (9.21) 
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where 


N 


k= (9.22) 


| ‘S 


The solutions of Eq. (9.21) are plane waves; and similarly if we consider the y and 
z components, we obtain 


A(r)~ée*T, &@eT KT (9.23) 


where k = Xk, + Yky + 2k, andk-k = Kk? and é is the unit vector along A. The 
condition V - A = 0 gives us 


k-é€=0 (9.24) 


implying that é is at right angles to the direction of propagation k; this is nothing 
but the transverse character of the wave, the vector é denotes the polarization of the 
wave. For a given k there are two independent states of polarization. 

In free space all values of w are allowed and the total electromagnetic field is, 
in general, an integral over all possible frequencies and direction of propagation. 
In order to simplify the analysis, it is convenient to impose boundary conditions 
over a finite volume so that the frequency spectrum becomes discrete and the total 
electromagnetic field then can be written as a sum (rather than an integral) of various 
terms. It is then possible to let the volume of the region considered tend to infinity 
to go over to fields in free space. 

One can impose two types of boundary conditions; one in which the cavity is 
bounded by perfectly conducting walls and the other in which we apply periodic 
boundary conditions. The former leads to standing wave solutions, while the latter 
to propagating wave solutions. Here we consider a cube of side L and use periodic 
boundary conditions, i.e., assume that the fields on the sides facing each other to be 
equal. Thus we will have 


A (x«=0,y,z) =A (x=L,y,z), ete. (9.25) 
giving 
elkel = 1 = eibt = elk (9.26) 
Thus 
a 27 Vy 
L 
— = ON yyy. v, = 0, +1, £2,... (9.27) 
21 Vz 
k= 
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The complete solution of Eq. (9.16) is therefore given by 


[ee] 


AGD= Yo [mOAM+G 0 ALO] (9.28) 
A=—00 
where 
A.) =&e@T, gO =Iqal ei (9.29) 


and the subscript A signifies the various modes of the field [see (Eq. 9.27)] including 
the two states of polarization. Thus, a particular value of A corresponds to a particu- 
lar set of values of vx, Vy, vz (which implies a particular frequency) and a particular 
direction é. In Eq. (9.28), the second term on the right-hand side is the complex 
conjugate of the first term, making A necessarily real. We also assume that 


k_p => —ky, and Wj, = Wj) (9.30) 


Thus negative values of A in Eq. (9.28) correspond to plane waves traveling in 
opposite direction to the waves with positive values of 1. 
Because of the allowed values of k,, [see Eq. (9.27)], we readily obtain 


[ff a, dt = [ffs -A_,dt = Vou (9.31) 


where the integration is over the entire volume of the cavity. 
Using Eq. (9.28), we obtain the following expressions for the electric and 
magnetic fields: 


0A 
E=—-—= E 32 
- dX nl (9.32) 
1 
H=—VxA=) Hy (9.33) 
LO 5 
where 
E, = iw, [q, () Aa (0) — Gi AX @)] (9.34) 
and : 
i 


The total energy of the radiation field is given by 


1 
= / (eoE - E+ “oH - H) dr (9.36) 
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Now 


1 1 
50 f E -Edt =— 500 Deen |tade fas -A,dt — andj, f Aa -Aldr 
Vv Vv x 7 


—G4p / A,*- Aydt + q5qi / A,* -A;ar| 


1 
— =a FOr ) ) WO). Ou [aa qpn,—" = DG Or,m 
a oH 


—Gqu8a.u + GG 5r- | 


1 
— x60V ) 0% [naa t aha, - 20.47] 
Xr 


Similarly one can evaluate { H - Hd. The final result is 
1 1 2 2K ok * 
zHo | H-Hdr= 1580 2, o% [n.q-. + Gah + 2.45] 
r 


where use has to be made of the vector identity 
(a x b)- (c x d) = (a-c) (b- d) — (b-c) (a- d) 


and the relation 
kk = + = equow? 
Cc 
Thus 


H = 2eV orn OO 
Xr 


(9.37) 


(9.38) 


(9.39) 


(9.40) 


(9.41) 


We next introduce the dimensionless variables Q) (f) and P,, (t) defined through the 


equations 


QO. () = (eoV)'* [a 0+ GO] 
and 


1 


1/2 
P,() = = (eoVoz)” [n O- KO] 


(9.42) 


(9.43) 
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Thus 
ye 
g(t) = (4e0Ve2) [,.Q,, (t) + iP, (1)] (9.44) 
se 2 —1/2 . 
Gg, (= (4e0Vor) [,.Q), (t) — iPa (1)] (9.45) 
and 
H=) 0H, (9.46) 
Xr 
where” 
1 
Ha = 5 [Pi + e203] (9.47) 


The Hamiltonian given by Eq. (9.47) is identical to that of the linear harmonic oscil- 
lator [see Eq. (8.35) with mass m = 1] which suggests that the electromagnetic field 
can be regarded as an infinite set of harmonic oscillators with each mode (i.e., for 
each value of ky, and to a particular direction of polarization) being associated with 
a harmonic oscillator. Just to remind, the analysis carried out till now is completely 
classical. 

In order to quantize the electromagnetic field we use the same approach as in 
Section 8.6; we consider Q) and P,, to be Hermitian operators an and P,, satisfying 
the following commutation relations [cf. Eqs. (8.37) and (8.137)]: 


[2.0.8.0] = 207.0 -F.0 0.0 = in (9.48) 
[2.0 @]=0, a-2 (9.49) 
[2 0.0, 0] =0= [2.0.7.0] (9.50) 


2Notice that 


oH hd Rs ssi : 
a = oO) = wo, (eoV)'/? (a. +95) =i (eoVor) (4. -— G3) = —-Pi 
A 
Similarly 
dH) : 
i 


which are nothing but Hamilton’s equations of motion (see, e.g., Goldstein (1950)). Thus Q, and 
P,, are the canonical coordinates. 
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where all the operators are in the Heisenberg representation (see Section 8.9). We 
next introduce the dimensionless variables 


Gi, (0) = hon)? [ods © + iP] (9.51) 


a} (1) = he)? |and, © - iP, | (9.52) 


Since [n.d (t) + iP, (| is proportional to q,, (1) [see Eq. (9.44)] which has a time 
dependence of the form e (Ot we may write [cf. Eq. (8.147)] 


& (t) = ae (9.53) 
Similarly 
al @) = aj eto (9.54) 
where 
a =& (0) and a =a) (0) (9.55) 


Solving Eqs. (9.51) and (9.52) for on (t) and P, (t) we obtain 


: Rh \1/2 a ; 
a = (=~) [ao +4 0] (9.56) 
Wr 
7 ho, \'/? r ; 
Py () =i (=) [ai - 4 0] (9.57) 
Substituting the above expressions for Or (t) and Py, (t) in Eq. (9.47), we obtain 
n A 1 re A x 
A= ih, = Yo hen [a OH. 0 + & 4} 1] 
a a 
1 Rigg fae 
= shen [alan + a.€] (9.58) 
a 
Using the commutation relation between a and ail, we can write Eq. (9.58) as 
A= \~ hoy, | a,a, + ss 
r . s 


which is the quantum mechanical Hamiltonian operator of the total electromag- 
netic field. If we now carry out an analysis similar to that followed in Section 8.6, 
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we obtain 
1 
(» + ;) ha,, na =O, 1, 2,... (9.59) 


as the eigenvlaues of Ah, and 


(» Ae ; hen (9.60) 


Xr 


as the eigenvalues of the total Hamiltonian H (- H .) Thus, quantum mechan- 
a 


ically, we can visualize the radiation field as consisting of an infinite number of 
simple harmonic oscillators; the energy of each oscillator can increase or decrease 
only by integral multiples of ha,. If we consider fw,, as the energy of a photon, 
then we can say that each oscillator can have energy corresponding to n, photons or 
that the Ath mode is occupied by n, photons. 

Note from Eq. (9.60) that even in a state in which none of the modes are 
occupied, i.e., m, = O for all 4, each mode still possesses an energy of he, /2 
also referred to as zero-point energy. Since there are infinite number of radiation 
modes, this implies that the zero-point energy is infinite. This infinite value of zero- 
point energy is a major unresolved issue in the quantization of electromagnetic 
waves. 

The eigenkets of the total Hamiltonian would be 


|71) 2) +++ |a) +++ = |m1, n2,... ma,---) (9.61) 
where 7), represents the number of photons in the mode characterized by i. Thus 


e 1 
H|nj,n2,...my,...) = bp (m + ;) ma |n1, N2,...My,...) (9.62) 


Xr 


The multimode vacuum state is a state in which none of the modes is occupied and 
is represented by 


lyr) --- = |01,02,03....0;,...) (9.63) 
Further 
Gi |ny, M2,-..m,...) = (nm)! In, m,...m —1,...) (9.64) 
at = 1/2 
a, |N1, N2,... M5...) = (m+) Inj, n2,...m, +1,...) (9.65) 


[cf. Eqs. (8.57) and (8.58)]; and 
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/ / / 
(n\n), wang Myy.s. | NY1,N2,...,M)A,-. .) 


=6, 7/6 


nin, Onan’, * 


AO (9.66) 


Finally, the state of the radiation field need not be an eigenstate of A, it could be a 
superposition of the eigenstates like that given by the following equation: 


ww) = > Cri bedi OU Mien Muses) (9.67) 


N1,N2,... 


Physically [sen |? would represent the probability of finding n; photons in the 
first mode, nz in the second mode, etc. 


9.3 The Eigenkets of the Hamiltonian 
In this section we study the properties of the radiation field when it is in one of the 
eigenkets of the Hamiltonian. In order to do so we have to first express the electric 


field in terms of the operators a, and ai. Now, using Eqs. (9.44) and (9.51), we get 
for a mode i, 


1/2 
A= (<<) a (t) (9.68) 


which is now to be considered as an operator. Using Eq. (9.34), we may write 


hay, 
2eoV 


1/2 
Ey o=i( ) [@. (fe? al & er é (9.69) 


where all the operators E 4 (t), a (t) and at (t) are in the Heisenberg representation 
(see Section 8.9). In the Schrédinger representation, we will have 


. han, \'/? ao 
= i() (ae — ate") é, (9.70) 


which will be independent of time. 
We consider the state of the radiation field for which there are precisely n) pho- 
tons in the state A Operating with the number operator of the Ath state we have 


a; ay, |n1,N2,...Ny,...) =n |nj,N2,...Ny,..-) (9.71) 


which implies that the state is an eigenstate of the number operator with eigen- 
value n. 
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The expectation value of the electric field operator E,, in this state would be 
given by 


(nj,N2,...Ny,...| Ey |nj,n2,...Nz,...) 
= (ny | m1) (nz | m2) +++ (mg | Ex lm) +» = 0 (9.72) 
because 
(nj,|  |m,) = 0 = (ng |G! Ing) (9.73) 


Similarly the expectation value of fag would be 
p2 
(n1,N2,...,,-..| EX |n1,n2,...Ny,---) 
wo) 
= (ny | m1) (nz | m2) +++ (my | BX Ina) ++ 


ho  e nt ik. jkr at ik: 
ake 7 = (ny | (ae _ ae” ".) (ae™ re aie ik, *) [1,) vay 
0 


“(So 


where use has been made of relations like (see Section 8.6) 


(| 4} Im) = (rg + 1)'/? (rg | a Ira + 1) = (ma +1) (9.75) 
(ny | Gy |m.) = ()'/? (mg Ll Img — 1) =m (9.76) 

(nj | G4) |na) = 0 (9.77) 

(n,| aa" In.) = 0 (9.78) 


The uncertainty AE, in the electric field E, of the Ath mode can be defined through 
the variance 


(AK,)? = (£2) = (z,) 


hay, “a 1 (9 79) 
=> ———_ {nN = . 
E0V i 2 


Equation (9.72) tells us that the expectation value of the electric field in the state 
|n) (= |, n2,..., ,,---)) is zero. Since the average of sine waves with random 
phases is zero, we may /oosely say that in the state |7) the phase of the electric field 
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is completely uncertain.* Thus if we take an ensemble of identical states and make 
measurements of the phase of the field we will obtain random values spanning all 
values giving an average field value of zero. Some authors tend to explain this by 
resorting to the uncertainty principle 


AE At>h (9.80) 


where AE is the uncertainty in the energy of the radiation field and At is related to 
the uncertainty in the phase angle through the relation 


Since E = (n + ) ha, AE = ho An and we obtain 


AnAd¢d>1 (9.82) 


If the number of photons is exactly known, then An = 0 and consequently there 
is no knowledge of the phase. However, such arguments are not rigorously cor- 
rect because it is not possible to give a precise definition of Ad@ (see Section 9.6). 
Nevertheless, we can say that the states described by |) do not correspond to the 
classical electromagnetic wave with a certain phase. 

Returning to Eq. (9.74), we notice that the states have an amplitude 


1/2 
(on / E0 Vv) i (nm, + 5) , for the mode A, which is directly related to the number 


of photons. 
A state with all n), = 0 for all , 1.e., the state 


10) = |01,02,...0,,...) (9.83) 


is referred to as the vacuum state. In this state the variance in the electric field will 
be [see Eq. (9.79)] 


(AE?) 2 (9.84) 


Thus even when none of the modes are occupied, i.e., in vacuum, the variance of the 

electric field is finite. This is referred to as vacuum fluctuations and is responsible 

for many effects such as spontaneous emission, parametric down conversion, etc. 
We can also introduce two quadrature operators defined as follows: 


a+ai 7 a—ai 
: XyQ= : 
2 2i 


xXj= (9.85) 


3We say it loosely because it is not possible to define a phase operator which is real (see Section 
9.7). 
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Note that the operators @ and a‘ are not Hermitian operators, while X, and X are 
Hermitian operators. Here we have dropped the subscript 4 to keep the notation 


simple. We can express the electric field operator E [see Eq. (9.69)] in terms of the 
quadrature operators as follows: 


A Qh \'/? a 
fO= (=) [x sin(wt — kar) — X) cos(wt — kr)] @ (9.86) 
é0V 


Since the operators X, and X> are factors multiplying sine and cosine terms, they 
are called quadrature operators. It is easy to show that the commutator 


[1% = : (9.87) 


For the number state we can show that the expectation values of x. 1 and X% are 
zero and the variances are given by 


dere! gee (9.88) 
=> 5 . 
(AX)? = = (n+ = (9.89) 
w= 5 5 ; 
and the product of the uncertainties in the two quadratures is given by 
1 1 
(AX1) (AX2) = 5 (» + 5) (9.90) 


The minimum value of the uncertainty product is /, and is for the vacuum state with 
n = 0. A state with the uncertainty product of ‘4 is referred to as minimum uncer- 
tainty state (MUS). States with higher occupation numbers have larger uncertainty 
product. Also note that the uncertainties in both quadratures are equal. 

Equation (9.90) implies that it is not possible to simultaneously measure pre- 
cisely both the quadratures of the electromagnetic field. At the same time there are 
states in which the product of the uncertainties in the quadratures is ¥, but the uncer- 
tainty in either one of the quadrature is below the value of 45. Such states are referred 
to as squeezed states (see Section 9.5). 


Example 9.1 Let us consider a state described by the following ket 


1 
= — (1); +1); 9.91 
lv) (li +10) (9.91) 


where |1); represents a number ket with the ith mode of the radiation field occupied by a single photon 
and all other modes being unoccupied. Similarly |1); represents a number ket with the jth mode of the 
radiation field occupied by a single photon and all other modes being unoccupied. 

Now the total number operator for the radiation field is given by 


N=) aq (9.92) 
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Thus 
Z Co 1 lo, @) 
Ni) = > aja |v) = ajay ((1); + 11s) 
1=0 v2 1=0 
1 ( ) (9.93) 
= —(1]1);4+ 111); 
953 HW) +1 |1)j 
= ||) 
where we have used the fact that 
a + + + 
Daar\y; = (aa asa + ....4} G4 esos) 
a (9.94) 
=(050 neta d i, 
= |1); 


and similarly for |1) j 
Thus the state |) is occupied by a single photon and is in a superposition state of occupying the ith 
mode and jth mode with equal probabilities of 4. 


Example 9.2 We consider another state in which only one mode is occupied. Let the state be 


1 
v2 
i.e., the state is a superposition of two eigenstates, one a vacuum state |0) and the other a number state 


with n = 10. For simplicity we have omitted the subscript identifying the mode. Now the probability of 
detecting no photons is 


Iv) = z= (10) + 10) 


1 
Kol WP = 5 (9.96) 


Similarly the probability of detecting 10 photons is also 4. The probability of detecting any other number 
of photons is zero. You can show that |) is not an eigenket of the number operator. What would be the 
expectation value of the number of photons in this state? 


Example 9.3 Let us consider two modes represented by subscripts | and 2 propagating along two different 
directions. For each direction of propagation we can have two independent states of polarization referred 
to as horizontal and vertical. We shall represent the ket corresponding to the occupation of mode | by 
a single horizontally polarized photon by |H),. Similarly let us represent the ket corresponding to the 
occupation of mode | by a single vertically polarized photon by |V),. Similarly we shall have for mode 
2 occupied by a single horizontally polarized photon or a single vertically polarized photon the following 
kets: |H)> and |V)> 
Now let us consider the following ket: 


1 
= — (|H); |V)o —|V), |H 9.97 
va )11V)2 —1V)1 |H)2) (9.97) 


First note that the ket cannot be written as a product of kets belonging to mode | and mode 2. Such a 
state is referred to as an entangled state. 

To calculate the number of photons in this state we first see that the number operator that we must 
use to operate is given by 


ly) 


yuv t a yOu t a yav (9.98) 


N=4@) yan +4 
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since these are the only occupied modes. Now 


A nt x nie eater oe 1 
NW) = (@iy@in +4} yar v + @yaon +4} yarv) Sa WH) IV)2 = 1V)1 IH 2) 


_ oil 
ay; 


1 
= 2—~ (|H), |V)2 —|V); |H)2) =2 
a | )11V)2 —1V)1 |H)2) lw) 


which implies that the state is an eigenstate of the number operator and is occupied by 2 photons. 

Now, in this state the polarization of the photon occupying mode 1 or mode 2 is undefined. For 
example if we pass mode | through a polarizer which has its pass axis oriented in the horizontal direction, 
then the probability of its getting transmitted through the polarizer is hy. This is so because the probability 
that the photon in mode | is horizontal and the photon in mode 2 is also horizontal is zero since 


(1/H)) 1V)2 +0+0+ 1 |); 1V)2 —0—1]|V); |H)2 — 1|V); |H)2 — 0) (9.99) 


1 
I (Hl 2 (HI) Ly)? = 5 [1 (| A) 2 (HI V)2 — 1 (LV) 12 (AL H)9]|? =0 (9.100) 


Similarly the probability that the photon in mode | is horizontally polarized and the photon in mode 2 is 
vertically polarized is given by 
2_1 


1 
Ia (Ala (VDI)? = 3 [1 (| A) 12 (V1 V)2 — 1 (ALL V) 12 (V | Aa] (9.101) 


Thus the total probability that photon in mode | is horizontally polarized and the photon in mode 2 is 
either horizontally or vertically polarized is h,, Similarly it can be shown that the probability that photon 
in mode | is vertically polarized and the photon in mode 2 is also vertically polarized is zero and the 
probability of photon in mode | being vertically polarized and the photon in mode 2 is horizontally 
polarized is y. 

Now let us assume that we pass the photon through a polarizer with pass axis which is oriented in 
the horizontal direction. Now from the earlier discussions the probability of the photon passing through 
the polarizer is y. If the photon in mode | is detected after the polarizer then it implies that the photon 
in mode 1| is projected into the horizontal state of polarization. From the state vector it can be seen that 
the photon in mode 2 must be automatically projected into a vertical state of polarization. There is no 
more any uncertainty in the state of polarization of the photon in mode 2. Before the measurement on 
mode 1, the state of polarization of mode 2 was uncertain. However, measuring the state of polarization 
of mode | forces the photon in mode 2 to have a definite polarization state. This happens irrespective of 
the distance between the experimental arrangements detecting photons in mode | and 2. Similarly if the 
photon in mode | is not detected, then automatically the photon in mode 2 gets projected into a horizontal 
state of polarization. This mysterious correlation between the two photons is a characteristic of entangled 
states and is finding wide applications in the branch of quantum information science including quantum 
cryptography, quantum teleportation, and quantum computing. The process of spontaneous parametric 
down conversion discussed in Chapter 14 leads to such entangled states of photons. 


9.4 The Coherent States 


We next consider the radiation field to be in one of the coherent states which are 
the eigenkets of the operator a, (see Section 8.6.3). We will show that when the 
radiation field is in a coherent state, the field has properties very similar to that of a 
classical electromagnetic wave with a certain phase and amplitude. However, before 
we do so, we would like to discuss some of the properties of the coherent state. 
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The coherent states satisfy the equation 
Gy, or) = a, |r) (9.102) 


where a, which represents the eigenvalue of a), can be an arbitrary complex 
number. In Section 8.6, we showed that 
nm 


1 2 x 
jan) = exp (—5 eal?) > (mi? 


|n,) (9.103) 
n,=0,1.... ( 


For convenience we drop the subscript 4 so that the above equation becomes 
1,» a” 
|x) = exp (-; lc| ) wiz n) (9.104) 
n=0,1,2,... 0" 


Some of the important properties of |) are discussed below: 
(i) The expectation value of the number operator N,, (= a‘a) is given by 


ela) = eS ape OD Gag 


ata n 


lal? 
=e 2 D Gam (nlmiy/2" Smn [using Eq. (8.102)] 


2n 
2 n\|Qa 
eke yp tel 
n! 


n=122.... 


or 


lo. |2” 


A ZiAe 
(ce| Nop la) = eT!" Joel? S° ele? =u (9.105) 
n=0,]1,... 


Thus the average number of photons (which we will denote by J) in the state 
la) is |a|?, and we may write 


a) =e NPS” - |n) (9.106) 


(ii) From Eq. (9.106) it readily follows that the probability of finding n photons 
in a coherent state is given by 


n ,—N 


1 Ne 
[in| 0) [? = — ea ?*exp (— lal?) = ~~ (9.107) 


which is a Poisson distribution about the mean ||? [see also Section (18.9)]. 
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(iii) In Section 8.9, we showed that if the field is in the coherent state at t = 0, 
then at a later time f the state will be given by 


|W ()) =e? SY 7 |) g erie (9.108) 
7 (nl) 
It is easy to see that 
IW (0)) =e N/? = walt = |a) (9.109) 
Further 
(w| Nop |W (t)) = N_ (independent of time) (9.110) 
and* 
= oto" = 
(WO4a|¥O) =e" SS —__ enn elt (y+ 1)? (m| n+ 1) 
m n 
— eit eX —_ ad alee =o (9.111) 


Similarly (or, taking the complex conjugate of the above equation) 
(Ya! |W () = wel" (9.112) 


We now consider the radiation field to be in the coherent state and calculate the 
expectation value of E and E? 


ho 
2eoV 


— (WOlat |W @)e*] a 


. 1/2 
(WOLE|Y @) = i( ) [(W (| al (D) eT 


1/2 9.113 
= (=) / jae _ ate kr a: : ’ 
€0 
iw \ 1/2 
= (=) la|sin(@t —k-r+q)e 
€0 
where 
0 = |e| (9.114) 


4In the Heisenberg representation, the expectation value of G@ would have been 
(W (0)| a (0) |W (O)) = (a| ae"! |w) = a*e!', which is the same as expressed by Eq. (9.111). 
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which resembles a classical sinusoidal electromagnetic wave. Thus the coherent 
state can be interpreted to represent a harmonic wave with phase g. In a similar 
manner, we can calculate the expectation value of E?. The result is 


(WO|E-E|W()) = a [1 + 4lal* sin’ (ot —k-r+ »)| (9.115) 


Finally, the variance in E would be given by [cf. Eq. (9.79)] 


(AE)? = (W (D/E-E|W (D) — (YW OI EIY (CO)? 


_ (fe 9.116 
-() verre) 


which is the same as was found for the vacuum state [see Eq. (9.84)]. Thus the 
coherent state has an expectation value of electric field resembling a classical elec- 
tromagnetic wave and has a noise which is equal to the noise of vacuum field. Notice 
that the uncertainty AE is independent of the amplitude ||; thus, the greater the 
intensity of the beam (i.e., larger is the expectation value of E. B), the greater will 
be the proximity of the radiation field (corresponding to the coherent state) to the 
classical plane wave. 

Earlier in this section, we had evaluated (| Nop |~) — see Eq. (9.105); in a similar 


manner, we can calculate (q| NG. |w) from which we obtain? 


e ‘ 1/2 
AN = [ (al Ne, lax) — (| Nop le)? ] =n (9.117) 
or 
aa 9.118 
“NONI vi 


implying that the fractional uncertainty in the average number of photons goes to 
zero with increase in intensity. 


9.5 Squeezed States of Light 


Another very important class of quantum states are the squeezed states. In order to 
understand squeezed states, we consider the following operator: 


b=pa+tvat (9.119) 


It is of interest to point out that even in nuclear counting, the uncertainty in the actual count is 
N!/2 (see, e.g., Bleuler and Goldsmith (1952)). 
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where @ and @ are the annihilation and creation operators for an electromagnetic 


mode and yz and v are complex coefficients. We are again omitting the subscript for 
brevity. From Eq. (9.119) we have 


bia ptat+v*a (9.120) 
We also assume that jz and v are related through 
Je? — |v]? = 1 (9.121) 


Squeezed states |8) are defined as the eigenstates of the operator b with eigen- 


er b|B) = BIB) (9.122) 


Now the commutator between b and b* is given by 


[é. i] =i tip= (ua 4p a‘) ( at4y *a) 


= (1 at+y *a) (ua + va) =I oe 


where we have used the commutation relations between @ and @". From Eqs. (9.119) 
and (9.120) we obtain 


a= p*b—vbt (9.124) 
=pb'—v*b (9.125) 


The states |6) are referred to as squeezed states. 

In order to understand the nature of these quantum states we assume for simplic- 
ity that jz, v, and B are real. Now the time dependence of the operators a(t) and a‘(t) 
are given by 


a(t) = a(O0)e'" (9.126) 
a(t) = a' (jel (9.127) 
Thus we have 
50) = 44(0) + va'(0) = wag + vai (9.127) 
b(t) = wage + vajelo" (9.128) 
bi (t) = p ape! + vage (9.129) 


We now calculate the expectation value of the electric field in the state | 8). Referring 
to Eq. (9.70), we note that the electric field operator is given by 
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, ho \"2 7, _ 
E=i (5 7) (ae) gle Mew) (9.130) 
€0 


where we consider a mode propagating in the z-direction. Now 


(B| 418) = (6| wb — vb" |p) =(u—v)B (9.131) 
Similarly 
(lat 16} = (61 ub" — vb1p) =(u-v)B (9.132) 
Hence 
. . np Ale | _ 
_ _> a ikr—wt) _ ~} ,—i(k-r—at) 
(£) = (| £16) =: () (Bl (ae ate ) 1B) 
ho 1/2 
= (=) Wi Ohi caer (9.133) 
1/2 
= (=) (u — v) B sin (wt — kz) 
eE0V 


The expectation value of E? is given by 


ao\ ae ee oe ho An —2i(wt—kz) ant 
(6°) = (B| ££ |p) = iz, pl(B1aa1B) ¢ (Blaa"B) og 154 


— (pl a'a|B) + (Blatat |p) eor-®] 


Now 


(B| 4a |B) = (B| (ub — vb*y(ub — vb") |B) 
= 1? (B| B |B) — wv (BI bb |B) — wv (B] 55 |B) + v? (BI BY |B) 
= 126? — pv — vB? — vp? + vp" 
= 6 (u-v)- pe 


(9.135) 
Similarly 

(B| a'a" |B) = B° (w— v)? — py (9.136) 

(| a'a|B) = B* (u —v)* +? (9.137) 

(B| aa" |B) = B? (u—v)?+v7 +1 (9.138) 


Substituting the values in Eq. (9.134) and simplifying we obtain 
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a h 1 
(2°) = — E {B° Gay = pv] cos 2(wt — kz) + B? (uw — vy? +? + 5 
E0 
(9.139) 
Thus the variance in the electric field is given by 
\? 2 2 
(az) =(E’) — &) 

(9.140) 


ho 


= eV [u? eye de 2uv cos 2(wt — Kz)| 


From Eq. (9.140) we notice that the variance in the electric field in the squeezed state 
oscillates between i (uw +v)? and ey (uw — v)? at a frequency 2w. Comparing 


this with a coherent state for which the variance is a constant and equals 5 47 (which 
can be obtained by putting v = 0 in which case the squeezed state becortie: a coher- 
ent state) we find that the variance can go below that in the vacuum state at certain 
times. Note that yz and v are related through Eq. (9.121). 

From the commutation relations it is possible to evaluate the expectation values 
and variances of the quadrature operators. We give here the results: 


(%1) = (81 X1 18) = (a — v) B coset (9.141) 

(Xo) = (B1 X21) = - (4 —v) B sino (9.142) 

(x7) = ; (u — v)? + Gu — v)* B? cos? wt + wv sin? ot (9.143) 

(x3) = ; (L— vy? + (u- v)? p sin? wt + [Lv cos” wt (9.144) 

Hence 
(AX\)* = ; (uw — v)* + wv sin? wt (9.145) 
2 1 2 2 
(AXo)* = ri (wu — v)~ + Vv Cos* wt (9.146) 


As can be seen from the above equations, for cape for positive values of ju 
a“ v, the uncertainty in the quadrature X varies from } 3 (wu —v) att =0, 2/o to 
5 L (uw + v) at 1/20, 37/2, etc. The uncertainty oscillates periodically with time and 
attains value below that for vacuum at periodic instants of time. Of course at those 
times the noise in the other quadrature is more than for vacuum and the product of 
their uncertainties will always be equal to or more than ‘4. 

This implies that the uncertainty in the quadrature X1 (which is the coefficient of 
the sine term) goes below that of vacuum state at periodic intervals. Such squeezed 
states of light find many applications such as in communication, gravitational wave 
detection. 
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9.6 Transition Rates 


The Hamiltonian of a system consisting of an atom in a radiation field can be 


written as & x x 
H=H+H' 


= H,+H,+H!' (9.147) 


where Hy represents the Hamiltonian of the atom, H, the Hamiltonian correspond- 
ing to the pure radiation field [see Eq. (9.58)], and H’ represents the interaction 
between the atom and the radiation field. We will consider Ho (= Hg + H,) as the 
unperturbed Hamiltonian and H’ will be considered as a perturbation which will be 
assumed to be of the form [see Eqs. (9.32) and (9.70)] 


A 


H’ =-cE-r 
=-e) E,-r (9.148) 
Xx 


Now, the eigenvalue equations for H, and H, are 


Ha |Wi) = Ej |i) (9.149) 
and 
; 1 
A, |nm,n2,...m,...) = b @ + ;) to |n1,12,...M,,...) (9.150) 
x 


where |7;) and E; represent, respectively, the eigenkets and energy eigenvalues of 
the isolated atom and |m;,72,...,m,,...) represents the eigenket of the pure radi- 


ation field with >>, (a + 5) ha), representing the corresponding eigenvalue [see 
Eq. (9.62)]. Thus the eigenvalue equation for Ho will be 


Ho |tn) = Wr |un) (9.151) 
where 
1 
Ww, =E, + dX (x ae 5) hay, (9.152) 
and 
|Un) = |t) |m1,n2,...,Ma,-.-) = |b; my,n2,...,Ny,...) (9.153) 


represents the ket corresponding to the atom being in state |7) and the radiation being 
in the state |n1,2,...,7),...). 

Now the Schrédinger equation for the system consisting of the atom and the 
radiation field is 


a a] a aa 
in |W) = (Ho +f’) [W) (9.154) 
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As in Section 3.3, the solution of the above equation can be written as a linear 
combination of the eigenkets of Ho [cf. Eq. (3.38)]: 


[BY = 2 Cq MoM ay) (9.155) 


n 


Substituting in Eq. (9.154), we obtain 


; dc, iW, _j 
in) 7 _ 7 c,| 2 iWnt/h |Un) 
n 


= Son @ Wael latn) + HD Cu) ol Vaan) (9.156) 


n n 


where we have used Eq. (9.151). It is immediately seen that the second term on the 
left-hand side cancels exactly with the first term on the right-hand side. If we now 
multiply by (um| on the left, we would get 


dc : ae 
in ~ 2 (um|E! |up) ef Wm—WoHIRC,, (6) (9.157) 


Now, using Eq. (9.69) for E,, we obtain for H’: 


A! =-ie~ ( nes yo E elke _ ale=Bee @ er (9.158) 

7 2eoV r ? : 
Now, because of the appearance of a and at in the expression for H’, the various 
terms in (U)| H' |u,) will be non-zero only if the number of photons in |u,,) dif- 
fers by unity from the number of photons in |uv,). If we write out completely the 
right-hand side of Eq. (9.157) it will lead to a coupled set of an infinite number 
of equations which would be impossible to solve. We employ the perturbation the- 
ory and consider the absorption of one photon (of energy fiw;) from the ith mode. 
Further, if we assume the frequency @; to be very close to the resonant frequency 
corresponding to the transition from the atomic state |a) to |b), then Eq. (9.157) 
reduces to the following two coupled equations: 


dc, 


ih = Hi,e(Mi— Wadley (4) (9.159) 
dc : 
in = Hie iMi-Walhcy (4) (9.160) 


where 


|1) = ja;nj,no,...,ny,...,Nj,.--) (9.161) 
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and 
|2) = |b;nj,n2,...,m,...,nj — 1,...) (9.162) 


represent the initial and final states of the system. Obviously, because of relations 
like Eqs. (9.73), 


a ee ay oe 


Further, 
1 1 
W, =E,+ » (» + 5) ha, + (x + 5) ho; (9.163) 
agi 
and 
1 1 
W2 =Ept+ » (n + 5) ha, + (x —1I+ ;) ho; (9.164) 
aati 
Thus, 
W, — W2 = (Eq — Ep) + ha; (9.165) 
Now, 
x ; ha, ae 
Hy, = Ai, = dX (a; n1,N2,...,Ni,...| (—ie) (<3) 
x [ae - ape] @, -rlb3nj,72,...,n; — 1,...) 
ho; \/2 
= (a;nj,Nn2,...,Nj,...| ve (=) e Te, -r (nj) \/? 
x |bjny,n2,...,Nj,.--) 
he, \ 1/2 ; 
= e( : ) (nj)!/? (al eT x |b) - 6; (9.166) 
2e0V 


where we have used Eqs. (9.64), (9.65), and (9.66). In calculating the above matrix 
element between the atomic states a and b we note that the atomic wave functions 
are almost zero for r > 107% cm. On the other hand, since in the optical region, 
|k| (= 20 j d) ~ 10°cm7!, in the domain of integration, in the evaluation of the 


matrix element k, -r << 1. Thus we may replace e~** by unity; this is known as 
the dipole approximation, and we obtain 
hw; \ 1/2 
Hy =-i (=) (ni)'!* Dan (9.167) 


where Dap is defined through Eq. (4.71). We next try to solve Eqs. (9.159) and 
(9.160) by using a method similar to that employed in Section 4.7. We assume that 
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at tf = 0 the system is in the state represented by | 1), ie., 

C; (0) =1, C2(0)=0 (9.168) 
On working out the solution one obtains 


2 


a 2 : 5 
> [Xo sin (1/2) 
IC2 (H|" = 5 - (9.169) 
a /2 
where 
~9 2wjniD?,, 
1/2 
= E,—E a 
q = ( b - a -«) fs =] (9.171) 


For (0372/1?) << 1, we obtain 


, 2 
IC (NP? x" _p?, (= tLe See el) (9.172) 
2heoV 11s — Ea)/h— | 


where we have dropped the subscript i. Equation (9.172) is the same as Eq. (4.77) 
provided we replace ES by 2han if é9V (see Section 4.7.1). Similarly, if we consider 
the emission process, we would obtain 


2 
> (n+l), sin {[(E, — Eq)/h— o] (t/2)} 
= a7 
IC2 | Dheyv Pa ( 11 (Ey — E,)/h—o] ene) 


where the states |1) and |2) are now given by 
|1) = |b;my,n2,...,Nj,.--) (9.174) 
|2) = |a;nj,n2,...,n, +1,...) (9.175) 
Notice the presence of the term® (n+ 1) in Eq. (9.173). This implies that even if 


the number of photons were zero originally, the emission probability is finite. The 
term proportional to n in Eq. (9.173) gives the probability for induced or stimulated 


©The appearance of the term (7 + 1) is because of the relation 


a |n) = (n+ 1)? |n +1) 
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emission since the rate at which it occurs if proportional to the intensity of the 
applied radiation. On the other hand, the second term, which is independent of n, 
gives the spontaneous emission rate into the mode. Observe that the spontaneous 
emission probability into a particular mode is exactly the same as the stimulated 
emission probability caused by a single photon into the same mode, a fact which we 
have used in Section 5.5. 

We next calculate the probability per unit time for spontaneous emission of 
radiation. If we consider the emission to be in the solid angle dQ then the num- 
ber of modes for which the photon frequency lies between w and w + dw is (see 
Appendix E) 

Va" dw 
82303 


N (w) da dQ = dQ (9.176) 


Thus, the total probability of emission in the solid angle dQ would be given by 


. 2 
r= Bab f {salem 0081) SY ta 
82303 


~ 2heoV (wpa — @) /2 
2 i _ 2 
we Pal s003 / sno = ONY (9.177) 
163 hegc3 a (ba — w) [2 


where use has been made of the fact that the quantity inside the curly brackets is 
a sharply peaked function around w = wp,. Carrying out the integration, using the 


fact that 
Ve sin” x 
sdk =a (9.178) 
x 
—cCo 
we obtain 
fee fe |(b|r Ja) - 8]? ran (9.179) 
~~ rla)-é i 
2m \4reohc) c? . 
Thus the transition rate is given by 
oe ee |(b| la) - @|? a2 (9.180) 
= r -e . 
WP On Aneghc | c2 7 


In order to calculate the total probability per unit time for the spontaneous emission 
to occur (the inverse of which will give the spontaneous lifetime of the state), we 
must sum over the two independent states of polarization and integrate over the solid 
angle. Assuming the direction of k to be along the z-axis, we may choose E to be 
along the x or y axes. Thus, if we sum 


nj2 
|(1 r |a) - 8 
over the two independent states of polarization, we obtain 


| (ole ja) - |" + | (|r a) - §|” = P+ P2 = P? sin’ 6 (9.181) 
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where P = (b|r|a) and @ is the angle that P makes with the z-axis. Thus in order to 
obtain the Einstein A coefficient (which represents the total probability per unit time 


for the spontaneous emission to occur), in Eq. (9.180), we replace | (| r|a)- @” by 
|(b| x |a)|? sin? 6 and integrate over the solid angle dQ to obtain 


1 e- wo a4 20 
A= |(b| clay? f i: sin? @ sin@ dé dy 
Qn | 4zeohic | c? 0 JO 


4 e w 
=5 Esa a |(b| x |a)|? (9.182) 


which is identical to Eq. (4.88). 


9.7 The Phase Operator’ 


Classically, for the Hamiltonian given by 


pe 1 
re xnonx: (9.183) 
the Hamilton equations of motion (see, e.g., Goldstein (1950)) 
dH oH 
x= and — p= (9.184) 
op ox 
gives us 
cae and—p= mor? (9.185) 
m 
Thus 
. Ll, 2 
x=—p=-w*x (9.186) 
m 
or 
¥+ 7x =0 (9.187) 
giving 
x=Aet? + Ac”, b=at (9.188) 
and 
p = mk = imo (de® — Ae~*) (9.189) 


7A major part of the discussion in this section is based on a paper by Susskind and Glogower 
(1964). 
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where A has been assumed to be real. In general, we should have written @ = wt+a, 
but with proper choice of the time origin, we can always choose a = 0. In quantum 
mechanics 


2n \ 1/2 
ee eae (a‘ +4) (9.190) 
M@ 
and 
oh 1/2 
ee (=) (a‘ —a) (9.191) 
M@ 


[see Eqs. (8.39) and ( 8.40)]. If we compare Eqs. (9.190) and (9.191) with Eqs. 
(9.188) and (9.189), we are tempted to define the phase operator ¢ through the 
equations 


at —Re' and a=e- OR (9.192) 
where R and d are assumed to be Hermitian operators. This is indeed what has 


been done by Dirac (1958b) and Heitler (1954); however, this definition leads to 
inconsistent results as will be shown later. Now, the number operator is given by 


Nop = G'a = Re'beR = R? (9.193) 
Thus 
R= (9.194) 


where the square root operator is defined through the relation 


Nop = Nop Nop (9.195) 
Now 
[@. a] = 4a'—ata=1 [see Eq. (8.44)] (9.196) 
Thus 
ce OR Rel® — ReibeOR — | (9.197) 
or, premultiplying by el we get 
Nope’? — el Nop =e? (9.198) 


Hence 


[Mop el#] = el@ (9.199) 
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The above equation is satisfied if b and No satisfy the commutation relation® 
[Mop 3] = Nopd — Nop = -i (9.200) 
The above equation suggests the uncertainty relation? 
AN Ad => 1 (9.201) 
From the above equation it follows that if the number of light quanta of a wave are 
given, the phase of this wave is entirely undetermined and vice versa (Heitler 1954). 
However, the above definition of the phase operator (and hence the uncertainty rela- 


tion) is not correct because the definition leads to inconsistent results. For example, 
let us consider the matrix element: 


(m| [Mops | |) = —i(mn | 2) = —i8 na (9.202) 
But 
(in| [Nop 8] In) = (rel Nop — bNop In) = (rm — n) (mal In) (9.203) 
Thus 
(m =n) (inl $ \n) = —iBinn (9.204) 


which is certainly an impossibility. One can also show that eibetib is not a 
unit operator. Thus the definition of a Hermitian ¢@ through Eq. (9.192) leads 


8This can be shown by noting that repeated application of Eq. (9.200) gives 
Nop” _ $™Nop = —~img”! 


Now 
‘m jr 1 gr" 1 


ip] — an my) _ _ id 
[Nope ] = > m! [Nope ] = = (m—1)! ma 
Equation (8.152) may be compared with the equation [see Eq. (7.37)] 
[x, px] = xpx — pxx = ih 
from which one can derive the uncertainty relation 


Ax Ap, = h 


(see any text on quantum mechanics, e.g., Powell and Craseman (1961)). 
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to inconsistent results. Susskind and Glogower (1964) define the phase operator 
through the equations 


: fi -1/2 
Pexsp- = 4 (Nop +1) (9.205) 
and 
: : -1/2 4 
Poxp+ = (Nop +1) a (9.206) 


The subscripts to P imply that a certain limiting sense a and Pisce behave 


as e~'? and e+’?, respectively. These operators are used to define trigonometric 
functions of phase: 


AN 1 ss zs 
Poos = 2 (Psp ++ Pex) (9.207) 
A 1 /» n 
Psin = yh (Pape ~ Pus) (9.208) 


Both Peos and Psin are Hermitian operators; however, they do not commute. Indeed, 
it is the non-commuting nature of Pon and Pain which makes e+’? not unitary. 

Although we leave the discussion on the phase operator rather abruptly here, 
what we have shown is that the phase operator for an oscillator cannot exist. We 
refer the reader to the works of Susskind and Glogower (1964) and of Loudon 
(1973), where they show that the operators Pos and Pein are observables and that 
in a certain limiting sense they do become the classical functions of phase. Indeed 
these operators can be used to define uncertainty relations. 


9.8 Photons Incident on a Beam Splitter 


A beam splitter is a device which is used in many optical experiments and from an 
incident beam gives rise to a transmitted beam and a reflected beam (see Fig. 9.1). In 
this section we consider a lossless beam splitter and assume that it has a transmittiv- 
ity of 0.5 and a reflectivity of 0.5. It can be shown that for a symmetric beam splitter 
covered by the same medium on both sides, the phases of amplitude reflectivity and 
transmittivity differ by 2/2. If the input arms of the beam splitter are denoted by 
the subscripts 1 and 2 and the two other arms are denoted by subscripts 3 and 4 
(see Fig. 9.1), the electric field of the waves emerging in arms 3 and 4 are related to 
the electric fields of the waves incident in arms | and 2 on the beam splitter by the 
following equations: 


I 1 
E3 = —=F, + —=Fo 
7 2 (9.209) 
| eae 
4 5; 1 5 2 


For a quantum mechanical description of the beam splitter we replace the clas- 
sical electric fields by annihilation operators corresponding to the electromagnetic 
fields in each arm. Thus the annihilation operators of the electromagnetic waves in 
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Fig. 9.1 A beam splitter has 
two input arms and two 


output arms Arm 2 
rd > 
Arm | Arm 4 
Beam 
splitter 
Arm 3 


arms 3 and 4 are related to the annihilation operators of the electromagnetic waves 
in arms | and 2 by the relations: 


a3 = 20) +02 

: bi (9.210) 
a4 = —=a, + a 

v2 V2 

The above equations can be inverted to obtain 

n Ls n 
aq, = —-—=43 + a4 

es he (9.211) 
a2 = —=03 — —=a4 

v2° V2 


Since vacuum state is the lowest state of an electromagnetic field, vacuum states in 
arms | and 2 will lead to output vacuum states in arms 3 and 4. Hence we can say 
that the beam splitter converts vacuum states in arms | and 2 to vacuum states in 
arms 3 and 4: 

10); |0)2 — > 10) |0)4 (9.212) 


9.8.1 Single-Photon Incident on a Beam Splitter 


Let us consider the incidence of a single photon on arm | of the beam splitter and 
vacuum state in arm 2. The input state is then given by 


1) 10)7 = a! |0), 10)> (9.213) 
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The effect of the beam splitter is taken into account using Eq. (9.211) and we get 


> (Sa+ =i ai) 10) 10) 


10)3 |1)4 


1 (9.214) 
i 
=—— l(a ars = 
ae Ne aaa 
The output state is a superposition state of finding either | photon in arm 3 and no 
photon in arm 4 or finding one photon in arm 4 and no photon in arm 3. Both these 
have equal probabilities of 44. Thus the incident photon goes into a superposition 
state. 


Example 9.4 Consider now a situation in which one photon each is simultaneously incident in each of 
the input arms. Thus the incident state becomes 


|1)1 [1)2 = 1.45 |0) 1 10) (9.215) 


Using Eq. (9.211) we can introduce the effect of the beam splitter through the following transformation: 


ata i at ts i 
[1)1 [1)2 = 144 |0), 10)2 — > (4 as 4 =i 1) (=# ae at) 10) |0)4 (9.216) 


L 
= 5 (12)3 10)4 + 10)3 |2)4) 


This implies that both photons exit from the same port with equal probabilities. The probability of 
one photon exiting each of the arms is zero. Thus detectors placed at the two output ports of the beam 
splitter will never register simultaneous detection events. An experimental demonstration of this was first 
carried out by Hong, Ou, and Mandel (1987)). In the experiment as the delay of arrival of the photon on 
one of the arms of the beam is changed, the rate of coincidence counting would show a dip when the two 
photons arrive simultaneously at the beam splitter. This is referred to as Hong-Ou—Mandel dip. 


Mach Zehnder Interferometer 

Let us now consider the incidence of a photon on one of the arms of a Mach 
Zehnder interferometer as shown in Fig. 9.2. Let us assume that in one of the arms, 
there is a phase shifter which shifts the phase by ¢. Now 

Input to the interferometer: 


1); 10)> = @! 10), 10), (9.217) 


After beam splitter BS; the state becomes: 


Lz i 1 
(=i+5 ae ia ai) 10)3 10)4 FH 11)3 10)4 + Vi 10)3 |1)4 (9.218) 


Let us assume that mirrors M,; and Mp introduce a phase shift of 1/2 each. Thus the 
state of the field just after the two mirrors would be 


1 
— —=|1)3|0)4+ 


5 10)3 |1)4 


i2 
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BS, Arm 2 
————“xr 
Arm | Arm 4 M, 
Arm 3 
Phase shifter 
Arm 6 
—————_> 
M> Arm 5 BS, 


Fig. 9.2, A Mach Zehnder interferometer set up with a single-photon incident in arm | 


After the phase shifter the state would become 


[1)3 10)4 + —=|0)3|1)4e# (9.219) 


1 i 
2 V2 
since the phase shift takes place only along path 4 of the interferometer. 
In order to take account of the effect of beam splitter BS2 we write the state 
incident on beam splitter 2 as 


1 x , 
i |0)3 10) 4 e 


WT 
ay |0)3 |O)4 + Vi 


2 


Since BS» will convert |0)3 |0)4 to |0)5 |O)¢, we write for the state after BS2 as 


alt + Jgit) 15+ alat + Jaf) 1s hoe 


which on simplification gives us 


. F | 
- . (1 — 2!) |1)5 106 — 5 (1 +e) 10)5 Ie (9.220) 


Thus the probability of finding a photon in arm 5 will be 


F 2 
_+(1— eit) 


| 5 = Cl — cos d) (9.221) 
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Similarly the probability of finding a photon in arm 6 would be 


= a 
= —(1+cos¢) (9.222) 


1 i 


This clearly shows interference effects between the two possible paths of photons to 
the output of the interferometer. Note that it is a single photon which is interfering 
with itself; actually the probability amplitudes of the two indistinguishable paths 
are interfering to produce the interference effects in the probability. If we choose 
@ = 0, then the probability of detecting a photon in arm 5 is 0; the photon will 
always exit from the arm 6. Thus in this setup it is incorrect to state that the photon 
chooses one of the arms when it arrives on BSj; it chooses both the paths of the 
interferometer! 


9.8.2. Moving Mirror in One Arm 


Let us now consider a slight modification of the above interferometer. We now 
assume that mirror Mp is not fixed but can move. We assume that the mirror is so 
sensitive that even if one photon hits it, it will vibrate. Let us denote the two states of 
the mirror namely stationary and vibrating mirror by the following two orthogonal 
states: 


Iw)sand |y)y (9.223) 


Now let us again assume the incidence of a single photon in arm | or the interferom- 
eter and assume ¢ = 0. The analysis remains the same until the state passes through 
the mirrors | and 2. Thus to repeat, the state after BS; is 


j 1 
FH I1)310)4 + 10)s ID 


After mirrors M; and Mp the state becomes 


i 1 
F I1)3 10)4 Ws + 5 10)3 a Wy (9.224) 


where we have used the fact that for the portion corresponding to the photon being 
found in path 3 the mirror will remain stationary and for the path in which the photon 
may be found in arm 4 the mirror would vibrate. 
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Continuing as before the state after BS. would be 


ne = (a+ a {) 10s 106s 
+ (za+ + 504 om 


i (9.225) 
= (-; 11)510)6 IW) — ; 10)5 |1)6 His) 
j 1 
+ (; 1)5 10)6 Iv — 5 10)s 16 Om) 
1 
= ae [1)5 10)6 (Iv)5 — Wy) — 7 10s We (Iv)s + 1¥)y) 
Thus the expectation value of the photon number is arm 5 would be 
lixladas x)|” = Z| (11s 6 (0104 
(9.226) 


deed ate eee 


Notice that now the probability of detecting a photon on arm 5 is ‘5. By having a 
vibrating mirror in one of the arms, we have a device in the interferometer which 
can tell us about the path of the photon in the interferometer and immediately the 
interference vanishes from the output. 

In fact if we had an absorbing object in the arm 4 of the interferometer, then 
the probability of detecting a photon in arm 5 is still half (show this result). Thus 
appearance of a photon in arm 5 in a balanced interferometer wherein no photon 
is supposed to have exited arm 5 signifies the presence of an object in arm 4. Also 
since the photon has exited arm 5, it has not been absorbed by the absorber. Thus the 
photon is able to detect the presence of an object in arm 4 without interacting with 
the object. Such effects are referred to as interaction free measurements and are very 
interesting from both a philosophical perspective and for practical applications. 


Problems 


Problem 9.1 Given S = E x H show that 
(n]5| m= Sens nk 
n n) = rie + 7 


The energy flow for a radiation mode is proportional to the photon momentum hik 


Problem 9.2 Prove that the creation operator a! has no normalizable eigenstates. 


260 9 Quantum Theory of Interaction of Radiation Field with Matter 


Problem 9.3 Consider two coherent states |w) and |8). Show that they are not orthonormal, i.e., show 
that (6 | w) #0. 


Problem 9.4 The vector potential for a single-mode plane electromagnetic wave propagating along the 
z-direction and polarized along x is given by 
A= qe "kd 4+ ee, 
Obtain the corresponding expressions for the electric and magnetic fields. 


Problem 9.5 If |5) is an eigenket of an operator g with an eigenvalue 5, then (6| is an eigenbra of which 
operator and what is the corresponding eigenvalue? 


Problem 9.6 A single-mode electromagnetic wave is in a state given by 


1 V3 
Iv) = 5 12) + 13) 


Obtain the expectation value of energy. 


Problem 9.7 Consider a single-mode quantum state given by 


ly) =a |0) + BI1) 


a) Normalize |y) and obtain the relationship between @ and f. 


b) Obtain the values of a and f for which the quantum state will exhibit squeezing in the quadrature 
represented by X1? 


Problem 9.8 Show that the expectation value of photon number in a coherent vacuum state is zero while 
that in a squeezed vacuum state is not zero. For positive real jz and v for the squeezed state, plot the 
uncertainty area in the X; -X 9 plane at tf = 0, t = 2/2 where w is the frequency of the electromagnetic 
wave. 


Problem 9.9 If |8) is an eigenstate of the operator b = 24-4" with eigenvalue f, obtain the variances 
in X, and X> and plot the corresponding uncertainty area graphically in a figure. Assume f to be real. 


Problem 9.10 Consider a harmonic oscillator in a state descried by 


V3 


lv) = ee A 


Obtain the expectation value of the harmonic oscillator energy in this state. 


Problem 9.11 A squeezed state |8) is the eigenstate of the operator b defined by 


b=patvat 
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with ka - \v|? = 1. Obtain the expectation value of xX = s(@ +a ty for this state. Assume jZ, v, 
and £ to be real quantities. 


Problem 9.12 Consider a coherent state |w). The value of a is such that the probability of detecting 2 
photons is 1% of the probability of detecting one photon. What is the probability of detecting no photons? 
Assume «@ to be real. 


Problem 9.13 Consider a state of an electromagnetic wave described by |W) = A ( |n)j + \n);) where 


the number state |); corresponds to having n photons in i? mode with all other modes unoccupied. 
Similarly for the state |7); corresponding to the jh mode. Obtain the number of photons in this state. A 
is a constant. 


Problem 9.14 Consider a number state |n) with n = 10. 


a) Obtain the value of uncertainty in the photon number in this state. 
b) Obtain the variances of the two quadrature operators. 


c) Is this a minimum uncertainty state? 


Problem 9.15 Show that the expectation value of photon number in a coherent vacuum state (defined by 
a|0). = 0) is zero while that in a squeezed vacuum state is not zero where squeezed vacuum is defined 
by 60) 5s = Owith b= a+ va (assume pz and v to be real). Obtain the expectation value of photon 
number in the squeezed vacuum state with b=24- J3at 


Problem 9.16 Consider a superposition of two coherent states |~) and — |): 


lyr) = N(\a) + |-a@)) 


a) Normalize |y). 
b) Show that the state |v) = N(|w) + |—q@)) is an eigenstate of the operator a. 


Show that the probability of finding an odd number of photons in this state is zero. 


Chapter 10 
Properties of Lasers 


10.1 Introduction 


So far we have discussed the physics behind laser operation. Basically the light from 
both a laser and any ordinary source of light is electromagnetic in nature, but laser 
light can be extremely monochromatic, highly directional, and very intense. Apart 
from these laser light also differs from light produced by thermal emission in the 
basic quantum properties. 

In this chapter we shall look at the different properties of laser light and in Part 
II of the book we shall discuss some of the most interesting applications of lasers. 


10.2 Laser Beam Characteristics 


Light from the laser arises primarily from stimulated emission and the resonator 
cavity within which the amplifying medium is kept leads to the following special 
properties: 


Directionality 

Spectral purity 

High power 

Extremely short pulse durations 


Table 10.1 gives the achievable laser characteristics; these special properties lead 
to many applications of lasers. 

Directionality: Light from a source of light such as a torchlight diverges sig- 
nificantly as it propagates (see Fig. 10.1). But the beam coming from a laser is in 
the form of a pencil of rays and seems to propagate without any divergence. The 
laser beam also diverges but by a much smaller magnitude. The wave nature of 
light imparts an intrinsic divergence to the beam due to the phenomenon of diffrac- 
tion (see Chapter 2). Thus unlike a torchlight where the divergence is due to the 
finite size of the filament, the divergence of the laser beam is limited by diffraction 
depending on the laser types and can be less than 107 radians (~ 2 s of arc). This 
extremely small divergence leads to the many application of the laser in surveying, 
remote sensing, lidar, etc. 
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Table 10.1 Some of the special properties possessed by laser beams from different types of lasers 


e Directionality (Divergence ~ 10~’rad) 
e Spectral purity (Ad ~ 10°? jum) 

e High power (P ~ 10!8 Wicm?) 

e Ultra short pulses (At ~ 107!5 s) 

e High electric fields (E~ 10!? Vim) 

e Small focused areas (~ 107? m2) 


Fig. 10.1 Light from a torch 
has a divergence primarily 
due to the fact that light 
emanating from different 
points on the filament 
propagates along different 
directions after reflection 
from the parabolic mirror 


As an example consider a tiny filament lamp placed at the focus of a convex lens 
as shown in Fig. 10.2. The filament can be considered to be made up of a number 
of point sources, and thus the light emanating from different points on the filament 
will travel along different directions after passing through the lens and the exiting 
beam will diverge. If the linear dimension of the filament is about 2 mm and if the 
focal length of the convex lens is 10 cm then the angular divergence of the beam 
(due to the finite size of the filament) is approximately 1° (= 0.02 radians). This 
divergence could be reduced provided we reduce the dimension of the filament, but 
then the amount of light will also get correspondingly reduced. 

Compared to the filament, the divergence of a laser beam is primarily due to 
diffraction. For most laser beams, the spot size (the radius of the cross section of the 
laser beam) of the beam is about a few millimeters. As discussed in Chapter 2, if the 
laser beam has a free space wavelength of Ao and a spot size wo, then the divergence 
angle of the beam is given by 


bao (10.1) 


Fig. 10.2. Light from the 
filament of a bulb placed at 
the focus of a convex lens 
diverges after passing 
through it 
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For a typical spot size of 1 mm and a wavelength of 0.6 jm, the divergence angle is 
given approximately by 0.01°. A beam is said to be diffraction limited if it diverges 
only due to diffraction and usually laser beams are diffraction limited. We may 
mention that the laser beam from a laser diode has a significant divergence due to 
the small spot size of the beam. At the same time, unlike the case of the torch, the 
divergence of the beam can be reduced by simply using a lens in front of the laser 
diode. 

Tight Focusing: Because of highly directional properties of the laser beams, they 
can be focused to very small areas of a few (\.m)*. The limits to focusing are again 
determined by diffraction effects. Smaller the wavelength, smaller the size of the 
focused spot. This property leads to applications in surgery, material processing, 
compact discs, etc. 

When a convex lens images a point object, the size of the image point is directly 
proportional to the wavelength of the light wave and also to the ratio of focal length 
to the diameter. The ratio of focal length to the diameter of a lens is also called the 
jf-number. This parameter is used in specifying the quality of camera lenses. Thus 
an f/2 lens implies that the focal length to diameter ratio is 2. If the focal length of 
this camera lens is 50 mm then its diameter is 25 mm. Smaller the number for a 
given focal length larger is the diameter of the lens. Smaller the wavelength, smaller 
the spot size, and similarly smaller the fnumber, smaller the image size. Since an 
object can be considered to be made up of points, if we consider the imaging by 
the convex lens, the resolution provided by the lens will depend on the f-number 
and the wavelength. For a given wavelength, for better resolution we must have a 
smaller number. Smaller the number of a camera, better will be the resolution of 
the camera. 

Thus when a laser beam is allowed to fall on a convex lens then the radius of 
the focused spot is directly proportional to the wavelength and to the f-number, 
provided the laser beam fills the entire area of the lens (see Fig. 10.3). If we take a 
lens having an f-number of 2 (1.e., focal length is twice the lens diameter), then for a 
laser wavelength of 600 nm the radius of the focused spot will be about 1.5 jum. Thus 
the area of such a focused spot would be about 7 j.m”. If the laser beam has a power 
of 1 MW (= 10° W) then the intensity at the focused spot would be approximately 
14 TW/cm?. Such intensities of light lead to electric fields of 10° V/m. Such high 


2a =2Nfla 
Fig. 10.3 If a truncated plane Laser 
wave (of diameter 2a) is beam 


incident on a lens without any 
aberration of focal length f 
then the wave emerging from 
the lens will get focused to 
spot of radius © A fla 
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Fig. 10.4 Focusing of a 

3 MW peak power-pulsed 
ruby laser beam. At the focus, 
the electric field strengths are 
of the order of a billion Volts 
per meter which results in the 
creation of a spark in the air. 
(Photograph courtesy 

Dr. R. W. Terhune) 


Eye 


Fig. 10.5 When a laser beam falls on the eye, then it gets focused to a very small diffraction- 
limited size producing very high intensities even for small powers as 2 mW 


electric fields can create a spark in air — see Fig. 10.4. This shows that laser beams 
(because of their high directionality) can be focused to extremely small regions 
producing very high intensities and electric fields. 

When the electric fields are very high inside a medium, the light beam can 
change the properties of the medium. Such effects are termed non-linear effects; 
some effects of this non-linearity are discussed in Chapters 14 and 18. 

We may mention here that a low-power (* 2 mW) diffraction-limited laser beam 
incident on the eye gets focused to a very small spot (see Fig. 10.5) and can produce 
an intensity of about 100 W/cm? on the retina — this could indeed damage the retina. 
On the other hand, when we look at a 20 W bulb at a distance of about 5 m from 
the eye, the eye produces an image of the bulb on the retina and this would produce 
an intensity of only about 10 W/m? on the retina of the eye (see Fig. 10.6). Thus, 
whereas it is quite safe to look at a 20 W bulb, it is very dangerous to look directly 
into a 2 mW laser beam. Indeed, because a laser beam can be focused to very nar- 
row areas, it has found important applications in areas like eye surgery and laser 
cutting. 


Eye 


~5m 


Fig. 10.6 Looking at a bulb produces an image of the bulb on the retina and even 20 W bulb does 
not produce very high intensities 
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It may be of interest to mention that, if we are directly looking at the sun, the 
power density in the image formed is about 30 kW/m/. This follows from the fact 
that on the earth, about 1.35 kW of solar energy is incident (normally) on an area 
of 1 m?. Thus the energy entering the eye is about 4 mW. Since the sun subtends 
about 0.5° on the earth, the radius of the image of the sun (on the retina) is about 
2 x 10+ m. Therefore if we are directly looking at the sun the power density in the 
image formed is about 30 kW/m?. Thus, never look into the sun; the retina will be 
damaged not only because of high intensities but also because of large ultraviolet 
content of the sunlight. 

A very interesting application of the extreme directionality of laser beams is 
in the realization of artificial stars in the sky. At a height of about 95 km above 
the surface of earth there is a layer containing sodium atoms. If a laser beam at 
a wavelength of 589 nm is sent up, then the sodium atoms absorb the radiation, 
get excited to a higher energy level, and then emit spontaneously when they get de- 
excited. Some of this radiation is traveling toward the earth and resembles a star. The 
position of this artificial star or guide star can be adjusted by changing the direction 
of the laser beam. Typically pulsed lasers emitting a power of about 20 W and pulse 
widths of 100 ns are used to create the star. One of the interesting applications of this 
guide star is in the correction of images formed by telescopes on the earth. Since the 
light coming from objects outside the earth has to pass via the turbulent atmosphere, 
the image of any extra terrestrial object will not be stable. By looking at the image 
of this artificial star it is possible to determine the correction to the optical system 
required in real time for canceling the effects of turbulence. Figure 10.7 shows the 
images of the application of laser guide star in imaging the dense star cluster at the 
center of the Milky Way. 


2004 July: LGS- AO 2004 July: NGS - AO 


Fig. 10.7 Images of the dense star cluster at the center of the Milky Way Galaxy in infrared light 
at 3.6 zm wavelength. Left: image using laser guide star adaptive optics. Right: best natural guide 
star image. The laser guide star image has a total integration time of 8 min, while the natural guide 
star image has 150 min. The plus sign marks the position of the central million-solar-mass black 
hole, Sgr A*, in both images. (Credit: UCLA Galactic Center Group and W.M. Keck Observatory 
Laser Guide Star Team; photograph provided by Prof Claire Max, University of California, USA) 
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Problem 10.1 Consider a confocal laser resonator made of mirrors of radii of curvature | m each. 
Assuming that the laser is oscillating in the fundamental Gaussian mode, obtain the divergence of the 
exiting laser beam if the free space wavelength of the laser is 500 nm. [Ans: wo ~ 300 jm, 90 s of arc]. 


Problem 10.2 Referring to Problem 10.1 if the separation between the mirrors is kept | m while the 
mirror radii of curvatures are increased to 5 m, obtain the corresponding divergence. [Ans: wy ~ 5 mm, 
6s of arc]. 


Spectral Purity: Laser beams can have an extremely small spectral width, of the 
order of 10- A. Compare this with a typical source such as a sodium lamp which 
has a spectral width of about 0.1 A. The stimulated emission process coupled with 
the optical resonator within which the amplifying medium is placed is responsible 
for the very small spectral widths. In general a laser may oscillate in a number of 
frequencies simultaneously unless special techniques are adopted (see Chapter 7). 
This includes using Fabry—Perot filters within the laser cavity to allow only one 
frequency to oscillate. Even in a laser oscillating in a single frequency, there could 
be random but small variations in the frequency of oscillation due to temperature 
fluctuations and vibrations of the mirrors of the cavity. Stabilization of frequency 
is achieved using various techniques, for example, the laser is coupled to another 
very stable cavity and the emission from the laser gets locked to this stable cav- 
ity. Frequency-stabilized lasers with frequency stability of better than 10° (ie., 


107 


Focused Intensity (W/cm?) 


1960 1970 1980 1990 2000 2010 


Fig. 10.8 Increase in achievable laser intensity with the year. The increase has a large slope around 
1960 due to the invention of the laser and then again after 1985. (Adapted from Mourou and 
Yanovsky (2004) © 2004 OSA) 


10.3 Coherence Properties of Laser Light 269 


fractional frequency shift of less than 10 parts per billion) are commercially avail- 
able. Because of high spectral purity, lasers find applications in holography, optical 
communications, spectroscopy, etc. 

High Power: Lasers can generate extremely high powers, and since they can also 
be focused to very small areas, it is possible to generate extremely high-intensity val- 
ues. Figure 10.8 shows how the intensity achievable using laser beams has increased 
every year. At intensities such as 107! W/m’, the electric fields are so high that 
electrons can get accelerated to relativistic velocities (velocities approaching that 
of light) leading to very interesting effects. Apart from scientific investigations of 
extreme conditions, continuous wave lasers having power levels ~ 10° W and pulsed 
lasers having a total energy ~ 50000 J have applications in welding, cutting, laser 
fusion, star wars, etc. 


10.3 Coherence Properties of Laser Light 


In this section we will introduce the concepts of temporal and spatial coherence 
since these play a significant role in their applications. 


10.3.1 Temporal Coherence 
In order to understand the concept of temporal coherence, we consider a Michelson 
interferometer arrangement as shown in Fig. 10.9. S represents an extended near 


monochromatic source, G represents a beam splitter, and M; and Mp are two plane 
mirrors. The mirror M2 is fixed while the mirror M; can be moved either toward 


Source S 


Fig. 10.9 A Michelson ( a ) 
: Eye E 
interferometer setup 
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or away from G. Light from the source S is incident on G and is divided into two 
equal portions; one part travels toward M, and is reflected back and the other part is 
reflected back from Mp. The two reflected waves interfere and produce interference 
fringes which are visible from E. When the mirrors My and Mp are nearly equidis- 
tant from G, i.e, when the two waves traversing the two different paths take the 
same amount of time, then it is observed that the contrast of the interference fringes 
formed is good. If now the mirror M is slowly moved away from G, then it is seen 
that for ordinary extended source of light (like a sodium lamp), the contrast in the 
fringes goes on decreasing and when the difference between the distances from G 
to M, and M2 is about a few millimeters to a few centimeters, the fringes are no 
longer visible. This decrease in contrast of the fringes can be explained as follows: 
The source S is emitting small wave trains of an average duration T, (say) and there 
is no phase relationship between different wave trains (see Section 4.5). This is in 
contrast to an infinitely long pure sinusoidal wave train, which is also referred to 
as a monochromatic wave. When the difference in time taken by the wave trains to 
travel the paths G to Mj and back and G to M> and back is much less than the aver- 
age duration T¢, then the interference is produced between two wave trains each one 
being derived from the same wave train. Hence even though different wave trains 
emanating from the source S do not have definite phase relationship, since one is 
superimposing two wave trains derived from the same wave train, fringes of good 
contrast will be seen. On the other hand, if the difference in the time taken to tra- 
verse the paths to M, and back and to M2 and back is much more than T¢, then one 
is superimposing two wave trains which are derived from two different wave trains, 
and since there is no definite phase relationship between two wave trains emanating 
from S, interference fringes will not be observed. Hence as the mirror Mj is moved, 
the contrast in the fringes becomes poorer and poorer and for large separations no 
fringes would be seen. The time tT, is referred to as the coherence time and the 
length of the wave train ct, is referred to as the longitudinal coherence length. It 
may be mentioned that there is no definite distance at which the interference pattern 
disappears; as the distance increases, the contrast in the fringes becomes gradually 
poorer and eventually the fringes disappear. 

As an example, for the neon 632.8 nm line from a discharge lamp, the interfer- 
ence fringes would vanish if the path difference between the two mirrors is about a 
few centimeters. Thus for this source, tT; ~ 100 ps. On the other hand, for the red 
cadmium line at 643.8 nm, the coherence length is about 30 cm, which gives T. ~ 
Ins. 

The decrease in contrast of the fringes can also be interpreted as being due to 
the fact that the source S is not emitting a single frequency but emits over a band 
of frequencies (see Section 4.5). When the path difference is zero or very small, 
the different wavelength components produce fringe patterns superimposed on one 
another and the fringe contrast is good. On the other hand, when the path difference 
is increased, different wavelength components produce fringe patterns which are 
slightly displaced with respect to one another and the fringe contract becomes poor. 
Thus the non-monochromaticity of the light source can equally well be interpreted 
as the reason for poor fringe visibility for large optical path differences. 
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The equivalence of the above two approaches can also be seen using Fourier 
analysis (see Section 4.5). One can indeed show that a wave having a coherence 
time ~ T, is essentially a superposition of harmonic waves having frequencies in the 
range vo — Av/2 < v < v9 + Av/2 where 


Av ~ 


10.2 
2 Te ( ) 


Thus the longer the coherence time, the smaller the frequency width. For ordinary 
sources T. ~ 100 ps and 


Av ~ 10!9 Hz 


For 4 = 600 nm, v = 5 x 10!4 Hz and 


Av 

— ~ 0.00002 

vo 
The quantity Av/vo represents the monochromaticity and one can see that even for 
ordinary light sources it is quite small. In Section 4.5 we have discussed some of the 
mechanisms leading to the broadening of spectral lines emitted by atoms. 

In a laser, in contrast to an ordinary source of light, the optical resonant cavity is 
excited in different longitudinal modes of the cavity which are specified by discrete 
frequencies of oscillation. In an optical resonator without the amplifying medium, 
the finite loss of the resonator leads to an exponentially decaying output amplitude 
which leads to a finite linewidth of the output. On the other hand, in an actual laser 
oscillating in steady state, the loss is exactly compensated by the gain provided by 
the laser medium, and when the laser is oscillating in a single mode, the output 
is essentially a pure sinusoidal wave. Superposed on this are the random emissions 
arising out of spontaneous emission and it is this spontaneous emission which limits 
the ultimate monochromaticity of the laser (see Section 7.5). 

In contrast to Av ~ 101° Hz, for an ordinary source of light, for a well-controlled 
laser one can obtain Av ~ 500 Hz, which gives tT, ~ 2 ms. The corresponding coher- 
ence length is about 600 km. Such long coherence lengths imply that the laser could 
be used for performing interference experiments with very large path differences. 

For a laser oscillating in many modes, the monochromaticity depends obviously 
on the number of oscillating modes (see Problem 7.3). Also for a pulsed laser, the 
minimum linewidth is limited by the duration of the pulse. Thus for a | ps pulse, the 
coherence time is 1 ps and the spectral width would be about 10? Hz. 


10.3.2 Spatial Coherence 


In order to understand the concept of spatial coherence, we consider the Young’s 
double-hole experiment as shown in Fig. 10.10. S represents a source placed in 
front of a screen with two holes S; and Sz and the interference pattern between the 
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Fig. 10.10 Young’s | 


double-slit experimental a Ss; 
arrangement 2 
S» 
T 


waves emanating from S; and S2 is observed on screen T. We restrict ourselves to 
the region near O for which the optical path lengths $;O and S20 are equal. If S 
represents a point source then it illuminates the pinholes S; and S2 with spherical 
waves. Since the holes S$; and Sz are being illuminated coherently, the interference 
fringes formed near O will be of good contrast. Consider now another point source S 
placed near S and assume that the waves from S and S have no phase relationship. In 
such a case the interference pattern observed on the screen T will be a superposition 
of the intensity distributions of the interference patterns formed due to S and S. If 
S is moved slowly away from S, the contrast in the interference pattern on T will 
become poorer because of the fact that the interference pattern produced by S is 
slightly shifted in relation to that produced by S. For a particular separation, the 
interference maximum produced by S falls on the interference minimum produced 
by S and the minimum produced by S falls on the maximum produced by S. For 
such a position the interference fringe pattern on the screen T is washed away. 

In order to obtain an approximate expression for the separation SS for disap- 
pearance of fringes, we assume that S and O are equidistant from S; and So. If the 
position of § is such that the path difference between SS7 and SS; is 4/2 (where A 
is the wavelength of light used), then the source S produces an interference mini- 
mum at O and the two fringe patterns would be out of step. If we assume SS = 1, 
S,S2 = d, and the distance between S and the plane of the pinholes is D, we obtain 


1/2 
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where we have assumed that D >> d, /. Thus for disappearance of fringes, 
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For an extended source made up of independent point sources, one may say that 
good interference fringes will be observed as long as 


AD 
l<< a (10.6) 


Equivalently for a given source of width /, interference fringes of good contrast will 
be formed by interference of light from two point sources S; and S2 separated by a 
distance d as long as 


AD 
d << — 
l 
Since //d is the angle (say @) subtended by the source at the slits above equation can 


also be written as 


Xr 
d << ri (10.7) 


The distance /y (=A/@) is referred to as the lateral coherence width. It can be seen 
from Eq. (10.7) that Jy depends inversely on @. 


Example 10.1 The angle subtended by sun on the earth is 32 s of arc which is approximately 0.01 radians. 
Thus assuming a wavelength of 500 nm, the lateral coherence width of the sun would be 50 im. Thus 
if we have a pair of pinholes separated by a distance much less than 50 jm, and illuminated by the sun, 
interference pattern of good contrast will be obtained on the screen. 


Using ordinary extended sources, one must pass the light through a pinhole in 
order to produce a spatially coherent light beam. In contrast, the laser beam is highly 
spatially coherent. For example, Fig. 10.11 shows the interference pattern obtained 
by Nelson and Collins (1961) by placing a pair of slits of width 7.5 jum separated 
by a distance of 54 1m on the end of a ruby rod of a ruby laser. The interference 
pattern agrees with the theoretical prediction to within 20%. To show that the spatial 
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Fig. 10.11 Interference fringes observed by placing a pair of slits in front of a ruby laser show- 
ing the spatial coherence of the laser beam (Reprinted with permission from D.F. Nelson and 
R.J. Collins, Spatial coherence in the output of a maser, J. Appl. Phys. 32 (1961) 739. © 1961 
American Institute of Physics) 
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coherence is indeed due to laser action, they showed that below threshold no inter- 
ference pattern was observed; only a uniform darkening of the photographic plate 
was obtained. 


Problem 10.3 A 1550 nm semiconductor laser emits an elliptical Gaussian beam (i.e., the spot sizes in 
the x- and y-directions are not equal) with minimum spot sizes of 100 and 10 jzm in two orthogonal 
directions at the output facet of the laser. At what distance from the facet does the beam become circular 
and what is the spot size at this point? 


Problem 10.4 Consider a symmetric spherical resonator consisting of two concave mirrors of radii of 
curvature | m and separated by 20 cm operating at 1 mm. What will be the angle of divergence of the 
laser beam emanating from such a laser? 


Problem 10.5 Consider an optical resonator shown below: 


R =100 cm 60 cm > 


SS 
D 
; 


(a) Calculate the intensity distribution of the fundamental Gaussian mode at the plane mirror and at 
the spherical mirror 


(b) If both mirrors are partially reflecting, which of the beams coming out (one from the plane mirror 
and the other from the spherical mirror) would have a larger diffraction divergence? 


(c) If the same resonator is used for oscillation at 1.5 1m by what approximate factor would the 
diffraction divergence of the beam at 1.5 zm increase or decrease compared to | jxm? 


Problem 10.6 What is the approximate angular divergence of the output beam from a He-Ne laser 
(operating at 6328 A) having a 1 m long confocal cavity? 


Problem 10.7 A parallel laser beam with a diameter of 2 mm and a power of 10 W falls on a convex lens 
of diameter 25 mm and focal length 10 mm. If the wavelength of the laser beam is 500 nm, estimate the 
intensity at the focused spot? 


Problem 10.8 Estimate the intensity levels produced on the retina if someone accidentally happens to 
look straight into a laser beam of 10 mW power and a diameter of 2 mm. Assume the pupil diameter to 
be 5 mm and the wavelength of light as 600 nm. 


Problem 10.9 In continuation, estimate the intensity levels produced on the retina if someone acciden- 
tally looks at the sun. Assume the pupil diameter to be 2 mm and the wavelength of light as 600 nm. Also 
calculate the intensity levels produced on the retina when someone looks straight at a 60 W bulb. Take 
reasonable values of various parameters. 
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Problem 10.10 An interference experiment is to be conducted using a He—Ne laser. We have two lasers 
one oscillating in a single longitudinal mode with a linewidth of 10 MHz and the other with two modes 
with linewidths of 10 MHz and separated by a frequency of 600 MHz. Estimate the minimum path 
difference for which the interference pattern will disappear when either of the lasers is used. 


Problem 10.11 A He-Ne laser of length 20 cm oscillates in two longitudinal modes. If the output of 
the laser is incident on a photodetector (a device that converts light into electrical current) whose output 
current is proportional to the incident intensity, what will be the time variation of the output current? 


Problem 10.12 Consider a laser beam of circular cross section of diameter 10 cm and of wavelength 
800 nm pointed toward the moon which is at a distance of 3.76 x 10 5 km. What will be the approximate 
diameter of the laser spot on the moon? Neglect effects due to atmospheric turbulence, etc. [Ans: ~ 6 km]. 


Problem 10.13 Consider a lens having a focal length of 5 mm and an f-number of 2. Obtain the area of 
the focused spot using a laser at 650 nm and a laser at 400 nm. 


Problem 10.14 Consider two sources, one having a spectral width of 0.1 nm and the other with a spectral 
width of 0.001 nm. Obtain the coherence length of the two sources. 


Problem 10.15 Consider a laser emitting pulses of duration 100 fs. What would be the approximate 
spectral width of the pulse. What will be the physical length of the optical pulse in free space? 


Problem 10.16 The breakdown electric field of air is 30 V/j1m. To what intensity level does this 
correspond? 


Chapter 11 
Some Laser Systems 


11.1 Introduction 


In this chapter we shall discuss some specific laser systems and their important 
operating characteristics. The systems that we shall consider are some of the more 
important lasers that are in widespread use today for different applications. The 
lasers considered are 


(a) solid-state lasers: ruby, Nd:YAG, Nd:glass; 
(b) gas lasers: He—Ne, argon ion, and CO2; 

(c) liquid lasers: dyes; 

(d) excimer lasers; 


In Chapters 12-14 we shall discuss in detail fiber lasers, semiconductor lasers and 
coherent sources based on non-linear optical effect, namely parametric oscillators. 


11.2 Ruby Lasers 


The first laser to be operated successfully was the ruby laser which was fabricated 
by Maiman in 1960. Ruby, which is the lasing medium, consists of a matrix of 
aluminum oxide in which some of the aluminum ions are replaced by chromium 
ions. It is the energy levels of the chromium ions which take part in the lasing action. 
Typical concentrations of chromium ions are ~0.05% by weight. The energy level 
diagram of the chromium ion is shown in Fig. 11.1. As is evident from figure this 
a three-level laser.! The pumping of the chromium ions is performed with the help 
of flash lamp (e.g., a xenon or krypton flashlamp) and the chromium ions in the 
ground state absorb radiation around wavelengths of 5500 A and 4000 A and are 
excited to the levels marked E; and Ey. The chromium ions excited to these levels 
relax rapidly through a non-radiative transition (in a time ~ 10-°-10~°s) to the level 


'The level M actually consists of a pair of levels corresponding to wavelengths of 6943 and 6929 A. 
However, laser action takes place only on the 6943 A line because of higher inversion. 


K. Thyagarajan, A. Ghatak, Lasers, Graduate Texts in Physics, 277 
DOI 10.1007/978-1-4419-6442-7_11, © Springer Science+Business Media, LLC 2010 
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marked M which is the upper laser level. The level M is a metastable level with a 
lifetime of ~ 3 ms. Laser emission occurs between level M and the ground state G 
at an output wavelength of 49 = 6943 A. 

The flashlamp operation of the laser leads to a pulsed output of the laser. As 
soon as the flashlamp stops operating the population of the upper level is depleted 
very rapidly and lasing action stops till the arrival of the next flash. Even during 
the short period of a few tens of microseconds in which the laser is oscillating, 
the output is a highly irregular function of time with the intensity having random 
amplitude fluctuations of varying duration as shown in Fig. 11.2. This is called laser 
spiking, the formation of which can be understood as follows: when the pump is 
turned on, the intensity of light at the laser transition is small and hence the pump 
builds up the inversion rapidly. Although under steady-state conditions the inver- 
sion cannot exceed the threshold inversion, on a transient basis it can go beyond the 
threshold value due to the absence of sufficient laser radiation in the cavity which 
causes stimulated emission. Thus the inversion goes beyond threshold when the 
radiation density in the cavity builds up rapidly. Since the inversion is greater than 
threshold, the radiation density goes beyond the steady-state value which in turn 
depletes the upper level population and reduces the inversion below threshold. This 
leads to an interruption of laser oscillation till the pump can again create an inver- 
sion beyond threshold. This cycle repeats itself to produce the characteristic spiking 
in lasers. 

Figure 11.3 shows a typical setup of a flashlamp pumped pulsed ruby laser. The 
helical flashlamp is surrounded by a cylindrical reflector to direct the pump light 
onto the ruby rod efficiently. The ruby rod length is typically 2-20 cm with diam- 
eters of 0.1—-2 cm. As we have seen in Section 5.3, typical input electrical energies 
required are in the range of 10—20 kJ. In addition to the helical flashlamp pumping 
scheme shown in Fig. 11.3, one may use other pumping schemes such as that shown 
in Fig. 11.4 in which the pump lamp and the laser rod are placed along the foci of 
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Fig. 11.2 Temporal output 
power variations of a ruby 
laser beam leading to what is 
referred to as laser spiking. 
The three figures show 
regular spiking, partially 
regular spiking and irregular 
spiking. (Adapted with 
permission from Sacchi and 
Svelto (1965) © 1965 IEEE) 


Fig. 11.3 A typical setup of 
a flashlamp pumped-pulsed 
ruby laser. The flashlamp is 
covered by a cylindrical 
reflector for efficient coupling 
of the pump light to the 

ruby rod 


Fig. 11.4 Elliptical pump 
cavity in which the lamp and 
the ruby rod are placed along 
the foci of the elliptical 
cylindrical reflector 
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an elliptical cylindrical reflector. It is well known that the elliptical reflector focuses 
the light emerging from one focus into the other focus of the ellipse, thus leading to 
an efficient focusing of pump light on the laser rod. 

In spite of the fact that the ruby laser is a three-level laser, it still is one of the 
important practical lasers. The absorption bands of ruby are very well matched with 
the emission spectra of practically available flashlamps so that an efficient use of 
the pump can be made. It also has a favorable combination of a long lifetime and 
a narrow linewidth. The ruby laser is also attractive from an application point of 
view since its output lies in the visible region where photographic emulsions and 
photodetectors are much more sensitive than they are in the infrared region. Ruby 
lasers find applications in pulsed holography, in laser ranging, etc. 


11.3 Neodymium-Based Lasers 


The Nd:YAG laser (YAG stands for yttrium aluminum garnet which is Y3A15012) 
and the Nd:glass laser are two very important solid-state laser systems in which 
the energy levels of the neodymium ion take part in laser emission. They both cor- 
respond to a four-level laser. Using neodymium ions in a YAG or glass host has 
specific advantages and applications. 


(a) Since glass has an amorphous structure the fluorescent linewidth of emission is 
very large leading to a high value of the laser threshold. On the other hand YAG 
is a crystalline material and the corresponding linewidth is much smaller which 
implies much over thresholds for laser oscillation. 

The fact that the linewidth in the case of the glass host is much larger than in 

the case of the YAG host can be made use of in the production of ultrashort 

pulses using mode locking since as discussed in Section 7.7.3, the pulsewidth 
obtainable by mode locking is the inverse of the oscillating linewidth. 

(c) The larger linewidth in glass leads to a smaller amplification coefficient and 
thus the capability of storing a larger amount of energy before the occurrence 
of saturation. This is especially important in obtaining very high-energy pulses 
using Q-switching. 

(d) Other advantages of the glass host are the excellent optical quality and excellent 
uniformity of doping that can be obtained and also the range of glasses with 
different properties that can be used for solving specific design problems. 

(e) As compared to YAG, glass has a much lower thermal conductivity which may 
lead to induced birefringence and optical distortion. 


(b 


wm 


From the above discussion we can see that for continuous or very high pulse 
repetition rate operation the Nd:YAG laser will be preferred over Nd:glass. On the 
other hand for high energy-pulsed operation, Nd:glass lasers maybe preferred. In 
the following we discuss some specific characteristics of Nd:YAG and Nd:glass 
laser systems. 
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11.3.1 Nd:YAG Laser 


The Nd:YAG laser is a four-level laser and the energy level diagram of the 
neodymium ion is shown in Fig. 11.5. The laser emission occurs at Ag © 1.06 pum. 
Since the energy difference between the lower laser level and the ground level is 
~ 0.26 eV, the ratio of its population to that of the ground state at room temperature 
(T= 300 K) is e~ 47 /kpT = e~?<<1. Thus the lower laser level is almost unpopu- 
lated and hence inversion is easy to achieve. The main pump bands for excitation of 
the neodymium ions are in the 0.81 and 0.75 {1m wavelength regions and pumping 
is done using arc lamps (e.g., the Krypton arc lamp). Typical neodymium ion con- 
centrations used are ~1.38 x 107° cm-3. The spontaneous lifetime corresponding 
to the laser transition is 550 \1s and the emission line corresponds to homogeneous 
broadening and has a width Av ~ 1.2 x 10!! Hz which corresponds to AA ~ 4.5A. 
We have shown in Section 5.4 that the Nd:YAG laser has a much lower threshold of 
oscillation than a ruby laser. 

With the availability of high-power compact and efficient semiconductor lasers, 
efficient pumping of Nd ions to upper laser level can be accomplished using laser 
diodes. This leads to very compact diode pumped Nd-based lasers. Diode laser 
pumping is simpler than lamp pumping and also produces much less heat in the 
laser medium leading to increased overall efficiency. Since the laser diode output is 
narrow band unlike a normal lamp, the output at 808 nm can be efficiently used for 
pumping. Typical output powers of 150 W are commercially available. In fact an 
intracavity second-harmonic generator can efficiently convert the laser wavelength 
to 532 nm (the second harmonic of 1064 nm of Nd:YAG) leading to very efficient 
green lasers. 
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Laser transition 
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Nd:YAG lasers find many applications in range finders, illuminators with Q- 
switched operation giving about 10-50 pulses per second with output energies in 
the range of 100 mJ per pulse, and pulse width ~ 10 ns. They also find applications 
in resistor trimming, scribing, micromachining operations as well as welding, hole 
drilling, etc. 


11.3.2 Nd:Glass Laser 


The Nd:glass laser is again a four-level laser system with a laser emission around 
1.06 jum. Typical neodymium ion concentrations are ~2.8 x 10°9 cm™ and var- 
ious silicate and phosphate glasses are used as the host material. Since glass has 
an amorphous structure different neodymium ions situated at different sites have 
slightly different surroundings. This leads to an inhomogeneous broadening and the 


resultant linewidth is Av ~ 7.5 x 10! Hz which corresponds to AA ~ 260 A. 
This width is much larger than in Nd:YAG lasers and consequently the threshold 
pump powers are also much higher. The spontaneous lifetime of the laser transition 
is ~ 300 us. 

Nd-doped fiber lasers are also efficient. Chapter 12 discusses fiber lasers and 
primarily erbium-doped fiber lasers. But similar analysis can also be carried out for 
Nd-doped fiber lasers. 

Nd:glass lasers are more suitable for high energy-pulsed operation such as in 
laser fusion where the requirement is of subnanosecond pulses with an energy con- 
tent of several kilojoules (i.e., peak powers of several tens of terawatts). Other 
applications are in welding or drilling operations requiring high pulse energies. 

Table 11.1 gives a comparison of some important characteristics of ruby, 
Nd:YAG, and Nd:glass laser systems. 


Table 11.1 Comparison of ruby, Nd:YAG, and Nd:glas laser systems 


Laser Ruby Nd:YAG Nd:glass 
Wavelength (A) 6943 10,641 10,623 
Spontaneous lifetime (ws) 3000 240 300 
Active ion concentration (em7>) 1.58x10!9 1.38x 1029 2.83 x 1029 
Linewidth (GHz) 330 120 7500 
(A) 5.5 4.0 260 
Population inversion 4x 107 1.1x10!6 3.3x10!7 
density for 1% +7.6x 1018 
gain/em (em™3) 
Index of refraction (n) No= 1.763 1.82 1.55 
(at laser 2) Ne= 1.755 
Major pump 4040 5800 5800 
bands (A) 5540 7500 7500 
8100 8100 


Table adapted from Koechner (1976). 
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11.4 Titanium Sapphire Laser 


Titanium sapphire (Ti:sapphire) laser is one of the most important solid-state lasers 
since it is a continuously tunable laser from about 650 to 1100 nm and due to its large 
gain bandwidth can produce mode-locked pulses in the tens of femtosecond regime. 
Titanium sapphire laser consists of titantum-doped sapphire (Al2O3), in which the 
energy levels of titanium take part in laser action. The titanium sapphire laser is 
pumped by another laser, usually argon ion laser emitting in the wavelength region 
of 514 nm; other lasers such as frequency-doubled Nd:YAG laser emitting 532 nm 
wavelength is also used for pumping the laser. Figure 11.6 shows the absorption and 
emission spectra of titanium sapphire. The broad absorption and emission spectra 
are evident. The broad emission spectrum leads to a broad gain spectrum which in 
turn allows for ultrashort pulse generation using mode locking techniques. 


Fig. 11.6 Absorption and 

emission spectrum of 

titanium sapphire laser 

medium [Adapted from 
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primer/techniques/fluorescence/ 
multiphoton/images/ Relative 
tisapspectra.jpg] intensity 
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11.5 The He—Ne Laser 


The first gas laser to be operated successfully was the He—Ne laser. As we dis- 
cussed earlier in solid-state lasers, the pumping is usually done using a flashlamp 
or a continuous high-power lamp. Such a technique is efficient if the lasing sys- 
tem has broad absorption bands. In gas lasers since the atoms are characterized by 
sharp energy levels as compared to those in solids, one generally uses an electrical 
discharge to pump the atoms. 

The He-Ne laser consists of a long and narrow discharge tube (diameter ~ 2— 
8 mm and length 10-100 cm) which is filled with helium and neon with typical 
pressures of 1 torr? and 0.1 torr. The actual lasing atoms are the neon atoms and 
as we shall discuss helium is used for a selective pumping of the upper laser level 


2Torr is a unit of pressure and | torr = 1 mm Hg. 
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Fig. 11.7 A typical He-Ne . 
Brewster windows 


laser with external mirrors. 
The ends of the discharge 
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windows 
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Fig. 11.8 Low lying energy 
levels of helium and neon 24 
taking part in the He-Ne laser 
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of neon. The laser resonator may consist of either internal or external mirrors (see 
Fig. 11.7). Figure 11.8 shows the energy levels of helium and neon. When an elec- 
trical discharge is passed through the gas, the electrons which are accelerated down 
the tube collide with helium and neon atoms and excite them to higher energy levels. 
The helium atoms tend to accumulate at levels F2 and F3 due to their long lifetimes 
of ~ 10“ and 5 x 10° s, respectively. Since the levels E4 and E¢ of neon atoms 
have almost the same energy as F2 and F3, excited helium atoms colliding with neon 
atoms in the ground state can excite the neon atoms to E4 and £6. Since the pres- 
sure of helium is ten times that of neon, the levels E4 and E¢ of neon are selectively 
populated as compared to other levels of neon. 

Transition between E~ and E3 produces the very popular 6328 A line of the 
He-Ne laser. Neon atoms de-excite through spontaneous emission from £3 to E2 
(lifetime ~ 10-8 s). Since this time is shorter than the lifetime of level E6 (which 
is ~ 10-’ s) one can achieve steady-state population inversion between Eg and E3. 
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Level E> is metastable and thus tends to collect atoms. The atoms from this level 
relax back to the ground level mainly through collisions with the walls of the tube. 
Since E2 is metastable it is possible for the atoms in this level to absorb the sponta- 
neously emitted radiation in the E3—> E> transition to be re-excited to £3. This will 
have the effect of reducing the inversion. It is for this reason that the gain in this 
laser transition is found to increase with decreasing tube diameter. 

The other two important wavelengths from the He-Ne laser are 1.15 and 
3.39 um, which correspond to the E4,—E3 and Eg— Es transitions. It is interest- 
ing to observe that both 3.39 zm and 6328 A transitions share the same upper laser 
level. Now since the 3.39 1m transition corresponds to a much lower frequency than 
the 6328 A line, the Doppler broadening is much smaller at 3.39 j1m and also since 
gain depends inversely on v? (see Eq. (4.26)), the gain at 3.39 jzm is much higher 
than at 6328 A. Thus due to the very large gain, oscillations will normally tend to 
occur at 3.39 1m rather than at 6328 A. Once the laser starts to oscillate at 3.39 j1m, 
further build up of population in E¢ is not possible. The laser can be made to oscil- 
late at 6328 A by either using optical elements in the path which strongly absorb 
the 3.39 zm wavelength or increasing the linewidth through the Zeeman effect by 
applying an inhomogeneous magnetic field across the tube. 

If the resonator mirrors are placed outside the discharge tube then reflections 
from the ends of the discharge tube can be avoided by placing the windows at the 
Brewster angle (see Fig. 11.7). In such a case the beam polarized in the plane of 
incidence suffers no reflection at the windows while the perpendicular polarization 
suffers reflection losses. This leads to a polarized output of the laser. 


11.6 The Argon Ion Laser 


In an argon ion laser, one uses the energy levels of the ionized argon atom and the 
laser emits various discrete lines in the 3500-5200 A wavelength region. Figure 11.9 
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shows some of the energy levels taking part in the laser transition. The argon atoms 
have to be first ionized and then excited to the higher energy levels of the ion. 
Because of the large energies involved in this, the argon ion laser discharge is very 
intense; typical values being 40 A at 165 V. A particular wavelength out of the many 
possible lines is chosen by placing a dispersive prism inside the cavity close to one 
of the mirrors. Rotation of the prism—mirror system provides feedback only at the 
wavelength which is incident normally on the mirror. Typical output power in a con- 
tinuous wave argon ion laser is 3-5 W. Some of the important emission wavelengths 
include 5145 A, 4965 A, 4880 A, 4765 A, and 4579 A. 


11.7 The CQ, Laser 


The lasers discussed above use transitions among the various excited electronic 
states of an atom or an ion. In a CO? laser one uses the transitions occurring between 
different vibrational states of the carbon dioxide molecule. Figure 11.10 shows the 
carbon dioxide molecule consisting of a central carbon atom with two oxygen atoms 
attached one on either side. Such a molecule can vibrate in the three independent 
modes of vibration shown in Fig. 11.10. 

These correspond to the symmetric stretch, the bending, and the asymmetric 
stretch modes. Each of these modes is characterized by a definite frequency of vibra- 
tion. According to basic quantum mechanics these vibrational degrees of freedom 
are quantized, i.e., when a molecule vibrates in any of the modes it can have only 
a discrete set of energies. Thus if we call vj the frequency corresponding to the 
symmetric stretch mode then the molecule can have energies of only 
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when it vibrates in the symmetric stretch mode. Thus the degree of excitation is 
characterized by the integer m when the carbon dioxide molecule vibrates in the 
symmetric stretch mode. In general, since the carbon dioxide molecule can vibrate 
in a combination of the three modes the state of vibration can be described by three 
integers (mnq); the three integers correspond, respectively, to the degree of excita- 
tion in the symmetric stretch, bending, and asymmetric stretch modes, respectively. 
Figure 11.11 shows the various vibrational energy levels taking part in the laser 
transition. 

The laser transition at 10.6 jum occurs between the (001) and (100) levels of 
carbon dioxide. The excitation of the carbon dioxide molecules to the long-lived 
level (001) occurs both through collisional transfer from nearly resonant excited 
nitrogen molecules and also from the cascading down of carbon dioxide molecules 
from higher energy levels. 

The CO laser possesses an extremely high efficiency of ~30%. This is because 
of efficient pumping to the (001) level and also because all the energy levels involved 
are close to the ground level. Thus the atomic quantum efficiency which is the ratio 
of the energy difference corresponding to the laser transition to the energy difference 
of the pump transition, i.e., 

Es — E4 
"7B 
is quite high (~45%). Thus a large portion of the input power can be converted into 
useful laser power. 

Output powers of several watts to several kilowatts can be obtained from CO2 
lasers. High-power COp lasers find applications in materials processing, welding, 
hole drilling, cutting, etc., because of their very high output power. In addition, the 
atmospheric attenuation is low at 10.6 jum which leads to some applications of CO 
lasers in open air communications. 
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11.8 Dye Lasers 


One of the most widely used tunable lasers in the visible region is the organic dye 
laser. The dyes used in the lasers are organic substances which are dissolved in 
solvents such as water, ethyl alcohol, methanol, and ethylene glycol. These dyes 
exhibit strong and broad absorption and fluorescent spectra and because of this they 
can be made tunable. By choosing different dyes one can obtain tenability from 
3000 A to 1.2 wm. 

The levels taking part in the absorption and lasing correspond to the various 
vibrational sublevels of different electronic states of the dye molecule. Figure 11.12 
shows a typical energy level diagram of a dye in which So is the ground state, 
S; is the first excited singlet state, and 7;, T2 are the excited triplet states of the 
dye molecule. Each state consists of a large number of closely spaced vibrational 
and rotational sublevels. Because of strong interaction with the solvent, the closely 
spaced sublevels are collision broadened to such an extent that they almost form a 
continuum. 


Fig. 11.12 Typical energy Singlet Triplet 
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When dye molecules in the solvent are irradiated by visible or ultraviolet radi- 
ation then the molecules are excited to the various sublevels of the state $;. Due 
to collisions with the solvent molecules, the molecules excited to higher vibrational 
and rotational states of $, relax very quickly (in times ~10~!'—10-!” s) to the lowest 
level V2 of the state S;. Molecules from this level emit spontaneously and de-excite 
to the different sublevels of Sp. Thus the fluorescent spectrum is found to be red 
shifted against the absorption spectrum. 
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Problems 


Problem 11.1 Consider mode locking an Nd:YAG laser and an Nd:glass laser. Compare the minimum 
pulse widths obtainable using these two lasers. If the length of the resonators in both cases is 20 cm, what 
typical pulse widths are possible by mode locking these two lasers? 


Problem 11.2 Estimate the Doppler-broadened linewidth of a carbon dioxide laser system assuming a 
temperature of 300 K. 


Problem 11.3 Consider a He-Ne laser having a cavity length of 30 cm and oscillating over a bandwidth 
of 1500 MHz. What will be the coherence length of the laser? 


Problem 11.4 Compare the Doppler-broadened linewidth of the 632.8 and 3.39 mm emission lines of 
He-Ne laser. Assume a temperature of 300 K. 


Chapter 12 
Doped Fiber Amplifiers and Lasers 


12.1 Introduction 


The most common solid-state lasers are Nd:YAG laser and Ti:sapphire laser and 
are used extensively in various laboratories for R&D and also in many applications. 
These lasers usually require laboratory-like environments and have a reasonably 
high power consumption requiring maintenance. In this context, optical fiber lasers 
in which the gain medium is in the form of an optical fiber are revolutionizing the 
applications of solid-state lasers. Some of the most attractive features of fiber lasers 
are the direct pumping using semiconductor lasers, high gain achievable with broad 
bandwidths, and a laser beam with excellent beam quality. Using components devel- 
oped specifically for the telecommunication application of fiber optics, fiber lasers 
have seen an explosive growth in terms of high output powers, ultrashort pulses, and 
extensive wavelength region. With developments in large mode area optical fibers, 
photonic crystal fibers, etc., the field is continuing to grow. Figure 12.1 shows the 
growth of fiber lasers during the last 15 years with a steep rise after 2002. 

There are many important fiber lasers such as erbium-doped fiber laser (for oper- 
ation at 1550 nm) and ytterbium-doped fiber laser (for operation at 1060 nm). They 
are either three-level or four-level lasers and can be analyzed using the standard rate 
equations. Compared to standard lasers, in the case of fiber lasers, the amplifying 
medium is quite long and the signal and pump powers vary significantly over the 
length of the fiber. Hence the analysis of fiber laser is somewhat different from stan- 
dard lasers discussed in Chapter 5. As an example of a fiber laser, in Section 12.2, 
we will consider an erbium-doped fiber laser in detail and obtain its characteristics. 
Similar analysis can be performed for other fiber laser systems. 


12.2 The Fiber Laser 


In a fiber laser, the active medium providing optical amplification is an optical fiber 
with its core doped with suitable dopants (more details on optical fibers and their 
characteristics can be found in Chapter 16). When such a fiber is pumped by a 
suitable light source (usually another laser), population inversion between two of 
the energy levels is achieved, thus providing optical amplification. As discussed in 


K. Thyagarajan, A. Ghatak, Lasers, Graduate Texts in Physics, 291 
DOI 10.1007/978-1-4419-6442-7_12, © Springer Science+Business Media, LLC 2010 


292 12 Doped Fiber Amplifiers and Lasers 


3500 
3000 W 
3000 rT] 
z 
5 2500 @ 2500 W 
eB 
Q 
i 2000 BH 2000 W 
3 
2 
© 1500 1360W @ 1530W 
g FF s00w 
i) 
=} 
& 
P= 
i) 
1S) 


1992 1996 2000 2004 


Fig. 12.1 Growth of fiber lasers since 1993 showing a steep rise after 2002. (Adapted with 
permission from Limpert et al. (2007) © 2007 IEEE) 


Chapter 4, by providing an optical feedback using mirrors at the end of the ampli- 
fying fiber, it is possible to achieve laser oscillation leading to a fiber laser. As early 
as 1961, Elias Snitzer wrapped a flashlamp around a glass fiber (having a 300-~m 
core doped with Nd** ions clad in a lower index glass) and when suitable feedback 
was applied, the first fiber laser was born. Thus, the fiber laser was fabricated within 
a year of the demonstration of the first ever laser by Theodore Maiman. 

Figure 12.2 shows a schematic of a fiber laser. As an example, let us consider 
an erbium-doped fiber laser. Light from a pump laser emitting at 980 nm is coupled 
into a short length of erbium-doped fiber using a wavelength division multiplexing 
(WDM) coupler. The WDM coupler is a device which combines two different wave- 
lengths from two different fibers into a single output fiber and acts like a dichroic 
beam splitter. It can also be used to split light waves at two different wavelengths 
propagating in the same fiber into two different fibers. The WDM coupler at the 


Doped fiber 


WDM WDM 
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Laser beam 


Pump laser 


Fig. 12.2 A schematic of an erbium-doped fiber laser 
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output removes any unused pump laser power. To provide optical feedback, the 
two ends of the signal ports of the WDM coupler are cut properly and coated to 
have high reflectivity or have fiber Bragg gratings as reflectors. Since the gains pro- 
vided by erbium ions are very large, even a small reflectivity is sufficient to satisfy 
the condition for laser oscillation, namely compensation of loss by the gain pro- 
vided by population inversion. This would result in an output laser beam from both 
coupler ends. The wavelength of emission is usually determined by the wavelength 
satisfying the maximum gain and minimum loss; this is around 1530 nm for erbium- 
doped fibers. Figure 12.3 shows the output from an erbium-doped fiber laser as the 
pumping in increased. Just before starting to lase, the pump power is insufficient to 
overcome the losses in the cavity and thus the output is only amplified spontaneous 
emission (lower curve in Fig. 12.3). As we increase the pump power, the erbium- 
doped fiber starts to lase usually emitting multiple wavelengths seen as spikes in the 
figure. 
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In case it is required to have the laser oscillate at a specific wavelength within 
the gain bandwidth of the erbium ion, then this can be achieved by using a fiber 
Bragg grating (FBG) at one end of the laser. Fiber Bragg gratings are periodic vari- 
ations of refractive index within the core of an optical fiber. The periodic variations 
cause a specific wavelength to be reflected back along the fiber; the wavelength of 
peak reflection depends on the period of the grating and the optical fiber. With suf- 
ficient length and refractive index modulation, reflectivities of more than 99% can 
be achieved (see, e.g., Ghatak and Thyagarajan (1998)). 

By placing an FBG at one end of the fiber laser, only the wavelength where 
the FBG reflects strongly is fed back into the fiber cavity. This wavelength would 
thus suffer much lower loss compared to other wavelengths. This would ensure that 
the fiber laser oscillates at the frequency as determined by the FBG. The lasing 
wavelength can be tuned by tuning the peak reflection wavelength of the FBG. 
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Fiber lasers possess many interesting advantages vis-a-vis other laser systems. 
In particular, since the laser beam is confined to a very small cross-sectional area 
within the core of the fiber, large pump intensities can be achieved even with small 
pump powers and thus leading to lower pump power thresholds. Since both the 
pump and the laser beam are propagating within the fiber, they overlap very well 
and this also adds to increased efficiency of the laser and efficiencies of 80% are 
possible. Since the fiber guides the pump beam, one can use very long-length 
cavities without bothering about the divergence of the pump laser beam. Since 
the ratio of surface area to volume of fiber laser is very large, it does not suffer 
from thermal problems and heat dissipation is much easier. The output beam is 
of very good quality since it emerges as the fundamental mode of the fiber. Also 
since the components in the laser are made up of fibers which are all spliced, 
there are no mechanical perturbation problems such as in bulk lasers with separate 
mirrors. 


Fig. 12.4 D-shaped fiber 
cladding of a doped fiber for 
efficient pump utilization 


Using conventional fibers with doped single-mode core and a cladding, the laser 
power is restricted to about 1 W. To achieve higher output powers, fiber lasers use 
double-clad fibers as the amplifying medium (see Fig. 12.4). In this fiber, the cen- 
tral core guides the laser wavelength and is single moded at this wavelength. The 
inner cladding is surrounded by an outer cladding and this region acts as a multi- 
moded guide for the pump wavelength. The radius of the inner cladding is large 
and so is the refractive index difference between the inner cladding and the outer 
cladding. This ensures that power from large area diode lasers can be launched 
into the fiber efficiently. At the same time, since the laser wavelength is propa- 
gating as a fundamental mode in the inner core, the laser output would be single 
moded. The pump power propagating in the inner cladding propagates in the form 
of different rays (or modes). If the cladding is circular in cross section, then it is 
possible that some of the rays (skew rays) propagating in the cladding would never 
have an opportunity to cross the core and this portion of the pump would never be 
used in creating inversion and thus leading to reduced conversion efficiencies. In 
order that all the rays corresponding to the pump power propagating in the inner 
cladding of the fiber cross the core, the inner cladding is made non-circular (see 
Fig. 12.4). This type of design can lead to very much increased pump conversion 
efficiencies. 
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Figure 12.5 shows the absorption spectrum of an erbium-doped fiber. Several 
absorption peaks are apparent; these correspond to different pairs of energy lev- 
els of erbium ion. The most important absorption peak correspond to 980 nm and 
a broad absorption band around 1550 nm. Figure 12.6 shows a schematic of the 
energy levels involved in the absorption process. 
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Fig. 12.6 Three lowest lying energy levels of erbium ions in silica matrix. Each level consists of 
many sublevels 


We will now derive expressions describing an erbium-doped fiber laser (EDFL). 
We will consider the EDFL to be a three-level laser and assume that ions pumped 
into level E3 by a 980-nm pump laser jump rapidly to level E2, which is the upper 
laser level (see Fig. 12.6), and assume that ions pumped from level E; to level F3 
by a 980-nm pump laser jump rapidly to level E>, the upper laser level. 

Let Nj, N2, and \; represent the erbium ion density (number of erbium ions per 
unit volume) in energy levels £; and E> and the total erbium ion density, respec- 
tively. Since we are assuming that ions relax rapidly from level E3, we have N3 ~ 0 
and 
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Nr) = Nir, 2) + Nar, 2) (12.1) 
Usually the entire fiber core of radius a is uniformly doped with erbium ions. Hence 


Ni(r) = M3 O<r<a 
(12.2) 
= 0; r>a 

By pumping appropriately it is possible to generate population inversion between 
levels Ey and £. In such a case, light at a frequency corresponding to (E2 — E1)/h 
can get amplified as it propagates through the fiber. Such a device behaves as an 
optical amplifier. Erbium-doped fiber amplifiers (EDFAs) based on erbium-doped 
fibers are extremely important components in today’s long-distance fiber optical 
communication systems. In such an amplifier, the pump is usually a 980-nm laser 
diode and the amplification is provided over a large band of wavelengths around 
1550 nm. We shall discuss the properties of EDFA in Section 12.5; here we analyze 
an erbium-doped fiber laser. 

Unlike an EDFA, in which the signal propagates only along one direction, in the 
case of a laser, the signal will form a standing wave in the laser cavity. Hence there 
would be signal beams propagating along both the +z- and the —z-directions. We 
will assume the pump to be travelling along the +z-direction (see Fig. 12.7). 
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Fig. 12.7 Pump power travels along the fiber in the +z-direction, while the power at the lasing 
wavelength travels in the +z- and —z-directions. M; and Mp2 represent the two mirrors at the ends 
of the fiber cavity; they could be just cleaved facets of the fiber 


Recalling the discussion on rate equations in Chapter 5, we can write the rate 
equation describing the time rate of change of erbium ion population density N2 in 
level E> as 


SI INE ig = EI a IN yg 3 ly Ps sas 
dt Tsp hvp hug hv, hvg hvg 


On the right-hand side of Eq. (12.3) 


e the first term represents spontaneous emission per unit time per unit volume with 
Tsp representing the spontaneous lifetime of the level E>; 

e the second term represents induced absorption per unit time per unit volume 
due to the pump with J, representing the pump intensity and oy the absorption 
cross section at the pump frequency vp (see Section 4.2.1 for the definition of 
absorption and emission cross sections); 
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e the third term represents stimulated emission per unit time per unit volume 
induced by the signal of intensity /* travelling along the +z-direction and ose 
represents the emission cross section at the signal frequency v.; 

e the fourth term represents induced absorption per unit time per unit volume due 
to the signal frequency v, induced by signal of intensity J travelling along the 
+z-direction; 

e the fifth and sixth terms represent stimulated emission and absorption per unit 
time per unit volume induced by the signal of intensity J, travelling along the 
—z-direction. 


Unlike conventional lasers, the pump and signal waves travel as modes in the 
fiber lasers. These modes are characterized by specific intensity distributions along 
the transverse cross section of the fiber. Due to the guidance mechanism, unlike 
conventional lasers where the laser light within the cavity will diffract, there would 
be no diffraction of the waves in fiber lasers. In view of this we should describe the 
propagation of pump and signal along the fiber length in terms of powers rather than 
in terms of intensities. In order to do so, we introduce two new functions f,(r) and 
Js(v) at the pump and signal frequencies as 


I(r, 2) = PpoAM (12.4) 
and 


IS, 2) = PS @ AW) (12.5) 


Here P,(z) and P>-(z) represent the powers carried by the pump propagating along 
the +z-direction and the signal propagating along the +z- and —z-directions, respec- 
tively, and f)(r) and f(r) represent the transverse dependence of the modal intensity 
patterns at the pump and signal frequencies. Usually the pump and signal beams 
travel as the fundamental modes of the fiber and thus we assume that the intensity 
distributions at the pump and the signal are dependent only on the cylindrical radial 
coordinate r and are independent of the azimuthal coordinate g. By integrating Eqs. 
(12.4) and (12.5) along the entire transverse cross section, we note that the functions 
fp(r) and fs(7) satisfy the following normalization conditions: 


20 [ srar= 1 (12.6) 
0 
and 
20 [sorar= 1 (12.7) 
0 


Since the population of a level depends on the intensity of the interacting light wave 
and the intensities at the pump and signal frequencies depend on the coordinate r, in 
general the populations N; and N> also depend on r. In order to simplify the analysis 
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we shall neglect this dependence and assume that Nj and N2 are independent of r 
and depend only on the longitudinal coordinate z. 

Integrating Eq. (12.3) over the transverse cross section and using Eqs. (12.4) and 
(12.5) we obtain 


a 
dN. N P 
2@) 4 _ N24 | Po on [errrar 
dt Tsp hp 
” (12.8) 
(dseN2 a OsaN1) 


hv, 


(Pe + Py) 21 [ sorar 
0 


where A (= za”) represents the area of cross section of the doped region of the 
fiber. We now define 


Pp = 20 [0 dr; T, = 27 [sor dr (12.9) 
0 0 


which represent the fractional powers inside the core at the pump and signal 
wavelengths, respectively. We also define the normalized population densities 


woo ee (12.10) 
1= Ne: 2= ™ : 
Using these definitions, Eq. (12.8) becomes 
dN: Ne Gely.:. eN2 — Ocal )V's 
Seo Pe CeNa CaN pe 4 pay (12.11) 
dt Tsp  AvpA hv,A 


We now write for the equations describing the evolution of the pump and signal 
powers along the fiber. In the case of pump, there are only transitions from level E; 
to £3; thus the variation of pump intensity J) along z would be given as 


dlp 
= —opMiIp (12.12) 
Now 
dPp d 
7 eee pir, 2rdrdg = —270pN1Pp | fo()rdr = —oplpPpN1 (12.13) 
0 


Similarly the variation of signal intensity along +z is given as 
dit 
dz 


= Osel f(r, 2)N2 — Osalt (7, DN1 (12.14) 


The first term corresponds to stimulated emission and the second to stimulated 
absorption. The contribution from spontaneous emission is neglected here since 
spontaneous emission occurs over a large spectral bandwidth and in all directions. 
The fraction of the spontaneous emission coupling into the forward direction in the 
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mode and at the signal frequency is negligible. Of course, spontaneous emission is 
necessary to start the laser oscillation. 
Thus 


apt _ay, : 
de = ae I(r, z)rdrdg = (oseN2 — dsaN1)P STs (12.15) 


Similarly for the signal propagating along the —z-direction 


S = —(GseN2 — OsaN)P, Ts (12.16) 


We can combine Eqs. (12.15) and (12.16) as 


dP na 
ae = H(dseN2 — OgaN1)PZ Ts (12.17) 


We now define powers in terms of photon flux; thus the photon flux (i.e., the total 
number of photons crossing per unit time across a plane perpendicular to the fiber 
axis) at pump and signal wavelengths is denoted by np and n-, respectively, and is 
given as 


Pp S27 (12.18) 
Np = —;3 nw = — . 
P hvp : hvs 
Using these definitions Eqs. (12.13) and(12.17) can be written as 
dnp a 
ae = —opM pM inp (12.19) 
VG: {4 Roane 
= 0. — Os ny 
dz se/V2 safV] JIVtl sil, (12.20) 


= £[(se + Osa)No — Osa|MV'sns 


where we have used the fact that Nj + No = 1. Using Eqs. (12.18)-(12.20) in 
Eq. (12.11), we obtain 


dN No 1 dnp a(S om) (12.21) 


dt tO MA dz =MA\ dz dz 
Equations (12.19)—(12.21) describe the evolution of population and pump and signal 


powers along the length of the doped fiber. These equations can be solved to obtain 
various parameters of the erbium-doped fiber amplifier and laser. 
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12.3.1 Gaussian Approximation 


The actual transverse intensity patterns f)(r) and f,(r) of a step-index single-mode 
fiber are described in terms of Bessel functions. If the fiber has some other refractive 
index variation in the transverse cross section, it is difficult to obtain an analytical 
expression for the actual intensity pattern. However, since the fundamental mode 
has a bell-shaped distribution, a very good approximation for the transverse intensity 
variation is the Gaussian approximation. Under this approximation, we assume the 
transverse intensity pattern to be given by the following variation: 


1 2402 
= —r{Q 
fO = Tore : (12.22) 


where the quantity Q also referred to as the spot size is determined by the fiber 
parameters such as core radius, numerical aperture, and wavelength. An empirical 
expression for Q is given as (see Marcuse (1978)) 


1.619 2.879 
= toe 4 19.25 
V2 ( Vis "ys ) — 
where 
1/2 
V = ako (ni 2 r3) (12.24) 


is the normalized V parameter of the fiber described in terms of the core radius a, 
the free space wavelength Ay (= 27/kg), and the numerical aperture of the fiber 


(ni - n5) "? "Since V value depends on the wavelength, the value of Q at pump 
wavelength and various signal wavelengths is different. The multiplicative factor in 
Eq. (12.22) is to ensure that f(7) satisfies the normalization condition [Eqs. (12.6) 
and (12.7)] 


Example 12.1 When the pump power is small, then most of the erbium ions would be found in the ground 
state and in such a case, N| * 1. Equation (12.19) can then be integrated to give Np(Z) = Np (Oye? pz, 
This implies that the pump gets absorbed as it propagates along the fiber and the corresponding absorption 
coefficient is given as @&p = opNI'p. Note that the absorption coefficient depends on the absorption cross 
section, the erbium ion population density, and the overlap factor I’p. In a similar fashion, by putting 
No ~ 0 in Eq. (12.20) we obtain the signal variation along z to be given as ng t(2) = = As t (Oe FsaMil'sz 
giving an absorption coefficient at the signal wavelength of ws = osaMtI's. Greater the confinement of 
the modes, closer the Ip and I's to unity and larger the absorption coefficient. 


Example 12.2 Consider step-index fiber with a core radius of 1.5 jm and an NA of 0.24. The V values at 
the pump wavelength of 980 nm and at the signal wavelength of 1530 nm are 2.31 and 1.48, respectively. 
Using Eq. (12.23) we can get the corresponding spot sizes as 1.2 and 1.93 jm, respectively. Note that 
the spot size at the pump wavelength is smaller than that at the signal wavelength. This is due to greater 
penetration of the field with increase in wavelength. In fact higher signal wavelengths would have even 
larger spot sizes. 


Example 12.3 Under the Gaussian approximation, we have for the pump and signal intensity patterns 


1: 2s 
psa ae 
Pp 
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and i 

. _ 2,92 

N=—e ls 
hO= =a 

respectively, where Q2p and 2s are the spot sizes at the pump and signal wavelengths, respectively. Using 
these expressions we can immediately obtain the following: 
— 92) Q2 
Tp=l-e ae (12.25) 
Py = 1-e OS, (12.26) 


For a doped fiber with a core radius of 1.5 zm and a numerical aperture of 0.24, from Eq. (12.23) we 
have 
Qp © 1.2m, Qs © 1.93 um 


and Tp * 0.79, Vs * 0.45. Here we have neglected the wavelength dependence of the numerical 
aperture of the fiber. 


Example 12.4 For a pump power of 100 mW and a value of Qp = 1.35 1m, the peak intensity which 
occurs along the fiber axis is given as 


P 
Ip = —&, © 1.75 x 10! Wim? 
2 
TQH 


12.3.2 Gaussian Envelope Approximation 


Instead of using Eq. (12.23) a more accurate expression can be obtained under 
what is referred to as Gaussian envelope approximation. In this approximation, Q is 
given as 


Q=a IW ar (12.37) 
where 
V = koa,/ (nj — 3) (12.28) 
U =a,/ (kjni — 8?) (12.29) 
W = a,/ (B? — kon3) (12.30) 


B is the propagation constant of the fundamental mode and Jo, Ko, and K, are Bessel 
functions. For a step-index fiber, W can be approximated as 


W = 1.1428 V — 0.996 (12.31) 


which is accurate in the range 1.5 < V < 2.5. Table 12.1 gives the values of Q 
as predicted by Eq. (12.31). These values can be used to estimate the Gaussian 
envelope parameters for a given erbium-doped fiber. Corresponding to pump and 
signal wavelengths, one can obtain the values of V, U, and W and hence QQ. 
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Table 12.1 Gaussian spot 
size of a single-mode fiber for 
different V values 


Qla 


1.4709 
1.3792 
1.3032 
1.2394 
1.1851 
1.1384 
1.0979 
1.0624 
1.031 
1.0032 
0.97824 
0.95582 
0.93554 
0.91712 
0.90031 
0.8849 
0.87074 
0.85766 


12.3.3 Solutions Under Steady State 


Under steady state, the time derivative is zero and hence from Eq. (12.21), we have 


= sp (di dnt dno 
pew Pe (12.32) 
NA \ dz dz dz 
Substituting in Eq. (12.20) we have 
Oe amr, | set Fea) tp (Se ay =) o| de 
ns NA dz dz dz 
Pstsp(Ose + Osa) (dnp dnt dny 
= N,V cdce d 
=| tl ssa + A de de ae x 
We define 


as = sMOsa 


A 


Ng = =< 
T'sTsp(Ose + Osa) 


(12.33) 


(12.34) 


where as is the signal absorption coefficient (see Example 12.1) and ngs is referred 
to as the intrinsic signal saturation photon number (hvgisz is the intrinsic signal 


saturation power). Thus 
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dn5 n 1 (= dnt =) d (12.35) 
= 1 a VG . 
ns i. Nsg \ dz dz dz 
Similarly from Eq. (12.19) we have 
dnp 
— = —opN, Pp. — N2)dz 
Np 
12.36 
2 1 (dnp dnt day ‘4 : 
= a 
P Nps \ dz dz dz : 
where 
hp = OpM Tp (12.37) 
and 
A (12.38) 
a ; 
a VpTspp 


represent the pump absorption coefficient and the intrinsic pump saturation photon 
number, respectively (Avpnps is the intrinsic pump saturation power). 

Equation (12.35) can be integrated from z = 0 to z = L to get the forward- 
propagating signal photon number njJ: 


ng (L) 1 7 
In (22) = asL + i (Npa + oe + Nga) (12.39) 


Ss 


where 


Nba = np (0) _ ny(L); 
ni =n. (0) — ni); (12.40) 
Ngq = Ny (L) — ny (0) 


represent the number of photons at pump and signal wavelengths propagating in 
the forward and backward directions, respectively, that have been absorbed by the 
doped fiber (negative value of the quantity would imply net emission rather than 
absorption). Note that for signal propagating in the —z-direction, input photon flux 
is n, (L) and output photon flux is n, (0). Thus 


nt (L) = nt Oye Le (pata tsa) /Mss (12.41) 
In a similar fashion we obtain 
ny (0) = ny (Lye @s/ erase HM5a) /Mss (12.42) 


For the pump photon flux, we have from Eq. (12.36) 
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= +4 y- 
Np(L) = np (Oye APL e tra tat.) / Pps (12.43) 


The above equations can be used to study erbium-doped fiber amplifiers as well as 
erbium-doped fiber lasers. 


Example 12.5 Let the fiber described in Example 12.2 have an erbium concentration of 5.4 x 1074 m3, 
The absorption cross section at the pump and signal wavelengths are opa = 2.7 x 10-25 m2 and osa = 
8.2 x 10-7 m~. The absorption coefficients of the fiber at the pump and signal wavelengths are given by 
Eqs. (12.37) and (12.33) and would be 1.15 and 1.99 m7! , respectively. These can be written in units of 
decibel per meter by multiplying the quantity in m! by 4.34. Thus the fiber would have 5 and 8.64 dB/m 
absorption at 980 and 1532 nm, respectively. 


12.4 Fiber Lasers 


We will now use the equations derived above to analyze the characteristics of 
erbium-doped fiber lasers. In a fiber laser, the pump creates population inversion 
in the doped fiber and a pair of reflectors on either end of the doped fiber provide for 
optical feedback. If the cavity losses are compensated by the gain provided by the 
doped fiber, then lasing begins. Thus unlike an optical amplifier, there is no signal 
input into the doped fiber; signal light is generated by spontaneous emissions from 
the excited-level erbium ions. 

For steady-state lasing we require that the signal photon flux be the same after 
one round-trip, i.e., the losses suffered by the signal photon flux in one round-trip 
be compensated exactly by the gain from the inversion. 

Let R; and Ro represent the reflectivities of the two mirrors (see Fig. 12.7). Let 
nt (0) represent the photon flux propagating to the right at z= 0, which is the left 
end of the cavity. The photon flux at z = L incident on the mirror Mz would then be 
[using Eq. (12.41)] 


nt (L) = nt (Oe * He (Mattar) Ms (12.44) 


A fraction of these photons get reflected back by the mirror M2 with reflectivity R2 
into the fiber giving for the photon flux propagating to the left at z = L: 


ny (L) = Rant (L) (12.45) 


In propagating from z = L to z = 0, the photon flux becomes [using Eq. (12.42)] 


ny (0) = ny (Lye */e (pasa M5a) /Mss (12.46) 


A fraction of these photons are reflected by mirror M, with reflectivity R; into the 
fiber giving for the photon flux propagating to the right at z = 0 as 


ni.(0) = Ryn, (0) (12.47) 
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For laser oscillation we impose the condition that the signal photon flux after one 
round-trip be the same as the starting flux. Hence 


ni (0) = nf (0) (12.48) 
which using Eqs. (12.44)-(12.47) gives 


RyRy €7 20s! gltpat nia tMsa)/Mss — J 


or 


(Mpa +n +n) _ 


Ngs 


1 
ash 5 in(R1 Ro) (12.49) 


We shall now discuss some general features from the set of equations obtained 
above. 


12.4.1 Minimum Required Doped Fiber Length 


Since the pump power exiting the fiber must be less than the pump power entering 
the fiber, mp, must be a positive quantity. Now 


Nba = np (0) = np(L) 


= ng(0)[1 = erent elet—HnRiRo aI] 02.50) 


where we have used Eqs. (12.43) and (12.49). For npa to be positive, we must 
have 
eek elasL—3 In RiRa)nss/Mps 


or 


1 
oe i (au In(RiRo)) <0 
Nps 2 


which gives us a condition on the minimum length L,, of the doped fiber for laser 


oscillation as 
-1 
Ngs 1 Ngs 
Ln = In a Os 
™ 2Nps (z=) ( P Nps .) 


Using the expressions for gs, Nps, @s, and ap, the above equation simplifies to 


I 1 
fis | 12.51 
DN NT. (zz) 20) 
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The minimum length requirement implies that for a given doped fiber and a cav- 
ity with specific mirror reflectivities, no amount of pump power can lead to laser 
oscillation if the doped fiber length is less than Lm given by Eq. (12.51). This is due 
to the fact that for L < Lm, there are not enough erbium ions in the laser cavity to 
provide sufficient gain to overcome the losses in the cavity. 

We also note from Eq. (12.51) that cavities with larger mirror reflectivities would 
require shorter fiber lengths for lasing. Also since largest value of ose occurs at about 
1532 nm, lasing at this wavelength would require the shortest length. 


Example 12.6 As an example we consider an erbium-doped fiber with a doping concentration of Ny = 
5.4 x 1024 m3 and T's = 0.54. At the wavelength of 1532 nm, ose = 8.2 x 10-25 m2. If the doped fiber 
ends are bare, then they would have an approximate reflectivity of 0.04. Using these values we obtain the 
minimum length for the fiber to lase to be approximately 1.34 m. 


Example 12.7 For the same values as in Example 12.6, if the mirror reflectivities are 0.9 each, then the 
minimum length becomes 4.4 cm. 


Problem 12.1 Consider a fiber laser with a doped fiber length of 1 m with mirror reflectivities of 0.9 
each and an input pump power of 100 mW. Assuming the absorption coefficient at the pump and signal 
wavelengths to be 1.4 and 0.9 m!, obtain the amount of pump absorbed by the fiber when the laser is 
oscillating, given nsx = 2.35 x 10!5s-! and Nps = 4.2 x 10!5s-1, 


Solution We can use Eq. (12.50) to obtain the absorbed pump power: 
Ppa = Pp(0) : — e-apl fask— In Ri Ro\nss/ a ~ 57mW 


If in this problem, the reflectivity is reduced to 0.5 for each mirror, then the pump power absorbed would 
be about 40 mW. 


12.4.2 Threshold 


We can estimate the threshold pump power required to start laser oscillation. We first 
note that at threshold since the laser power is still small, we can put nf, © nz, © 0. 
Thus from Eq. (12.49) we get 


1 
Npa © (a a sInRiRo) Ngg (12.52) 
Using this value in Eq. (12.50) we get 


nss (as — $In Rio) 


(12.53) 


Npth = Np,th(0) = 
[1 —e 


—apL o(asL—3In | 


where p,tn(0) is the input pump power at threshold. Thus the threshold pump power 
would be 
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Poth = Avpnp.th (12.54) 


If most of the incident pump power is absorbed by the doped fiber, then n,(L) << 
Np(O) and Mpa © np(0). In such a case, we obtain a simplified expression for Pp th: 


P hvpnp(0) ae L— SinRiR em) 
= Nv = . 
p.th pp T'sTsp(Ose + Osa) “s 2 < 


where we have substituted the expression for ns from Eq. (12.34). 


Example 12.8 Using Eq. (12.55) we can estimate the threshold pump power required to start laser oscil- 
lation in an erbium-doped fiber cavity. Taking typical parameter values of A = 7.1 um? (core radius of 
1.5 um), Tsp = 12 x 1073 s, o5¢ = 8.2 x 10° m*, osq = 7.8 x 10-79 m2, Ry = Rp = 0.9, L= 10m, 
as = 2.4m, the threshold pump power comes out to be 3.3 mW. 


12.4.3 Laser Output Power 


We will now obtain an expression for the output power of the laser in terms of 
various parameters of the fiber, cavity, and pump power. 
The laser power exiting the fiber laser from mirror M) is 


Plaser = ng (L)(L — Ra)hvs (12.56) 
which using Eqs. (12.44) and (12.49) gives 


(l= Ko) 
r/R Ro 


We now need to obtain an expression for ny (0). Now 


Piaser = ng (0)(1 — Ro)hvs eo IMR Ro ng (O)hvs (12.57) 


1 
Ney = ng (0) — ng (L) = ny (0) (1 _ aE) 


where we have used Eqs. (12.44) and (12.49). Similarly 


(/RiR2 — 1) 
Ri 


no, = no (L) — ny (0) = nz (0) (VRiRo = 1) = n*(0) 
where we have used Eqs. (12.47) and (12.49). Thus 
_ 1 J/JRR2 — 1 
ttn =ntO)} (1 12.58 
Nga + Nga ng ( ) JR Ro F Ri ( ) 


The pump power absorbed by the doped fiber is given by Eq. (12.50). Adding Eqs. 
(12.58) and (12.50) and using Eq. (12.49), we obtain 
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1 i) fs (1 — /RiR2) 
VRiR2 ms (12.59) 


1 
(0 {1 _ oe ae i 29 {est _ sine Ro)| 


ng (0) = ( 


Using this value of n{(0) in Eq. (12.57) we can obtain the output power from the 
laser. 


Problem 12.2 Consider a fiber laser cavity with Rj = R2 = 0.9, L = 2 m, and input pump power = 20 
mW. Assume ngs = 2.35 X 10!5s—! and Nps = 4.2 x 10!5 sl, as = 0.9 m7!, and ap=14 m-!. Obtain 
the steady-state laser power exiting from the end of the fiber. [Ans: 0.8 mW.] 


Problem 12.3 If in the above problem we take a length of 10 m for the doped fiber length, keeping all 
other parameters the same, calculate the output laser power. [Ans. 5 mW.] 


Figure 12.8 shows the variation of output laser power as a function of the input 
pump power for the set of fiber parameters given in Table 12.2. For low input pump 
powers, there is no output. After reaching threshold, the output laser power mono- 
tonically increases with the input pump power. The figure corresponds to a slope 
efficiency (the rate of increase of laser power with increase in pump power) of 
31.5%. The slope efficiency depends on the fiber parameters as well as the cavity 
parameters. Note that the maximum efficiency would correspond to a situation when 
every pump photon is converted into a lasing photon. In such a case the maximum 
efficiency would be 0.98/1.532 = 0.64. If the cavity has mirrors of equal reflectivity 
on both sides, then half the output photons would be coming from each direction 
and the maximum efficiency for one of the outputs would be about 32%. 

Figure 12.9 shows a measured variation of laser power with the input pump 
power. As can be seen, the threshold for this laser is less than about 10 mW and 


Laser power (mW) 
(ox) 


Fig. 12.8 Typical simulated 0 : 
variation of laser power with 0 5 10 15 20 
input pump power Pump power (mW) 
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Table 12.2 Erbium-doped fiber parameters used in the simulations 


Core diameter 3.5 wm 

NA 0.23 

Doping density 5.4 x 10°4m73 
Pump wavelength 980 nm 

Signal wavelength 1550 nm 

Os 0.874 m! 

Op 114m! 


Fig. 12.9 A typical _ 
measured variation of fiber z 30 
laser power with input pump a 
power. (Adapted from Zhu = 20 
et al. (2007)) a 
9 
= 0b 
r=} 
faa) 
0 ! | | | | } 
0 20 40 60 80 100 120 


Pump laser power (mW) 


the slope efficiency is about 35%. Beyond threshold the laser power increases lin- 
early with the pump power. It is indeed possible to generate extremely high powers 
from fiber lasers. Figure 12.10 shows the variation of output power with pump power 
of a Ytterbium-doped, large-core fiber laser showing that it is possible to achieve a 
continuous wave output power of 1.36 kW. There are efforts to achieve even larger 
powers from fiber lasers and such high-power fiber lasers are expected to revolution- 
ize the area of applications of lasers in industries. Figure 12.11 shows a photograph 
demonstrating breakdown in atmospheric air by a pulsed fiber laser. 


14 -20 
@ Measured 
12 —— Linear fg 20 
= 10 Slope efficiency: 83% 
= * -40 
= — 
BS 9 
= = -50 
5 5 
-_ = 
S P 60 
& a -60 
G 
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Fig. 12.10 Output laser power versus launched pump power of a very high-power fiber laser. The 
spectrum of the output is shown in the right curve. (Adapted with permission from Jeong et al. 
(2004) © 2004 OSA) Ref: Fiber output and input pump power curve and the laser output spectrum 
at 1.36 kW; www.optics.rochester.edu/~gweihua/hflaser. pdf 
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Fig. 12.11 Spark in 
atmospheric air produced by 
a focused output from a fiber 
laser. (Adapted with 
permission from 
Galvanauskas et al. (2007) 
© 2007 IEEE) 


With such high optical powers, optical fibers start to exhibit non-linear effects 
which tend to degrade the performance of the fiber laser. Since the non-linear effects 
are proportional to the intensity of the propagating radiation, one way to reduce the 
non-linear effects is to increase the mode area so that for a given power the intensity 
would be less. Using photonic microstructure fibers, it is possible to achieve single- 
mode operation over a large wavelength range and also achieve large mode areas. 
Figure 12.12 shows typical examples of large mode area fibers with a microstructure 
cladding. These fibers have a very small numerical aperture of less than 0.03 and 
core diameters larger than 60 jtm leading to mode field diameters of about 50 jzm. 


(a) 


Fig. 12.12 A large mode area fiber using microstructured cladding. (Adapted with permission 
from Limpert et al. (2007) © 2007 IEEE) 
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12.4.4 Slope Efficiency 


Let us consider a fiber laser cavity with Rj = | and R2 = R. Using Eqs. (12.57) and 
(12.59) we can obtain the following expression for the slope efficiency of the laser: 


n= dPrhaser = Vs {1 ae (12.60) 
dPp(0) vp 

For long doped fiber lengths, the second term in the bracket is almost equal to zero 

and the slope efficiency becomes v, / vp. This implies that beyond threshold, every 

pump photon gets converted to signal photon. 


12.5 Erbium-Doped Fiber Amplifier 


In the earlier sections we discussed erbium-doped fiber lasers. The doped fiber 
which is pumped by the laser amplifies the optical signal and the reflectors at either 
end of the fiber provide for feedback converting the optical amplifier to a fiber laser. 
In the absence of reflection from either side of the doped fiber, the pumped fiber 
would behave as an optical amplifier. Such optical amplifiers are playing a very 
important role in long-distance fiber optic communication systems (see Chapter 16). 
The primary characteristics of an optical amplifier are the gain, the noise figure, 
and the saturation behavior. The equations describing the amplifier are the same as 
described earlier except for the fact that unlike a laser in an amplifier, there is a 
signal input which propagates only along one direction through the fiber. Thus in 
the case of codirectional pumping, the pump light and the signal light propagate 
along the same direction, while in the case of contradirectional pumping, the pump 
and the signal propagate along opposite directions. Here we will discuss an optical 
amplifier operating in the codirectional configuration. Similar considerations can be 
had for contradirectional pumping also. 

We now consider an optical fiber amplifier with codirectional pumping and 
assume that the pump and the signal propagate along the z-direction. Let np(0) and 
ns(0) represent the input pump and signal photon fluxes at z = 0, the input to the 
amplifier. (We are not putting any superscript on the signal photon flux since the 
signal is propagating along only one direction.) In this case, we have ny = O and 
nt = ngs. We consider the amplifier to be operating in a steady state. Thus for the 


Ss 


case of amplifier, Eqs. (12.43) and (12.41) become 


Np(L) = np(O)e PL e (pa tsa) /Mps (12.61) 
and 


ng(L) = ng(0)e~*/e pat Msa) /Mss (12.62) 
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with the same definitions of other quantities such as nga, Mpa, Nps, aNd Nss. Thus the 
change in signal and pump photon fluxes in propagating from z = 0 to z= Lis given 


as 


Nsq =Ns (0) — ns(L) 


— ns(0) [1 = ie ala (12.63) 


and 


Npa =Np(O) — np(L) 


= np(0) [1 — ener ers Hr)/| oe) 


Adding Eqs. (12.63) and (12.64), we obtain 
Nsa-+Npa = ns(0) [! = ental inact) /ts | rg(0) [! = aia lia (12.65) 
Writing 
5 = Nsa + Mpa (12.66) 
Eq. (12.65) transforms to the following transcendental equation: 
¢ = ns(0) [1 — e%“eS/"5] + np(O) [1 — eth eS/"05 ] (12.67) 
For a given doped fiber, a5, &p, Mss, and Nps are known. Thus taking a certain length 
L of the doped fiber and assuming a given input pump power and signal power, mp(0) 
and n,(0) can be found out. Equation (12.67) can then be solved for ¢. Knowing the 
value of ¢, we can immediately obtain the output signal and pump powers from the 


following equations: 


ns(L) = ng(O)e~*sH eS /"ss 


np(L) = np(Oe*?*e5/" — 
The amplifier gain is then given as 
= we = eal gs /Mss (12.69) 
which in decibel units becomes 
G (dB) = 10 log (22) = 10 (¢/nss — asL) loge (12.70) 
s 
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12.5.1 Transparency Power 


From the above set of equations, we can obtain the pump power required for trans- 
parency, i.e., the pump power required so that the output signal power equals the 
input signal power. This will happen when 


C= Neh (12.71) 


Since s,=0, in such a case we have ¢ = npa and using Eq. (12.67) we obtain the 
pump power required for transparency as 


AVpNsssL 


Py(0) = hvpnp(0) = (1 _ eW Al etsLiss/ ps) 


(12.72) 


Example 12.9 Consider the erbium-doped fiber mentioned in Problem 12.1 for which ngs = 2.35 x 10!5 


s-! and Nps = 4.2 x 10}5 sl, ap = 1.4 m!, and as = 0.9 m-!. If we assume a fiber length of 10 
m and a pump wavelength of 980 nm, the transparency pump power for such a doped fiber would be 
approximately 4.3 mW. 

If the fiber length and the input pump power are such that most of the pump gets 
absorbed by the fiber and there is a reasonable gain in the fiber, we can assume 
Np(L)<<np(0), ns(L)>>ns(0). In such a case 


¢ = ns(0) — ns(L) + np(O) — np(L) © np(0) — ns(L) 
Hence using Eq. (12.62) we obtain 
ns(L) = ns(0) e~*“HeS/"s5 = ng (0) 7 Ask e(np(O)—ns(L)) /nss 
which can be simplified to obtain 
ns(L)e)/"s5 = ng(0) eH er O)/Mss (12.73) 


which is a much simplified transcendental equation to determine n,(L) and hence 
the output power for a given input signal power P.(0) = hvgns(0). 

Figure 12.13 shows the variation of gain with the input pump power. As can 
be seen, the gain increases with the input pump power and saturates at high pump 
power. Pump saturation would occur when the pump has excited all the erbium ions 
to the excited state and there are no more erbium ions available for increasing the 
inversion. Figure 12.14 shows the variation of gain with the length of the fiber. As 
the length increases, the gain increases first and then peaks for a given length and 
then diminishes again. This happens due to the fact that as the pump propagates 
through the fiber, it gets absorbed and when the pump power reaches a value suffi- 
cient to cause equality of populations of the two levels, then at that length the gain 
saturates. Any doped fiber beyond this point would not have any inversion and the 
fiber would be absorbing. Thus for a given pump power, there is an optimum length 
for maximum gain. 
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Fig. 12.13 Simulated 
variation of gain with input 
pump power for an 
erbium-doped fiber amplifier 
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Fig. 12.14 Simulated 
variation of gain with fiber 
length of an erbium-doped 
fiber amplifier 


Gain (dB) 


Example 12.10 Consider the fiber described in Example 12.9 and assume an input pump power of 50 mW. 
If the input signal power is 0.01 mW, then Eq. (12.74) can be solved to obtain an output signal power of 
24.2 mW. This implies an optical gain of 10 log(24.2/.01) ~34 dB. 


12.6 Mode Locking in Fiber Lasers 


As discussed in Chapter 7, mode locking is a technique used to generate ultrashort 
pulses of light. As shown in Section 7.7.3, the broader the gain bandwidth of the 
laser, the shorter the achievable pulse duration. With a gain bandwidth of 40 nm at 
1550 nm, the corresponding spectral bandwidth is about 5 THz and if modes over 
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this bandwidth are mode locked, then the pulse duration achievable is about 200 fs. 
Thus fiber lasers are very interesting candidates for generation of ultrashort pulses 
of a few hundred femtosecond duration. 

There are many techniques used for mode locking of fiber lasers. Two important 
methods are based on non-linear polarization rotation (NPR) and saturable absorp- 
tion. In the former the non-linearity present in the optical fiber leads to a rotation 
of the polarization state of the light beam and this effect is used to mode lock the 
laser. In the latter case, saturable absorption in a semiconductor material is used for 
mode locking. Here as an example we will discuss the phenomenon of non-linear 
polarization rotation and how it can lead to the generation of ultrashort pulses of 
light from fiber lasers. 


12.6.1 Non-linear Polarization Rotation 


This effect is a manifestation of the intrinsic non-linearity of an optical fiber. To 
recall we note that when a light beam propagates through a fiber, for sufficiently 
large intensities, the refractive index of the fiber changes due to the interaction of 
the electric field of the light wave with the fiber medium. This change in refrac- 
tive index in turn leads to a change of phase of the propagating light wave. This 
leads to the phenomenon of self- phase modulation which is discussed in detail in 
Chapter 17. Now, if we assume that we launch an elliptically polarized light beam 
in an optical fiber and if the fiber has no birefringence, then the state of polarization 
of the light wave will remain the same as it propagates through the fiber. Such an 
elliptically polarized light can be considered as a superposition of two orthogonal 
linearly polarized waves with different amplitudes and having a phase difference of 
zt/2 or equally as a superposition of a right circularly and a left circularly polarized 
light wave with different amplitudes. Considering the latter description, if we now 
include non-linearity in the fiber, then the amplitudes of the right circular and left 
circular components change with propagation distance according to the following 
equations: 


@Ay 2 
<= iy (IAL? + 214-7) Ay (12.74) 
Oz 3 
and 
dA, 2 
—— = Siy (I4-P + 214417) AL (12.75) 


where A+ and A_ represent the amplitudes of the right circular and left circular 
polarization components of the elliptically polarized wave and y represents the non- 
linear coefficient. Equations (12.74) and (12.75) are derived in Appendix H. 
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In order to integrate Eqs. (12.74) and (12.75), we substitute 
Ax(z) = Ay (zel+@ (12.76) 
and 
A_(2) =A (gel? (12:77) 
where A,,A_, o+,— are all real quantities. Substituting Eqs. (12.76) and (12.77) 


in Eqs. (12.74) and (12.75) and equating real and imaginary parts on the left-hand 
side and the right-hand side, we obtain the following equations: 


aA 
Te 3 : (12.78) 
0z 
aA_ 
= 0 (12.79) 
0z 
dd, 2 «5 42 
T= —y(A 2A 12.80 
a 3 V6 4. 2A) ( ) 
and 
dg 2 ~5 <9 
—— = _—y(A 2A 12.81 
cr 3 V6 * +2A7) ( ) 


The first two equations give Ay = A,(0) = constant and A_ = A_(0) = constant 
using which Eqs. (12.80) and (12.81) can be solved to obtain 


2 
b+(z) = $4(0) + rAlaea A DAL) (12.82) 


and 


s 
b-(z) = ¢_(0) + qrla_l + 2|A4|7) (12.83) 


Thus due to non-linearity, the amplitudes of the right and left circular polariza- 
tion components remain the same, while their phase changes in accordance with 
the powers of the right and left circular components. Hence the change in phase 
difference due to non-linearity after propagation through a length L of the fiber is 


2 
Ag(L) = xr’ — |A,/?) (12.84) 


Example 12.11 We first consider the propagation of a linearly polarized light. A linearly polarized light 
wave can be written as a superposition of a right circular and a left circular polarization having same 
amplitude. Thus in such a case, |A— 2 = |Ay 2 and hence Ag(L)=0. Thus the polarization state would 
remain unaltered as it propagates through the fiber. 
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Example 12.12 We now consider the propagation of a right circularly polarized wave. In such a case, the 
wave would remain in the same polarization state and there would again be no change in the polarization 
state. 


Example 12.13 If we consider an elliptically polarized wave and since an elliptically polarized wave is 
a superposition of a right circular and a left circular polarization with unequal amplitude, in this case 
the phase difference between the right and left circular components will change with propagation, while 
the amplitudes of the two components will remain the same. Since the orientation of the ellipse of the 
polarization state (orientation of the major and minor axes of the polarization) depends on the phase 
difference between the right and left polarization components, in this case, the non-linearity would result 
in a rotation of the orientation of the ellipse. In fact the angle of rotation is given as Ag(L)/ 2. Thisis 
referred to as non-linear polarization rotation (see Fig. 12.15). 


No 
rotation 


Optical fiber 


High —_— _, Polarization 
rotation 


Fig. 12.15 Figure showing non-linear polarization rotation 


The angle of rotation depends on the difference between the powers in the right 
and left circular components which in turn depends on the power in the elliptical 
polarization. Thus the higher the power, larger the rotation of the ellipse. It is this 
principle that is used in mode locking using non-linear polarization rotation; this 
will be discussed in the next section. 


12.6.2 Mode Locking Using Non-linear Polarization Rotation 


In this section we will describe how non-linear optical rotation can lead to gen- 
eration of ultrashort pulses of light from the fiber laser. A typical ultrashort 
erbium-doped fiber laser configuration (ring laser) is shown in Fig. 12.16. It consists 
of a pump laser operating at 980 nm which is coupled into an erbium-doped fiber 
through a WDM coupler. Within the ring there are two polarization controllers and a 
Faraday isolator/ polarizer sandwiched in between the two polarization controllers. 
By adjusting the polarization controller, it is possible to achieve any output polar- 
ization state for any input polarization state. The polarizing isolator ensures that 
only one polarization component is able to pass through it and in only one direction. 
There is also an output coupler to couple out the laser light from within the ring. The 
allowed longitudinal modes in such a cavity are those that have a phase shift which 
is an integral multiple of 27 in one complete round-trip. Within the gain bandwidth 
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Fig. 12.16 A ring laser Pump laser (980 nm) 


configuration of a fiber laser WDM coupler 
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of the erbium-doped fiber, there would be several longitudinal modes, while there 
would be just one transverse mode configuration, namely the LPo; mode of the fiber. 
The pump laser creates population inversion in the fiber. As soon as erbium ions 
reach the excited state, some of them undergo spontaneous emission and a fraction 
of this is guided by the erbium-doped fiber. Due to the presence of a large number 
of longitudinal modes which have in general random phase relationships with each 
other, the light intensity within the ring will have fluctuations. If we consider a por- 
tion of the light as it starts from the polarizing isolator, it will be linearly polarized 
and the polarization controller 1 will change this into some elliptical polarization 
state. If we assume that the fibers within the ring maintain the polarization state, 
then as it propagates through the ring, it will get amplified and after losing a fraction 
of light at the output coupler enters the polarization controller 2. If the polariza- 
tion controller 2 is adjusted so that it converts the incoming elliptically polarized 
light into a linear state which can pass through the isolator/polarizer, then in such 
a case, light wave corresponding to low intensity will have minimal loss in mak- 
ing a round-trip. If the gain in the erbium-doped fiber is sufficient to overcome the 
losses, then the laser would oscillate in a continuous wave. In such an arrangement, 
any high-intensity fluctuation will not be able to survive since the portion having 
high-intensity fluctuation would encounter non-linear polarization rotation with the 
result that after it emerges from the polarization controller 2, its polarization state 
would not match that of the isolator/polarizer and thus would suffer larger losses. 
In the above discussion we have not considered the dispersion effects in the 
fiber, which are very important in analyzing propagation of very short pulses. Now 
consider a short pulse of high-intensity fluctuation arising out of the interference 
between various longitudinal modes as it starts from the exit of polarization con- 
troller 1. As it passes through the single-mode fiber, it will undergo anomalous 
dispersion (since the wavelength is around 1550 nm and standard single-mode fibers 
have anomalous dispersion at this wavelength) and get broadened and chirped with 
higher frequencies in the leading edge and lower frequencies in the trailing edge. If 
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the erbium-doped fiber has normal dispersion, then as this broadened pulse propa- 
gates through the erbium-doped fiber, it will get compressed reaching a minimum 
pulse width around the middle of the doped fiber. The latter half of the erbium-doped 
fiber would again broaden the pulse which will then recompress itself as it propa- 
gates through the single-mode fiber before reaching the polarization controller 2. By 
adjusting the lengths of the doped fiber and the single-mode fiber, the net dispersion 
in the ring can be made zero. 

At the same time the pulse will also undergo non-linear polarization rotation. 
The orientation of the two polarization controllers can be so adjusted that the high- 
intensity portion of the pulse recovers its linear polarization state after exiting from 
the polarization controller 2, which will imply low loss for the high-intensity por- 
tion. At the same time, the low-intensity portions of the pulse will not undergo 
polarization rotation and thus would be partially blocked by the isolator/polarizer 
element. Hence the ring will exhibit low losses for high-intensity portion and high 
losses for the low-intensity portions. This in turn will ensure that the high-intensity 
portions grow in intensity, while the low-intensity portions die out resulting in the 
generation of ultrashort pulses. Thus the phenomenon of non-linear polarization 
rotation can lead to the generation of ultrashort pulses of light. 

The ultimate pulse width of such a pulse would depend on the gain bandwidth 
available. If we assume a gain bandwidth of 40 nm, then the pulse width achievable 
is about 200 fs. Figure 12.17 shows the output from a typical femtosecond fiber laser 
with output pulse width of about 160 fs. 


Fig. 12.17 Output of a 
femtosecond fiber laser 
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12.6.3 Semiconductor Saturable Absorbers 


The other common technique used for mode locking of fiber lasers is based on sat- 
urable absorption. A saturable absorber is a medium whose absorption decreases 
with increase of light intensity. A saturable absorber is characterized by its wave- 
length range of operation (where it absorbs), its dynamic response (i.e., how fast it 
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recovers when the incident intensity changes), and the saturation intensity and flu- 
ence (at what intensity it exhibits saturation). Semiconductor materials can absorb 
over a broad range of wavelengths (from the visible to the mid-infrared) and can be 
used as saturable absorbers. 

The SESAM (semiconductor-saturable absorber mirror) is a saturable absorber 
that operates in reflection. In the SESAM, a highly reflecting surface is covered by 
the saturable absorber. At low intensities, the saturable absorber will absorb most of 
the incident light and the reflectivity of the mirror is small. As the incident intensity 
increases, the saturable absorber absorbs less and hence the reflectivity will increase. 
If such a device is used as a mirror in a laser cavity, then high-intensity portions will 
have a higher feedback compared to lower intensity portions, thus favoring high- 
intensity pulse formation. In the case of fiber lasers, semiconductor-based saturable 
absorbers based on InGaAsP or GaAs are typically used. They can be grown on 
top of reflecting multi-layer structures and are then referred to as semiconductor- 
saturable absorber mirror (SESAM). Using such saturable absorbing mirrors in the 
fiber laser cavity makes the design very compact and stable. The response times 
of such saturable absorbers are typically in the sub-picosecond range and require 
typically a saturation fluence of Fy = 20 J/cm. Assuming a fiber spot size of 
5 mm, this corresponds to a saturation energy of E, = Fs x mw? = 15 pJ. 


Problems 


Problem 12.4 Consider an erbium-doped fiber with a core radius of 1.6 4m and a numerical aperture of 
0.23. 


a) Will the fiber be single moded at 980 and 1550 nm? 


b) Calculate the Gaussian spot size of the fiber mode at 980 and 1550 nm. 


c) Assuming that the entire core of the fiber is doped with erbium ions with a concentration of 6 x 1024 


m> , obtain the absorption coefficient at 1530, 1550, and 1560 nm. The absorption cross sections at 
these wavelengths are 5.27, 2.57 and 1.86 x 10-25 m2. 


d) If 10 wW of power at each of these wavelengths is propagated through 5 m of the fiber, what is the 
output power at each wavelength? 


Solution 


a) V value at 980 nm is 
20 


V = —aNA = 2.36 
ho 


Since for single-moded operation, V < 2.4048, the fiber would be single moded at 980 nm. It will 
also be single moded at all wavelengths larger than 980 nm. 


b) Gaussian spot sizes are defined in Eq. (12.23). V number at 980 nm is already calculated in part 
(a). V number at 1550 nm would be 1.49. We have assumed that the numerical aperture is the same 
at both the wavelengths. Substituting in Eq. (12.23) we obtain Qp = 1.26 jm and Qs = 2.04 wm. 


c) The absorption coefficient is given by Eq. (12.37) and we need to have the values of the spot size 
at the three wavelengths which can be obtained from Eq. (12.23). These are 1.99, 2.04, and 2.06 rm, 
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respectively. The corresponding confinement factors of absorption coefficients are 0.476, 0.459, and 
0.453, respectively. Hence the absorption coefficients are 1.5, 0.71 and 0.51 m!, respectively. 


d) The output power is given as 
Pout = Pin et 


Using the values of absorption coefficient at each of the wavelengths, we obtain output 
power as 0.027, 0.71, and 1.42 |. W, respectively. 


Problem 12.5 Consider propagation of pump and signal along the +z-direction. Under steady-state con- 
ditions, i.e., d/dt = 0, solve Eqs. (12.11)—(12.14) and show that the normalized population in level E> is 
given as 


Po, oa Ps 
~ Poo Ose + Osa Pso 
No = 
Pp Ps 
1 + 
Poo Ps 
where 
hvpMA hvysNA Ose 
po = > = = 
ApTs; as(1 + 1)s)Tsp Osa 


Problem 12.6 Consider an EDFA operating in steady state with codirectional pumping and signal trav- 
elling along the +z-direction. Show that at any value of z within the doped fiber, for amplification, the 
pump power at that point must satisfy the following equation: 


Osa 
Pp(z) > — Pro 
Ose 


Problem 12.7 Using the results of Problem 12.3, calculate the value of z up to which signal amplification 
will take place for a pump wavelength of 980 nm, with an input pump power of 20 mW, A = 7.1 pm, 
ap = 1.15 m! N= 5.4 x 107%4m3, Tsp = 12 x 103s for signal wavelength of 1550 nm for which 
Osa = 2.545 x 10-7, ose = 3.41 x 10-5m?. [Ans: Ppp= 0.56 mW and Pp (L) > 0.42 mW, which 
gives L = 3.3 m.] 


Problem 12.8 Consider the propagation of only the pump through a doped fiber. In such a case P 5(z) = 
0 and Eq. (12.19) can be written as 


dn a a 
P = 5 dz= us dz 
Np 1+ “FP 1+ nt 
Pro pd 


Obtain the solution of the above equation when Pp<« Pp and Pp>> Pg; Pp = Np Avp and Pp = npghvp. 
[Ans: For Pp<« Pp, mp(z) = Np(O)e“P* ; for Pp>> Pp» Mp(Z) = Mp0) — apnpoz -] 


Problem 12.9 Assuming that an EDFA can be described as a two-level system, write down the equations 
describing the time variation of the population of the lower and upper energy levels. Under steady-state 
conditions, obtain the threshold pump intensity to achieve amplification at any value of z. Using the table 
given below, show that the threshold intensity required to achieve amplification at 1580 nm is lower than 
that at 1550 nm 


Wavelength (nm) oa(m?) oe(m?) 


1550 2.55 x 10-25 3.41 x 10° 
1580 0.65 x 10-25 1.13 x 10° 


Chapter 13 
Semiconductor Lasers 


13.1 Introduction 


Semiconductor-based light sources such as light-emitting diodes (LED) and laser 
diodes have revolutionized the application of photonic components in science, engi- 
neering, and technology. They have become ubiquitous components and are found 
in most places, be it markets where they are used as scanners for products, at home 
where they are found in CD and DVD readers or laser printers, in communica- 
tion systems as sources, etc. Unlike the lasers discussed earlier, laser diodes are 
based on semiconductors such as gallium arsenide (GaAs), gallium indium arsenide 
(GalnAs), gallium nitride (GaN), etc. They cover the range of wavelengths from the 
blue region to the infrared. 

As compared to other laser systems, semiconductor lasers have some very attrac- 
tive characteristics: they are very small in size, can be directly modulated by varying 
the drive current, are very efficient converters of electrical energy to light, can be 
designed to emit a broad range of wavelengths, etc. 

In this chapter, we will discuss the basic principle of operation of semiconductor 
laser diodes and some of their important properties that lead to their widespread 
applications. 


13.2 Some Basics of Semiconductors 


The primary difference between electrons in semiconductors and other laser media 
is that in semiconductors, all the electrons occupy and share the entire volume of the 
crystal, while in the case of other laser systems such as neodymium: YAG laser and 
ruby laser, the lasing atoms are spaced far apart and the electrons are localized to 
their respective ions with very little interaction with other ions. Thus in a semicon- 
ductor, the quantum mechanical wave functions of all electrons overlap with each 
other and according to Pauli exclusion principle cannot occupy the same quantum 
state. Thus each electron in the crystal must be associated with a unique quantum 
state. 

The atoms comprising the semiconductor when isolated have the same elec- 
tron configuration. Thus electrons belonging to different atoms may be in the same 
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Fig. 13.1 Schematic diagram 
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energy state. However, when the atoms are brought close together to form the solid, 
interactions among the atoms lead to a splitting of the energy levels and this leads to 
the formation of energy bands which are separated by forbidden regions of energy. 
Figure 13.1 shows a schematic diagram in which each energy level is represented 
by a horizontal line; in each band formed by a group of energy levels, there are as 
many sublevels as there are atoms in the crystal. Since the number of atoms is very 
large, within each band, the allowed energy values are almost continuous. The high- 
est energy band in a solid that is completely filled or occupied by electrons at 0 K is 
known as the valence band and the next higher band that is either vacant or partially 
occupied is known as the conduction band. 

If the energy gap between the valence band and the conduction band is large, 
say > 3 eV, then thermal excitation from the valence band to the conduction band is 
very rare (thermal energy at room temperature of 300 K is about 25 meV). In such 
a case the medium behaves like an insulator. If the gap is smaller (< 2 eV), then 
electrons can get thermally excited from the valence band to the conduction band 
and they exhibit a finite electrical conductivity at temperatures higher than 0 K, 
which increases with temperature. Such media are referred to as semiconductors. 


13.2.1 E Versus k 


The wave function of an electron in a semiconductor can be written in the form of a 
Bloch wave function: 


W(r) = u_(r) e** (13.1) 


with u,(r) having the periodicity of the lattice of atoms. The solution given by 
Eq. (13.1) is similar to a plane wave with an amplitude function which is not 
constant but has space dependence with a specific periodicity. Substituting in the 
Schrodinger equation leads to a relationship between the energy value and k within 
the allowed energy bands. The application of periodic boundary conditions (i.e., the 
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wave function must remain unaltered by a displacement equal to the crystal dimen- 
sion along the x-, y-, and z-directions) leads to the condition that k cannot take 
arbitrary values but only a prescribed set of values. Thus if L,, Ly, and L, are the 
dimensions of the crystal along the x-, y-, and z-directions, respectively, then 


ay p.qg,r = 1,2,3,.... (13.2) 


where k,, ky, and k, are the components of the vector k. 

Usually the energy depends not only on the magnitude of k but also on its 
direction. As a simplification, we will assume that the energy depends only on the 
magnitude of k of the electron propagation vector and is independent of its direction. 
We also assume that Ly = Ly = L, = L. 

Now for a free particle (inside a box), the relationship between the energy F and 
k is given as (see, e.g., Chapter 6 of Ghatak and Lokanathan (2004)) 


Pe. i 
E=>— => (K+K +28) 
2m 2m \ * ers 
where ky, ky, and k, would be given by Eq. (13.2). We assume that the energy in the 


conduction band can be written approximately as (see Fig. 13.2) 


h2 k2 


E=E 
aan re 


(13.3) 


where E, is the energy at the bottom of the conduction band, k? = Re + i + a and 
mg is referred to as the effective mass of the electron in the conduction band and is 


given as 
-1 
PE 
_ 72 


k=0 


Equation (13.3) is known as the “parabolic band approximation” and is valid 
because the electrons in the conduction band can be assumed to be almost free. 

Similarly the relationship of energy to the electron propagation vector k in the 
valence band is given as (see Fig. 13.2) 


(13.5) 


where Ey is the energy at the top of the valence band and my is the effective mass of 
the hole in the valence band and is given as 


—1 
PE 
= 2 


k=0 
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Fig. 13.2 Energy band diagram showing the variation of energy in the conduction band and the 
valence band with the k value (momentum) of the electron. The plot corresponds to the parabolic 
approximation. E, is the energy at the bottom of the conduction band and Ey is the energy at the top 
of the valence band. The allowed energy states are equally separated in their k values. Open circles 
correspond to vacant states (states that are not occupied by electrons) and filled circles correspond 
to states occupied by electrons. (a) At 0 K in a semiconductor, all the states in the valence band are 
full, while all the states in the conduction band are empty. (b) At a finite temperature, some states 
at the top of the valence band are empty, while some states in the bottom of the conduction band 
are filled 


with E given by Eq. (13.5). The effective mass of the electron in the valence band is 
equal to —my. 

Typical values of effective mass of electrons in GaAs are m, = 0.067mo, my = 
0.47mo, where mp (=9.109 x 1073! kg) is the rest mass of the electron. 

The energy gap between the top of the valence band and the bottom of the 
conduction band is the bandgap and is given as 


Eg = E. — Ey (13.7) 


Figure 13.2a shows a typical energy band structure for a semiconductor such as 
GaAs. The dots correspond to the allowed values of k and hence by Eqs. (13.3) and 
(13.5) the allowed values of energy E. The filled circles represent states occupied 
by electrons and the open circles represent empty states. Note that the states are 
equally spaced along the k-axis, the spacing being 277/L, but are not equally spaced 
in the energy axis. The figure also shows that all states in the valence band are 
filled, while all states in the conduction band are empty. This situation corresponds 
to an intrinsic semiconductor at T = O K. If the temperature rises, then some of 
the electrons from the valence band can get excited to the conduction band and we 
will have a figure like the one shown in Fig. 13.2b with vacant states (holes) at the 
top of the valence band and electron filling states at the bottom of the conduction 
band. Note that in such media, the bottom of the conduction band and the top of 
the valence band occur at the same value of k. Such semiconductors are referred to 
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as direct bandgap semiconductors. In semiconductors such as silicon, the bottom 
of the conduction band and the top of the valence band occur for different k values 
and such semiconductors are referred to as indirect bandgap semiconductors. Light 
emission is highly probable in direct bandgap semiconductors, while in indirect 
bandgap semiconductors, light emission is highly improbable. 


13.3 Optical Gain in Semiconductors 


In this section we will obtain the condition for achieving optical gain in a semicon- 
ductor. In order to do this, we need to introduce the concept of density of states and 
the occupation probability of electrons in conduction and valence bands. 


13.3.1 Density of States 


In Appendix E, we have calculated the number of electromagnetic modes per unit 
volume lying between wave vector magnitudes k and k+ dk to be given as 


k2 
p(k) dk = — dk (13.8) 
T 
An exactly similar analysis can be performed to evaluate the number of available 
energy states per unit volume (density of states), with electron wavenumbers lying 
between k and k + dk to be again given by Eq. (13.8). In the case of electromagnetic 
modes, we had multiplied by a factor of 2 to account for two independent states of 
polarization. In the case of electron waves, we have again a factor of 2 to account 
for the two independent spin states of the electron. 

Using the relationship between energy E and k for electrons lying in the conduc- 
tion band and the valence band, we can convert the density of states expression in 
terms of k to an expression giving the density of states lying between energy values 
E and E + dE by using the fact that p(E)dE = p(k) dk and thus 


E) = p(k dey 13.9 
pte) = vt (F) (13.9) 


Using the relationships between F and k in the conduction band and the valence 


-1 
band [Eqs. (13.3) and (13.5)], we can evaluate (<2) for the two bands and we 
get the following expressions for the density of states lying between E and E + dE 


in the conduction band and the valence band as 


(2m.)*/ 


rah ee ae ESE, (13.10) 


Pc(E) = 
and 


(2m 3/2 
PE) = a (Ev — BE)", E<E, (13.11) 
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The density of states is a very important quantity as it specifies the number of energy 
states per unit volume that are available for the electrons to occupy. 

Note that in the conduction band, as EF increases, the density of available energy 
states increases. Similarly as E decreases in the valence band, the density of avail- 
able energy states increases. However, the density of states alone would not decide 
the electron population in the two bands; the probability of occupancy of the states 
along with the density of states would finally decide the electron population. 


13.3.2 Probability of Occupancy of States 


The density of states gives us the states that are available for occupation. In order 
to find the density of electrons that are actually occupying those energy states, we 
need to know the probability of occupancy of the states. Thus the probability that 
a state of energy E is occupied by an electron is given by the Fermi Dirac function 
(see, e.g., Saha and Srivastava (1973)) 


f(E) = (13.12) 


where FF is the Fermi energy, Tis the absolute temperature, and kp is the Boltzmann 
constant. It can be seen from Eq. (13.12) that at T= 0 K, all energy states below Ep 
are occupied, while all energy states above Ep are empty. At higher temperatures, the 
probability of having electrons above the Fermi level is finite. In fact at the energy E 
= Ef, the probability of occupation is exactly 0.5 irrespective of the temperature (in 
general, the Fermi energy Ep depends on the temperature). Of course it is possible 
that there are no energy states at Ep in which case there would be no electrons with 
this energy. 

At thermal equilibrium, the distribution given by Eq. (13.12) describes the elec- 
tron occupation probability for the conduction band as well as the valence band. 
When thermal equilibrium is disturbed, for example, by passing a current through 
a p—n junction or illuminating the semiconductor with a light beam of appropriate 
wavelength, then in this state we can define the probability of occupation in the con- 
duction band and the valence band by two separate Fermi Dirac distributions, by 
defining two quasi-Fermi levels Ep, and Epy (see Fig. 13.3): 


Fig. 13.3. Quasi-Fermi levels E 
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fl) = Te maeT pI (13.13) 


AE) = FETT (13.14) 


In writing Eqs. (13.13) and (13.14), it is assumed that the electrons in the conduction 
band and in the valence band come to a quasi-equilibrium within the bands very 
rapidly (typically within 10~!? s), while the transitions of electrons between the 
conduction band and the valence band take much longer, about 10° s. 


13.3.3 Interaction with Light 


Like in the case of atoms and molecules, electrons in the conduction band and 
holes in the valence band can interact with incident photons via three different 
mechanisms: 

Absorption: An electron in the valence band can absorb a photon and get excited 
to the conduction band. Since there are no energy levels within the energy gap, the 
incident photon has to have a minimum amount of energy for this process to take 
place. If Eg (=E, — Ey) represents the energy gap, then the photon frequency must be 
greater than Eg/h. This process of absorption leads to the generation of electron-hole 
pairs (see Fig. 13.4a). 


(b) 


(c) 


Fig. 13.4 (a) In the absorption process, an electron occupying a state in the valence band can 
absorb a photon of appropriate energy and get excited to a vacant state in the conduction band. 
(b) In the spontaneous emission process, an electron occupying a state in the conduction band can 
emit a photon of appropriate energy and get de-excited to a vacant state in the valence band. (ec) In 
the case of stimulated emission, an incident photon of appropriate energy can stimulate an electron 
to make a transition from the conduction band to the valence band 
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Spontaneous emission: An electron in the conduction band can combine with 
a hole in the valence band (i.e., an electron can jump from the conduction band 
to a vacant state in the valence band) and release a photon of energy equal to 
the difference in the energies of the electron before and after the emission pro- 
cess. The photon frequency would be larger than Eg/h. This process takes place 
even in the absence of any photons and is termed spontaneous emission. The pro- 
cess of spontaneous emission is random and the emitted photon can appear in any 
direction. Light-emitting diodes are based on spontaneous emission arising out of 
electron-hole recombination (see Fig. 13.4b). 

Stimulated emission: Just like in atomic systems, an incident photon having a fre- 
quency greater than E,/h can induce a de-excitation of electron from the conduction 
band to the valence band (electron-hole recombination) and the emitted radiation 
is coherent with respect to the incident radiation. It is this process which is used in 
semiconductor lasers (see Fig. 13.4c). 

Certain conditions are required for the above processes to take place. For absorp- 
tion of an incident photon, it is essential that there be an electron available in the 
valence band and a vacant state be available in the conduction band at an energy 
difference corresponding to the energy of the photon (see Fig. 13.4a). Thus if v is 
the frequency of the incident photon, then an electron having an energy E lying 
in the valence band can absorb this photon and get excited to a vacant energy state 
with energy E> lying in the conduction band such that 


Ey — E, = hv (13.15) 


Similarly for the spontaneous emission of a photon of energy hv, an electron occu- 
pying an energy level with energy E2 can jump down to a vacant state (hole) with 
energy £, lying in the valence band and lead to a photon of energy (£2 — E)). This is 
also termed electron-hole recombination. For stimulated emission the condition is 
the same as spontaneous emission with the emitted light being completely coherent 
with the incident light. 

Apart from energy conservation described above, the processes of absorption and 
emission should also satisfy another condition on the wave vector k of the electron 
before and after the transition and the propagation vector of the photon. In fact the 
transition probability depends on a matrix element containing an integral over the 
volume of the crystal with an integrand having a term of the form e!!—k2+Kop)-r 
where k; represents the k corresponding to the electron in the valence band, k2 
represents the k of the electron in the conduction band, and Kop is the propagation 
vector of the optical radiation interacting with the semiconductor. Since the expo- 
nential term oscillates rapidly with position r, the integral and hence the transition 
probability vanishes unless (k; — k2 + Kop) = 0, i.e., the transition process needs to 
satisfy the following equation: 


(Kk — kp — Kop) =0 (13.16) 


The above condition can also be interpreted as a condition on the conservation of 
momentum in the interaction process. The momentum of the electron belonging to 
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the conduction band is kz and if it jumps to a state in the valence band with a 
momentum fk, then conservation of momentum implies that 


h 
hk — ky = hkop = — (13.17) 
Cc 


where the right-hand side of Eq. (13.17) corresponds to the momentum of the emit- 
ted photon and we have replaced the vector momentum by the magnitude. The 
momentum of the electron in the conduction band and the valence band is much 
larger than that of the photon. Typically if a is the interatomic spacing, then the 
magnitude of the electron wave vector is comparable to 27/a, while that of the 
photon is of the order of 27/1. Since a << A, the electron possesses much larger 
momentum compared to the photon. Hence Eq. (13.17) essentially implies that the 
momentum of the electron before and after the transition must be almost equal, i.e. 


ky © ky (13.18) 


This is also referred to as the k-selection rule. In the energy versus momentum 
diagram, this process corresponds to almost “vertical transition” (see Fig. 13.4). 


13.3.4 Joint Density of States 


Let us consider the interaction of a photon of frequency v with an electron and a 
hole with the electron having an energy E> and lying in the conduction band and a 
hole having an energy F) and lying in the valence band. From energy conservation 
we have 


Ey — Ey = hv 


Now using Eqs. (13.3) and (13.5) we can write 


fie ke 
Ey = E. + —— (13.19) 
2me 
and 
a 
1 (13.20) 
2my 


where we have assumed the k value of the electron and the hole to be the same as 
per the k-selection rule. Hence we have 


nk? (1 1 
hv = (E, — Ey) + + 


2 Me My 


oe (13.21) 


2m, 


= E,+ 
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where 


1 1 1 
—= (— + ~) (13.22) 
Mm; Me. My 


is referred to as the reduced effective mass. 
Equation (13.21) can be rewritten as 


2m 
—— =o (hv — Eg) (13.23) 


Using this expression for kK? in Egs. (13.19) and (13.20) we obtain 


My 
Ey = Ey + — (hv — Ey) (13.24) 
Me 
and 
E, = Ey — — (hv — Ey) (13.25) 
My 


The above equations show that there is a one-to-one correspondence between the 
incident photon frequency v and £) or v and E£}, i.e., photons of a given frequency 
v will interact primarily with electrons and holes with energy values given by Eqs. 
(13.24) and (13.25). Thus we can write 


Pc(Ez)dE2 = p(v)dv = py(E) dE} (13.26) 


where p(v) is the joint density of states. Using the above equations we can now 
calculate the joint density of states as follows: 


dE> hm, 
Pv) = Pe(E2)- = —p-(E2) (13.27) 


Me 


Dc(E2) is given by Eq. (13.10) with E replaced by £2. Using Eqs. (13.10) and (13.21) 
we obtain the following expression for the joint density of states: 


_ (2m,)3? 
a h2 


1/2 


pv) (hv — Eg) hv > Eg (13.28) 
We could also have used Eq. (13.11) to obtain the same expression for the joint 
density of states given by Eq. (13.28). The joint density of states gives us an expres- 
sion for the number of states available for an interaction (absorption or emission) to 
occur with a photon of energy hv. The quantity p(v)dv includes all possible pairs 
of energy states per unit volume lying in the conduction band and the valence band 
with an energy difference between hv and h(v+dv). 
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13.3.5 Absorption and Emission Rates 


The rate of absorption of a photon of frequency v would depend on the following 
factors: 


e The probability that an electron exists in the valence band at an energy value FE 
given by Eq. (13.25) and a vacant energy state exists in the conduction band at an 
energy value E> given by Eq. (13.24). 

e The joint density of states at the corresponding energy difference or equivalently 
at the corresponding frequency v. 


Let us assume that an electron with an energy FE, lying in the valence band 
absorbs a photon and gets excited to a vacant state with an energy E> (=E) + hv) 
lying in the conduction band. The probability that an electron is available at an 
energy EF; in the valence band is obtained from Eq. (13.14) by replacing E by E}: 


1 


MED) = SE FT A (13.29) 


The probability that a vacant state with energy E> exists in the conduction band can 
be obtained from Eq. (13.13) by noting that since f.(E) is the probability that an 
electron with energy E is available in the conduction band, the probability that the 
energy state is not occupied (i.e., is vacant) is simply given by (1-f.(£)). Hence the 
probability that a vacant state of energy E> is available in the conduction band is 
given as 


1 1 
1+ e22—Ero/keT ~ o—(Ex—Ero)[keT + | 


1—f-(E2) = 1 (13.30) 
Hence the probability of absorption, which is equal to the probability that an electron 
of energy EF) is available in the valence band and simultaneously a vacant state of 
energy E> (= E| + hv) is available in the conduction band, is given as 


fav) = fv(E1) CL — fe(E2)) (13.31) 


Similarly the emission of a photon of energy hv depends on the availability of an 
electron of energy Ez in the conduction band and simultaneously a vacant state 
(hole) of energy E; (= Ez — hv) in the valence band; thus the probability of emission 
is given as 


fe(v) = fe(E2) d — f(E1)) (13.32) 


Let us consider the propagation of a light wave of frequency v through the semi- 
conductor; let @, be the corresponding photon flux (i.e., , represents the number 
of photons crossing per unit time per unit area perpendicular to the direction of 
propagation). These photons will induce absorptions from the valence band to the 
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conduction band and also stimulate emissions from the conduction band to the 
valence band. As discussed earlier, the transitions involving photons between the 
conduction and the valence bands take place primarily between electron levels that 
have the same value of k; the pairs of levels involved in the transition will be charac- 
terized by a specific value of k (see Fig. 13.4a). Due to inherent broadening, a group 
of levels with almost the same k value will be taking part in the transitions. This 
small range of k values would correspond to a small range of energy values within 
the valence and conduction bands. 

Now, the rate of absorption of the photons would be proportional to (a) the photon 
flux @,, (b) the probability of finding an electron in the valence band at energy EF} 
and a vacant site in the conduction band with energy E>, and (c) the joint density 
of states corresponding to this pair of levels. If we denote By, as the proportionality 
constant, then we can write the rate of absorption of incident photons as 


Ra dv’ = Bycdyp(v' fy(E1) (1 — fe(E2)) dv’ (13.33) 


where the range of frequency dv’ is included to account for the fact that a small 
range of energy states around the k value would take part in the absorption process. 

Similarly the rate of stimulated emission by an electron making a transition from 
the conduction band to the valence band is given as 


Re dv! = Beygypv' )fe(E2) (1 — fo(E1)) dv’ (13.34) 


where Bey is the constant of proportionality. 

Exactly similar to the case of atomic systems where we found Bj2 = By}, ie., 
the constant of proportionality determining the absorption and stimulated emission 
was the same, here too the absorption and emission probabilities are the same, i.e., 
Bye = Bey. 


13.3.6 Light Amplification 


For light amplification we would require the rate of stimulated emission to exceed 
the rate of absorption. Thus from Eqs. (13.33) and (13.34) it follows that light 
amplification will take place if 


fc(E2) Ud — f(E1) > fr(E1)  — fe(E2)) 
Substituting the expressions for f.(E2) and f,(E)) we get 
Eg, — Epy > E2 — Ey = hv (13.35) 
The above condition implies that for optical amplification by the semiconductor, 


the energy difference between the quasi-Fermi levels in the conduction band and 
the valence band must be larger than the energy of the photon. The positions of 
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the quasi-Fermi levels in the conduction band and the valence band depend on the 
quasi-equilibrium population of electrons and holes in the conduction band and the 
valence band, respectively (see Fig. 13.3). This in turn would depend on the creation 
of electron and hole populations in the conduction band and the valence band by 
means of mechanisms like an external current source or an external illumination. 
The condition given by Eq. (13.35) is equivalent to the requirement of population 
inversion to achieve optical amplification in an atomic system. 

The condition given by Eq. (13.35) can be understood graphically by considering 
the case at T = O K. If we assume that electrons are injected from the valence 
band into the conduction band, then since we are assuming T = 0 K, the energy 
states from E, to Ef, will be filled in the conduction band and similarly the energy 
states from Ey to Eg, will be empty (see Fig. 13.3). Now consider a photon with 
an energy lying between Eg and Ey. — Ey to be incident. Due to the distribution 
of electrons in the conduction and the valence bands, there would be no electron 
in the valence band that would be capable of absorbing the photon, while electrons 
in the conduction band can be stimulated to make a transition to the valence band 
and with a consequent stimulated emission process leading to amplification. In this 
example, photons with frequency lying between E4/h and (Ere —Epy )/h will undergo 
amplification, while photons with frequency greater than (Er, —Ery)/h will undergo 
absorption. What would happen to photons with frequency less than Eg/h? 

Although our discussion of Eq. (13.35) has been carried out at T = 0 K, the 
condition given by Eq. (13.35) is valid at all temperatures. We recall from Chapter 
4 that the rate of absorption in the case of an atomic system is given as 


Ra = Oadby N1 (13.36) 


where N is the density of atoms in the lower energy state, ¢, is the photon flux, and 
0, 1s the absorption cross section given as 


2 
g(v) (13.37) 


Og — i Fae 
2,,2 
870NGV“tsp 


where no is the refractive index of the medium, fsp is the spontaneous lifetime of the 
upper level, and g(v) is the lineshape function. For a given pair of nondegenerate 
energy levels, the absorption cross section o, and the emission cross section oe are 
equal. 

In the case of semiconductors, the quantity N; gets replaced by the product of the 
joint density of states and the probability of finding an electron in the valence band 
and simultaneously a vacant state in the conduction band with appropriate energy. 
The constant of proportionality By, is then given as 


= — aa (13.38) 
8x8 
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where the spontaneous lifetime in the case of the atomic system gets replaced by T,, 
the radiative recombination time of the electron. 
Thus Eq. (13.33) becomes 


2 
Ra dv! = — gv" }yp(v' folE) (1 = folE2)) dv! 
8m’ Tr 


and the total rate of absorption is given as 


2 
Re = / R,dv' = i ——— 80" )bvp(v'Yo(E1) (I — fe(E2)) dv’ (13.39) 
879 VT 


The line-broadening mechanism in semiconductors that leads to the lineshape func- 
tion g(v) is primarily due to photon—phonon collisions. Typical collision times Tt, 
are about 10!? s and thus this leads to a linewidth of about 300 GHz. This is 
very narrow compared to the frequency width of the other terms within the inte- 
gral in Eq. (13.39) and hence for all practical purposes, g(v’) = 6(v’ — v). Thus we 
obtain 


2 


Rap = —s— bp(vfo(E1) (1 = fe(En)) (13.40) 
870 NHV* Tr 


which gives the total rate of absorption of photons incident at frequency v and flux 
oy. In Eq. (13.40), Eo and EF; are given by Eqs. (13.24) and (13.25), respectively, 
with E> —E; = hv. 

Similarly the rate of stimulated emission due to the incident photons is 
given as 


2 


Ry = —5— Fpl fold) (I = (Es) (13.41) 
870NGV- Tr 


The rate of spontaneous emission depends only on the density of states and the 
occupation probability that an electron exists in the conduction band and a hole 
exists at the required energy in the valence band. Hence we can write for the rate of 
spontaneous emissions as 


1 
Rsp = —PO)fc(E2) Ud — f(E1)) (13.42) 


Ty 


13.4 Gain Coefficient 


We will now calculate the gain coefficient of a semiconductor under quasi- 
equilibrium. The procedure is exactly the same as was followed in Chapter 4. As 
light propagates through the medium, it induces absorption and stimulated emis- 
sions. Thus if we consider a plane P; at z and another plane P2 at z + dz with z 
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Fig. 13.5 Intensity of light 
entering the plane at z is /(z), 
while that at z + dz is J(z+dz) 


Zz zt+dz 


being the direction of propagation of the light wave (see Fig. 13.5) and if the area of 
cross section is S, then the net number of photons entering the volume between P} 
and P2 per unit time is given as 


dp, 
dz 


[d(z) — o(z + dz)] S = ——"S dz (13.43) 


This must be equal to the net rate of absorption of photons within the volume 
which is given as 
(Rab — Ru )S dz 


Substituting the values of Ray and Rg from Eqs. (13.40) and (13.41), respectively, 
and using Eq. (13.43) we obtain 


dd, ce 
7 ovr) [f(E1) — fe(E2)] (13.44) 


dz 825 V2T 


Thus if 
Ey — E, > Ep, — Epy 


then the right-hand side of Eq. (13.44) is negative and there is net absorption by the 
semiconductor. On the other hand if 


Ey — E| < Ege — Epy 


then the right-hand side of Eq. (13.44) becomes positive and in such a case, there 
would be net amplification. The gain coefficient is given as 


C2 


w= Gaee [fe(E2) — fu(E1)] (13.45) 


Hence for amplification the condition specified by Eq. (13.35) needs to be satisfied 
and this is usually accomplished by passing enough current through a p—n junction 
so as to create appropriate electron-hole population in the depletion region. This 
will be discussed in Section 13.4.1. 
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We can substitute for p(v), f\(E1), and fo(E2) from Eqs. (13.28), (13.29), and 
(13.30), respectively, to obtain the following expression for the gain coefficient: 


2 3/2 
2 1 1 
= salle (won)! 
8rnev2t, rh2 e(F2—Ercd/keT 4.1 e(E1—Erv)/keT 4 1 


(13.46) 


When electrons are injected into the conduction band from the valence band by 
an external mechanism such as a current or illumination, the electrons in the con- 
duction band and the valence band come to quasi-equilibrium within the bands. 
Depending on the corresponding values of the quasi-Fermi energy values, for a 
given photon energy or frequency, the quantity y, will be positive or negative cor- 
responding to amplification or attenuation. In order to find this out, we first need to 
estimate the electron population in the conduction band and the hole population in 
the valence band from which we can estimate the energy of the quasi-Fermi levels 
in the conduction band and the valence band. Knowing this, it is then possible to 
calculate the frequency dependence of gain in the semiconductor from Eq. (13.46) 
knowing all the other parameters. Note that the energy values E2 and F are related 
to the frequency through Eqs. (13.24) and (13.25). 

Figure 13.6 shows a schematic variation of p(v), fo(E2) —f\(E1), and their prod- 
uct as a function of photon energy (=£2—E)) for a typical case. It can be seen that 
the product p(v) [f-(E2) —f,(E1)] is positive only in a certain range of photon ener- 
gies. In this range of photon energies, the semiconductor will exhibit gain and the 
figure shows a typical spectral variation of gain. If the electron-hole population is 
increased, then the quasi-Fermi levels would move up in the conduction band and 
down in the valence band, thus shifting the gain curve up and also the peak would 
shift to larger photon energies. 
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Fig. 13.7. Variation of gain 160 
coefficient with photon 

energy for different electron 

concentrations for a GaAs 120 
device. (Source: Yariv (1977), 

reprinted with permission) 
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Figure 13.7 shows a typical plot of the gain coefficient versus the energy of 
the photon for different injected carrier density in a GaAs device. Negative gain 
corresponds to absorption. Thus we see that for a given carrier concentration, the 
semiconductor exhibits gain over a band of photon energies or wavelengths and 
as the carrier concentration increases, the peak gain coefficient increases and so 
does the bandwidth over which gain is available. Also as the carrier concentration 
increases, the frequency at which the gain peaks increases, i.e., the wavelength at 
which the gain peaks will decrease. The increase in the bandwidth is primarily due 
to the shifting of the quasi-Fermi levels from the band edges with the increase in 
the electron-hole concentration. Note that the energy values of 1.424 and 1.50 eV 
correspond to photon wavelengths of 870 and 827 nm, respectively. 

Figure 13.8 shows the variation of the peak gain coefficient with the carrier con- 
centration. For a typical range of gain values, the curve can be approximated by a 
linear curve and we can express the gain coefficient as 


Y =a(Ne — Ny) (13.47) 


where m, is the carrier concentration for transparency when the semiconduc- 
tor becomes transparent, i.e., y = a = 0. The figure gives the required carrier 
concentration to achieve a certain gain coefficient. 


Example 13.1 If we consider a semiconductor in overall thermal equilibrium at T = 0 K, then the two 
quasi-Fermi levels coincide with the Fermi level and if this level is within the energy gap, fy(£,)=1 and 
fc(E2)=0 and we would have from Eq. (13.46) 
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Fig. 13.8 Variation of peak 

gain with carrier density 

showing an almost linear 120 
variation (Source: Yariv 

(1977), reprinted with 

permission) 100 
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Vp = Ay = hv > Eg (13.48) 


(hv — Eg) 


Here @, represents the absorption coefficient. The above expression gives an approximate expression 
for the absorption coefficient and its frequency dependence. 
Example 13.2 Consider GaAs for which mg = 0.067mg, my= 0.46mp giving mp = 0.059mp9. The 
bandgap energy is Eg = 1.424 eV, which corresponds to a frequency v = vg = Eg/h = 3.43 x 
10!4 Hz or a free space wavelength of 875 nm. The values of other constants are ng = 3.64 and 
Tr = 4.6 ns. Thus the absorption coefficient at 800 nm is approximately 8000 cm! showing a very 


strong absorption. If we take 10 zm of such a crystal, the fraction of light transmitted would be about 
3.3 x 10+. 


13.4.1 Electron—Hole Population and Quasi-Fermi Levels 


When electrons are injected into the conduction band, they can make spontaneous 
transitions to the valence band if there are vacant states and in the process emit radi- 
ation. This is the radiation emitted by a light-emitting diode. In order to obtain this 
we need to calculate the electron and hole populations in the conduction band and 
the valence band, respectively. The electron population density in the conduction 
band between energy values E> and Ey + dE is given as 


dn, = pc(E2)fc(E2)dE2 (13.49) 
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where p-(E2) is the density of states in the conduction band and f,(E2) is the occu- 


pation probability in the conduction band. Hence the total electron density in the 
conduction band is 


— / ing i pe(Ea)fe(E2)dE2 (13.50) 


Using Eqs. (13.10) and (13.13), we obtain 


(2m,)3? 1 


Fe OD fo Eq)? eEx—Ere/kT + | 
Ec 


dE> (13.51) 


The above equation relates the electron concentration to the quasi-Fermi energy Exc. 
In a similar fashion the hole concentration in the valence band and the quasi- 
Fermi energy in the valence band are related as 


_ Amy? ip 1 
jee fo E1)” ea RnlkeT poe (13.52) 


The integrals in Eqs. (13.51) and (13.52) have to be evaluated numerically since 
they cannot be analytically evaluated. A useful approximate expression relating the 
carrier concentration and quasi-Fermi energies is the Joyce—Dixon approximation 
given as 


lon 
wens x) * a 


(13.53) 

£ Ey — kgT|1 + ue 

= — n —— 
Fy > B WB N 
where 7 is the electron concentration and p is the hole concentration and 
cs Me kz T 2 
. Qn h2 , 

(13.54) 


Figure 13.9 shows a normalized plot of (Efe — Ec)/kpT versus n/N, as given by 
Eq. (13.53). The variation of (Ey—Epy)/kgT with p/N, will be the same. From 
Eq. (13.53) it follows that for n << Nc, p << Np, we can neglect the second terms in 
the brackets and obtain an approximate form 
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Fig. 13.9 Normalized plot of (Ep.-E./kgT 
(ER c—E, /kpT versus n/N, as 12 
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which are referred to as Boltzmann approximations. 
As an example we consider GaAs for which mc = 0.06780, my = 0.47mo. Thus 
at 300 K, we obtain 


Nc © 4.3 x 1072 m7? and MN, © 8 x 1074 m7? 


Equation (13.53) can be used to estimate the values of Ep, and Epy for a given 
electron concentration and hole concentration or conversely estimate the electron 
and hole concentrations required for a given value of the quasi-Fermi energies. 


Example 13.3 We now obtain the electron concentration required for transparency condition in GaAs for 
photon energy corresponding to the bandgap at 300 K. 
For transparency, yy = 0 and Eq. (13.48) gives us 


hv = Ey — E| = Efe — Epy 


We can use Eq. (13.53) for relating Ep, and Epy to the electron and hole concentrations. For injection of 
equal number of electrons and holes as is the case with semiconductor lasers, we have 


n lon 7) 1 | 
hv = Ep — Ey + kpT | In } + In I 
. ew (x) J/8 Ne (x) J/8 Ny 


Since Ep—Ey=Eg=hv and n = p, the condition implies 


, rn n ( 1 1 ) 0 
n t t = 
NcNy J8 Ne Ny 
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which is a transcendental equation for electron density. Using the values of Ne and Ny obtained earlier 
for T = 300 K, we can solve the above equation and obtain 


n=p12~x 1024 m-3 


At this electron population density in the conduction band and an equal hole population in the valence 
band, the semiconductor is transparent for a photon energy equal to the bandgap energy. For photon 
energies larger than this (wavelengths shorter than corresponding to this wavelength), the semiconductor 
would be absorbing. 


13.4.2 Gain in a Forward-Biased p-n Junction 


Consider a p—n junction formed between a p-doped and an n-doped semiconductor 
as shown in Fig. 13.10a. Because of different carrier concentrations of electrons and 
holes in the p and n regions, electrons from the n region diffuse into the p region 
and holes from the p region diffuse into the n region. The diffusion of these carriers 
across the junction leads to a built-in potential difference between the positively 
charged immobile ions in the n side and the negatively charge immobile ions in 
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Fig. 13.10 (a) Unbiased p—-n junction and (b) forward-biased p—n junction. When the p—n junction 
is forward biased, we can create a situation satisfying Eq. (13.35) in the depletion region and thus 
achieve optical amplification over a certain range of photon energies. (c) Forward-biased, heavily 
doped p-n junction 


344 13. Semiconductor Lasers 


the p side of the junction. This built-in potential V, lowers the potential energy of 
the electrons in the n side with respect to the potential energy of electrons in the p 
side, which is represented by “bending of energy bands” near the p—n junction as 
shown in Fig. 13.10a. Note that the Fermi levels on both sides of the p—n junction 
are aligned at the same energy value. This is necessary because, in the absence of 
any applied external energy source, the charge neutrality in the material requires that 
the probability of finding an electron should be the same everywhere and therefore 
only one Fermi function should be described the carrier distribution. In this case, 
there will be no net current in the medium. 

If we forward bias the p—n junction by means of an external supply voltage V, 
then the potential energy of electrons in the n side increases and the band moves up. 
The band offset decreases and the Fermi levels separate out as shown in Fig. 13.10b. 
The increased potential energy of the carriers brings them into the depletion region, 
where they recombine constituting a forward current through the junction. The 
forward biasing leads to injection of electrons and holes into the junction region, 
where they recombine generating photons via spontaneous emission process. This 
phenomenon is also referred to as injection luminescence. Note that even though the 
separation between the quasi-Fermi levels is less than the bandgap energy Eg, there 
would be light emission because of a forward current through the device. This is the 
basis of operation of light-emitting diodes (LEDs) and the device therefore does not 
have any threshold value for the forward current to start emitting light. However, for 
amplification by stimulated emission, as we saw earlier, the quasi-Fermi levels have 
to satisfy Eq. (13.35). 

It is usually not possible to satisfy Eq. (13.35) in p—n junctions formed between 
moderately doped p- and n-type semiconductors. However, if one starts with a p—n 
junction formed by highly doped p- and n-type semiconductors, in which the Fermi 
levels are located inside the respective bands, application of a strong bias can lead to 
the gain condition (see Fig. 13.10c). Indeed this is the basis of operation of injection 
laser diode. 

As mentioned earlier, a laser diode consists basically of a forward biased p—n 
junction of a suitably doped direct bandgap semiconductor material. Two ends of 
the substrate chip are cleaved to form mirror-like end faces, while the other two 
ends are saw cut so that the optical resonator is formed in the direction of the 
cleaved ends only. The large refractive index difference at the semiconductor—air 
interface provides a reflectance of about 30%, which is good enough to sustain laser 
oscillations in most semiconductor diodes. This is primarily due to the large gain 
coefficients that are available in semiconductors (see Fig. 13.7). 

At steady state, the rate at which excess carriers are being injected into the 
junction must equal the rate of recombination. At threshold this rate is just the 


spontaneous recombination rate which is given as 
AnAd 
Rsp = (13.56) 


Tr 


where An is the excess carrier density, A is the area of cross section, and d is the 
thickness of the gain region. If J represents the current density, then the rate of 


13.4 Gain Coefficient 345 


injection is JA / e, where e is the electron charge. Thus we get 
Aned 
J= 


Tr 


(13.57) 


Typically d ~0.1 zm (for heterostructure lasers) and t; ~4 ns. Thus the threshold 
current density is 


Jin © 808 A/cm? 


Note that it is due to the small value of d in heterostructure lasers that we obtain a 
much smaller threshold current density compared to a homojunction laser wherein 
there is no potential step for the electrons and they diffuse away leading to a much 
larger value of d. 


13.4.3 Laser Oscillation 


We have seen earlier that the gain is approximately proportional to the excess carrier 
concentration [see Eq. (13.47)]. Thus we can write for the gain variation with the 


excess Carrier concentration 
An 
Vp = Qa -—1 (13.58) 


where a, is the absorption coefficient of the material in the absence of current injec- 
tion, An is the excess carrier concentration in the active region due to the injection 
current, and Am, is the excess carrier concentration corresponding to the condition 
when the gain becomes zero. At this value the medium neither absorbs nor provides 
gain and becomes transparent. Thus this is referred to as the transparency current 
density. 

Using Eq. (13.57), Eq. (13.58) can be written in an alternative form in terms of 


current: 
= (2 - i) = (; - i) (13.59) 
A: a: . 
Yp Jr Ty 


where the subscript tr refers to transparency condition. Thus the medium will exhibit 
gain only if the current is greater than J. However, this may not be sufficient for 
laser oscillation since for laser oscillation the gain should be able to compensate all 
losses in the cavity. 

If w represents the intrinsic loss coefficient in the medium (primarily due to scat- 
tering) and if R; and R>2 represent the reflectivities of the ends of the cavity, then the 
total loss coefficient is given as [see Section 4.4] 


1 
OAtot = & — ay mR Re) (13.60) 


where L is the length of the cavity. In order for lasing action to begin, the gain 
provided by the active medium must equal the loss. The gain depends on the position 
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of the quasi-Fermi levels in the conduction band and the valence band which in 
turn depends on the electron-hole concentration. By injecting an external current, 
electron-hole population is created in the lasing region; thus a minimum current 
would be required for the laser action to begin. 

A minimum value of excess carrier concentration An is needed for laser action, 
and for a given current, An depends inversely on the thickness of the active region. 
Typical values of d in a homojunction (a junction made up of same semiconduc- 
tor material on both sides of the junction) are a micrometer or more depending 
on the dopant concentration on the p and n sides. The corresponding values for 
transparency current densities and hence threshold current density for laser oscilla- 
tion are of the order of kiloampere per square centimeter. If d can be reduced to a 
much smaller value, then this would lead to a smaller value for the threshold current 
density. This is achieved in practice by using heterostructures. 


13.4.4 Heterostructure Lasers 


The basic laser structure shown in Fig. 13.10 is referred to as homojunction laser and 
was invented in 1962. In this device the p—n junction is formed by using the same 
semiconductor material on both sides of the junction. In such lasers the carriers drift 
from the junction region and occupy a larger volume and also the generated light is 
not confined, thus leading to reduced overlap between the electron and holes and the 
light radiation. Lasing in these devices can be achieved only in pulsed mode since 
the threshold current densities are in the range of a few amperes to tens of amperes. 
Such large currents can easily lead to catastrophic damage of the laser if operated 
continuously. 

The basic configuration of the heterostructure laser is shown in Fig. 13.11. In 
this a thin layer of a suitable semiconductor material (such as GaAs) is sandwiched 
between two layers of a different semiconductor exhibiting a larger bandgap (such 
as Al,Ga,_,As). Thus inner layer forms two heterojunctions at the two interfaces 
between the semiconductors. The bandgap energy of AlyGa;_,As depends on the 
value of x and for x <0.42, the bandgap energy can be approximated as 


Eq = (1.424 + 1.266x) eV (13.61) 


Fig. 13.11 A 
double-heterostructure laser 
with a lower bandgap 
semiconductor (GaAs) 
surrounded on either side by a 
higher bandgap 
semiconductor (AlGaAs) 


p-AlGaAs 


GaAs 


n-AlGaAs 
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The increase in bandwidth with x is distributed unequally between the conduction 
band and the valence band according to the following approximate expressions: 


AE, © 0.67 x 1.266x 


(13.62) 
AE, © 0.33 x 1.266x 


Since the inner layer made up of GaAs has a smaller bandgap than the surrounding 
semiconducting materials on either side, carriers injected into the inner layer get 
confined due to the potential barrier for electrons and holes present at the two junc- 
tions. Interestingly the larger bandgap semiconductor also has a smaller refractive 
index than does the smaller bandgap semiconductor (An ~—0.7x) and thus the inner 
layer of the semiconductor forms an optical waveguide confining the emitted radia- 
tion by the phenomenon of total internal reflection. The confinement of carriers by 
potential step and the confinement of optical radiation by refractive index steps lead 
to a drastic reduction in the threshold current density for laser operation in these 
devices. 

Consider a heterostructure formed by a thin layer of GaAs sandwiched between 
two layers of Al,Ga,_,As as shown in Fig. 13.12. The bandgap of GaAs is 1.424 eV 
at room temperature, whereas that of Al,Ga,_,As increases from 1.424 eV for x = 0 
with increasing fraction of Al as discussed earlier. Figure 13.12a shows the energy 
band diagram corresponding to the three regions when they are not in contact. 
Figure 13.12b and c shows the energy band diagrams of the composite before and 
after forward biasing, respectively. As can be seen from the figure, the potential bar- 
riers at the two junctions restrict the flow of electrons from the n-AlGaAs to the 
p-AlGaAs and of holes from the p-AlGaAs to the n-AlGaAs layers. This results in a 
large concentration of accumulated charge carriers in the thin GaAs layer and leads 
to a quasi-equilibrium with quasi-Fermi levels which satisfy the condition for gain 
as given by Eq. (13.35), thus leading to amplification of light. Note that the energy 
of the emitted photons will be around the bandgap energy of GaAs, which is smaller 
than that of AlGaAs, and therefore these photons will not be absorbed by the two 
AlGaAs layers as they have higher bandgaps. 

As mentioned earlier, the lower bandgap GaAs has a higher refractive index than 
does AlGaAs, a typical index difference of about 0.2 around 800 nm wavelength. 
Thus the thin GaAs layer behaves like an optical waveguide confining the optical 
radiation within the region (see Fig. 13.13). 

Due to the planar geometry of the thin GaAs layer, this corresponds to a planar 
optical waveguide. Although the structure will confine the light wave in the direction 
perpendicular to the junctions, there would be diffraction in the plane of the junc- 
tion. Because of this spreading, the threshold currents can be large and the emission 
pattern may also not be stable with variation in current. To overcome these effects 
laterally confined semiconductor lasers have been developed. In these lasers in addi- 
tion to confinement perpendicular to the junction, optical guidance is also provided 
in the plane of the junction by having a lower refractive index region surrounding 
the active region. 
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Fig. 13.12 Energy band 
diagram corresponding to the 
three regions of a 
double-heterostructure laser 
(a) when they are not in 
contact, (b) when they are in 
contact with no bias, and (c) 
under forward bias 
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Fig. 13.13 The double heterostructure leads to optical confinement due to the formation of an 
optical waveguide. The lower bandgap material has a higher refractive index compared to the 
higher bandgap material. n(x) represents the refractive index profile and y(x) represents the electric 
field profile of the propagating mode 
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There are two types of lateral confinement; one is gain guidance and the other 
is index guidance. In the case of gain-guided diode lasers, the current injected into 
the device is restricted over a narrow stripe (see Fig. 13.14a). This can be accom- 
plished by coating the uppermost semiconductor layer with an insulator such as 
silicon dioxide leaving a narrow opening for current injection. Due to this kind of 
injection, the carrier density is largest just under the opening and decreases as we 
move away from it in a direction parallel to the junction. Because of this, the gain 
is also a function of lateral position and this gain variation leads to confinement of 
optical energy in the lateral direction as well. Such lasers are hence referred to as 
gain-guided lasers. Since the gain distribution changes with change in current, the 
transverse mode profile of the laser is not very stable with changing current. 


p-InGaAsP Dielectric Contact 
p-InP + n- InP 
_ SS ee <L p-InP 
n-InP Rs InGaAsP InGaAsP (active) <t n- InP 
n*-InP (Substrate) 1 


(a) (b) 


Fig. 13.14 (a) Gain-guided and (b) buried heterostructure index-guided laser structures 


In the index-guided lasers, a real refractive index step is provided in the lat- 
eral direction as well. Figure 13.14b shows a typical buried heterostructure laser 
in which strong lateral confinement is provided by having a lower index region 
surrounding the gain region. In such BH lasers, the active region has typical dimen- 
sions of 0.1 jum x 1 xm with typical refractive index steps of 0.2-0.3. Because of 
the strong optical confinement provided by the refractive index steps, the output is a 
single transverse mode and is very stable with changes in current. Most fiber-optic 
communication systems employ BH lasers. 

The combined effects of carrier confinement, optical confinement, and lower 
absorption losses lead to low threshold current in the range of tens of milliamperes 
and high overall efficiency of the laser. 


13.5 Quantum Well Lasers 


Quantum well semiconductor lasers consist of a very thin (about 10 nm or so) active 
semiconductor layer such as GaAs sandwiched between layers of a higher bandgap 
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semiconductor such as AlGaAs. The active region may be made of only one quan- 
tum well resulting in what is referred to as a single quantum well laser or consist 
of multiple quantum wells separated by enough distance to avoid mutual interaction 
and electron tunneling, resulting in multiple quantum well lasers. The low bandgap 
semiconductor surrounded by higher bandgap semiconductor leads to the formation 
of a potential well that can trap electrons and holes. Also since the dimensions of the 
well are comparable to the de Broglie wavelength of electrons, quantum size effects 
become very important and this has a strong influence on the allowed energy values 
of electrons and holes in the semiconductor. 

In order to calculate the density of states in a quantum well, we consider a GaAs 
quantum well of thickness L, (typically 10 nm) in the z-direction surrounded by 
AlGaAs which has a higher bandgap (see Fig. 13.15). In order to estimate the 
allowed energy values of electrons in the conduction band and the valence band, 
we will approximate the potential well as an infinite potential well. In view of the 
assumed infinite potential barriers at z = 0 and L,, the electron wave function should 
become zero at z = 0 and L,. Thus the z-dependence of the electron wave function 
would be of the form (see Chapter 3) 


Since the width of the semiconductor along the x- and y-directions assumed to 
be L, and Ly is much greater than the electron de Broglie wavelength, we can write 
the complete electron wave function as 


U(r) = ug, resin (**) (13.63) 


iz 


where k; = Xk, + yky is the transverse component of the k of the electron, 
r, = Xx+ jy is the transverse position vector, and uj, (r) is the Bloch wave func- 


Fig. 13.15 The structure of a sd 

quantum well laser in which a 

thin (10 nm) GaAs layer is z 
sandwiched between two | | 

higher bandgap materials. 

The width of i: well is aes GaAs ae 
comparable to the de Broglie i 

wavelength of the electron 


and quantum effects become 
very important 
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tion having the periodicity of the lattice in the x-y plane. Using periodic boundary 
conditions along x- and y-directions, as before, gives us 


_ 2am 


x — L ? m= 1, pene 
ried (13.64) 
k= ; | (een wl en ee ls 
. Ly 


In the earlier discussion on bulk semiconductors, in the parabolic approximation, 
the energy was taken to be proportional to k* = ke + ic + i In the case of quantum 
well, the existence of boundaries at z = 0 and L, modifies this relationship. 

If we consider an infinite potential well of width L,, then the allowed energy 
values in the conduction band due to motion along the z-direction are 
2 he 


Ey Se 5 a 
ONE 


p = 1,2,3,... (13.65) 


where m, is the effective mass of the hole in the conduction band and E, is the 
energy at the bottom of the conduction band. Thus unlike the case of bulk semi- 
conductor, the lowest allowed energy for the electrons in the conduction band of a 
quantum well is (corresponding to p = 1, ky = 0, ky = 0) 


. mh 
EE, = E.+ ——s 


where the lowest energy value in the conduction band is E,. Since the electrons 


are free to move in the plane perpendicular to the quantum well (i.e., along the x—y 
plane), the contribution to the energy from this motion would be 


242 
_ Wig Pky ek 


E. = 13.66 
. 2mMe 2mMe 2mMe ( ) 
Thus the total energy of the electron in the conduction band would be 
ke mh? 
F=f 4 Say (13.67) 


2mMe , 2m,L? 


In order to calculate the density of states, i.e., the number of energy states per unit 
volume lying between energy values E and E+dE, let us first consider electrons 
lying in the lowest energy level corresponding to p = 1. Thus in this case 


i? (Ce + i) 2h 
2M¢ 2m.L2 


E=E.+ (13.68) 


The different states corresponding to the allowed values of ky and ky are given by 
Eq. (13.64); this can be represented as points in the k,—ky space (see Fig. 13.16). The 
area of each rectangle is 477? / L,Ly. In the k,—k, space, the area occupied between 
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Fig. 13.16 Due to the k, 
quantum well along the 
z-direction, the allowed 
values of k, are quantized. 
For a given value of k, 
(corresponding to p = 1) in 
the figure, k, and ky can take 
on discrete values. Each filled 
circle corresponds to an 
available value of (ky, ky, kz) 


circles of radii ky = ,/k2 + ky andk,; + dk, = V (ky + dky)? + (ky + dky)* is 


m (ky +k 1)? —2k4 & Ink, dk 


Thus the number of states within the area would be 


Qk, dk LyLyky dk 
Neji = oe (13.69) 
4m? /LxLy 1 


where the factor 2 accounts for the two possible spin states of the electron. Now 
using Eq. (13.67) we have 
2 


h 
dE = 5 2k, dk (13.70) 


Me 
Using this relationship in Eq. (13.69) we obtain 


Me 
mh 


N(E)dE = Nk, dk = LyLy dE (13.71) 
Hence the number of allowed energy states per unit area between FE and FE + dE 
would be 

Me 


E)dE = 
P(E) 7) 


dE (13.72) 


Since the width of the quantum well is L,, the density of states, i.e., the number 
of energy states per unit volume per unit energy interval in the conduction band, 
would be 

m 


plo = Se (13.73) 


Note that unlike the bulk case, here in the case of quantum well, the density of state 
is independent of energy. Of course we are considering the states lying in the lowest 
energy value of the quantum well. 
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Fig. 13.17 Variation of 
density of states with energy 
for the bulk case (dotted line) 
and the quantum well (solid 
line) 


Density of states 


Energy 


As the energy increases, we will reach the second allowed energy level corre- 
sponding to p = 2 in Eq. (13.67). The state p = 2 would have the same energy 
density as given by Eq. (13.73) and now since the electrons can occupy either the 
p = | state or the p = 2 state, the density of states for the energy value lying between 
p = 1 and p = 2 would be 2m./mh*L,. Every time the energy value increases to 
accommodate the next higher value of p, the density of states would increase by 
me/1h?L;. This is shown in Fig. 13.17 along with a comparison with the density 
of states for a bulk semiconductor. The density of states function has a jump every 
time the energy equals a discrete energy level of the quantum well. 

In an identical fashion we can obtain the density of states in the valence band for 
the energy lying between the p = | and p = 2 quantum levels in the valence band; 
this would be given as 


My 
py(E) = TheL (13.74) 


where my, is the effective mass of the hole in the valence band. Just like in the 
conduction band, every time the energy value crosses an energy level corresponding 
to the quantum well in the valence band, the density of states would increase by 
my /sh?L,. Note that in the case of valence band, the energy of the electrons is 
given as 


2 (724 32 
h (2 +4) 4 he 


2my 2myL2 , 


p=1,2,3,... (13.75) 


13.5.1 Joint Density of States 


Just like for the bulk case, we can define a joint density of states between the conduc- 
tion band and the valence band. Let E) and £2 represent the energy of the electron in 
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the valence band and the conduction band, respectively, that interacts with a photon 
of energy hv. Now 


h2k2 m2 
E,=E = 13.76 
: i 2my 2myL2 ( ) 
h2k2 n-h2 
Ey =E,+ —+ (13.77) 


2me> 2m_L2 


where we have assumed that the energy in the conduction and the valence band lies 
between the energy values corresponding to p = | and 2 states of the quantum well. 
Since the photon energy is hv, we have 


hk. wen 
hv = En — FE, = Eg + —— 
. : et 2m, - 2m,L2 


(13.78) 


where m, is the reduced effective electron mass defined by Eq. (13.22). Thus 


2 a2 (yy gO (13.79) 
Le ae 
Zz 


Using this value of k, in Eqs. (13.76) and (13.77), we obtain 


my 
Ey = Ec + — (hv ~ Ex); 
is (13.80) 
Ei = Ey —- — (hv -£ 
! Ye (hv — Es) 
Now, the joint density of states is the density of states capable of interacting with a 
photon of frequency v and is given as 


p(v)dv = p(E2)dEy 
which can be written as 
dE2 
piv) = P(Ex) (13.81) 


If we replace E by E2 in Eq. (13.73), we would obtain p(E2). Using Eqs. (13.73), 
(13.80), and (13.81), we obtain 


4am, 
hL; 


pv) = (13.82) 


Note that unlike the bulk case, the joint density of states is constant in the range of 
energies below the second discrete level of the quantum well. 
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Proceeding in a manner identical to the bulk case, we obtain the following 
expression for the gain coefficient: 


com, 
2npv?t,hL, 


YW [fe(E2) — A(E1)] (13.83) 


Since the maximum value of the bracketed term is unity, the maximum gain 
coefficient that is achievable in a quantum well is given as 


c2m, 


= —.—_ 13.84 
Qn vet hh, 


Yo 


For typical values Aj = 850 nm, m, = 5.37 x io kg, no = 3.64, tT; = 4.6 ns, and 
L, = 10 nm, we obtain a gain coefficient of 4.8 x 104 m!. 

We rewrite Eq. (13.57) relating the current density and the electron concentra- 
tion as 


Aned 
J= 


Tr 


The quantum well laser requires similar electron density in the conduction band and 
holes in the valence band as the heterostructure since the relationships of gain are 
very similar and the density of states in the quantum well is also very close to that 
of heterostructures (see Fig. 13.17). At the same time, since the value of d for a 
quantum well is much smaller than that for a heterostructure, the threshold current 
density is much smaller in the case of quantum well. If the width of the quantum 
well is 10 nm and that of the heterostructure is about 100 nm, the current density 
required for a given gain should be about 10 times smaller in the case of quantum 
well laser. This is usually not so since although the electrons and holes are confined 
to within the quantum well width of 10 nm, the optical radiation extends much 
beyond the quantum well. In fact the well of 10 nm width cannot efficiently guide 
the optical wave since the corresponding V (normalized frequency — see Chapter 16) 
number comes out to be about 0.2 assuming an index step of 0.3 and a well width 
of 10 nm. At this value of V, the optical field will spread deep into the surrounding 
AlGaAs region, thus reducing significantly the overlap of the optical fields with the 
electrons and holes. This would result in a drastic reduction of gain. 

In order to overcome this, a separate structure for optical confinement (separate 
confinement heterostructure, SCH) is provided outside the quantum well. In partic- 
ular graded refractive index SCH (GRIN-SCH), structures have provided some of 
the lowest threshold current densities. Figure 13.18 shows two examples in which 
surrounding the quantum well of width about 10 nm, two inner barrier layers of 
typical thickness of about 0.1 jum each are provided which are then surrounded by 
thick (about 1 j1m) cladding layers. The inner barrier layers are chosen to have a 
refractive index higher than the cladding layers so that they can provide for opti- 
cal confinement. For example, the refractive index of GaAs is about 3.6, that of 
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Fig. 13.18 Schematic of 
energy variation of the 
conduction band and the 
valence band edge with 


position in separate 
confinement heterostructures ao. | | 


Alo.2Gao,.gAs is about 3.48, and that of Alp.¢Gao.4As is 3.23. The optical waveguide 
formed by the barrier layers has a V value of 1.8 and thus can provide for good 
optical guidance. Of course even in this case the optical wave almost fills the barrier 
region of width 0.1 j1m and the quantum well occupies only a portion, 10 nm within 
the barrier region. The overlap between the optical mode and the electrons and holes 
would determine the reduction in threshold current density for achieving a gain. 

Typically the required threshold current for lasing in the case of quantum well 
lasers is about a factor of 4 lower than that of heterostructure lasers. Thus if a het- 
erostructure laser requires threshold currents of about 20 mA for laser action, a 
quantum well laser would have a threshold of a few milliamperes. 

Figure 13.19 shows a typical current versus output power characteristic of a 
quantum well laser. 


Fig. 13.19 Variation of laser Output power/ 


output power with current in facet (mW) 
the case of a quantum well 
laser at different 20 L 
temperatures. (Source: Liu 20 C 
t al. (2005 
et al. (2005)) is |: 
40C 
10- 
60C 
5+ 
80C 
0 ee | 
0 20 40 60 80 100 


Current (mA) 


13.6 Materials 


Most semiconductor lasers operate either in the 0.8—-0.9 wm or in the 1-1.7 wm 
wavelength region. Since the wavelength of emission is determined by the bandgap, 
different semiconductor materials are used for the two different wavelength regions. 
Lasers operating in the 0.8—0.9 {1m spectral region are based on gallium arsenide. By 
replacing a fraction of gallium atoms by aluminum, the bandgap can be increased. 
Thus one can form heterojunctions by proper combinations of GaAlAs and GaAs, 
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which can provide both carrier confinement and optical wave guidance. For exam- 
ple, the bandgap of GaAs is 1.424 eV and that of Gag.7A1o3As is ~1.798 eV; the 
corresponding refractive index difference is about 0.19. Thus by surrounding the 
GaAs layer on either side with Gay 7A193As, one can achieve confinement of both 
carriers and light waves. For lasers operating in the 1.0—-1.7 sm wavelength band, 
the semiconductor material is InP with gallium and arsenic used to replace frac- 
tions of indium and phosphorous, respectively, to give lasers based on InGaAsP. 
The above wavelength region is extremely important in connection with fiber-optic 
communication since silica-based optical fibers exhibit both low loss and very high 
bandwidth around 1.55 jtm (see Chapter 16). Recently lasers have been realized 
in a large bandgap material like GaN (Eg ~3.44 eV). Due to the large bandgap, 
such lasers emit in the blue region of the spectrum and have wide applications in 
high-density data storage, displays, etc. 


13.7 Laser Diode Characteristics 


Figure 13.20 shows a typical light output versus current characteristic of a GaAs 
semiconductor laser. As can be seen, the output optical power starts to increase 
very rapidly around a threshold current, which essentially represents the beginning 
of laser oscillation. Below the threshold, the emission is primarily by spontaneous 
transitions and the emission is broadband and incoherent. On crossing the threshold, 
the emission becomes coherent, the linewidth reduces significantly, and the output 
power increases rapidly with the current. 

An important property specifying a laser diode is the slope efficiency which is the 
slope of the light output versus current characteristic above the threshold region. Let 
d/ represent the increase in forward current and let dP represent the corresponding 
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increase in the output laser power. For a current increase of d/, the number of elec- 
trons being injected into the laser per unit time is d//e, where e is the electron charge. 
Similarly a laser output power increase of dP would correspond to an increase in 
the output photon flux of dP/hv. We define the external quantum efficiency of the 
laser as 

dP/hv _ e dP 


= ed 13.85 
“alfe hv dl oe 


Typical continuous wave operating laser diodes have an np lying between 0.25 and 
0.6. The quantity dP/dI is referred to as slope efficiency and is specified in milliwatts 
per milliampere. 

For digital modulation of the laser diodes, they are biased at slightly above the 
threshold and on this bias is superposed current pulses corresponding to the digi- 
tal data. Thus the electrical signal can be directly encoded into an optical signal. 
Biasing the laser diode near the threshold helps in turning on and off the laser at 
high speeds. For analog modulation the laser is usually biased above threshold and 
the analog signal is fed in the form of current variations. Lasers with modulation 
bandwidths greater than 6 GHz are commercially available. 

An important characteristic of a laser diode is the spectral width of emission. 
In the case of laser diodes the gain bandwidth is usually quite large and thus the 
laser can oscillate in multiple longitudinal modes giving a multi-mode output (see 
Fig. 13.21). 

In a multi-longitudinal mode laser, the output spectrum consists of a series of 
wavelengths. The oscillating wavelengths are determined by the cavity resonances 
given as 

c 
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Fig. 13.21 Output spectrum 
of a typical semiconductor 
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where n(v) is the refractive index of the semiconductor material at a frequency v. If 
v and v +Av correspond to adjacent oscillating frequencies, then we can write 


Cc 
v= g=—— 
TAL 


v+Av=(g¢+1) 


‘ (13.87) 
2n(v + Av)L 


For Av << v, we can make a Taylor series expansion of n(v+Av) and obtain the 
following expression for the intermodal spacing: 


A ae eae (13.88) 

v= : 
2n(v)L ndv 

Typically n = 3.6, L = 250 wm, » on ~ 0.38, and the intermode spacing comes out 


to be about 125 GHz. At a wavelength of 850 nm, this corresponds to a wavelength 
spacing of 0.3 nm. If the gain bandwidth is 3 nm, then there would be about 10 
different frequencies at the output of the laser. 

In some applications (for example, in fiber-optic communications) one would 
like to have single longitudinal mode oscillation of the laser so that its spectral 
width is AA<< 0.1 nm. 

One can achieve this either by using a cleaved coupled cavity configuration or by 
using distributed feedback. In the former case, the laser device essentially consists of 
two independent cavities which are optically coupled. The mode which can oscillate 
is the one which is a mode of either of the cavities and also has the lowest loss. 

The second concept uses a periodic variation of the thickness of the layer sur- 
rounding the active region of the laser. Periodic variation of the thickness of the 
layer results in a feedback which is very strongly wavelength dependent. Such a 
periodic variation essentially acts as a Bragg reflector which is highly wavelength 
selective. Thus it is possible to ensure that only one of the longitudinal modes has a 
feedback and can oscillate. The periodic variation can be provided at the two ends 
of the active region and this results in what is known as distributed Bragg reflector 
lasers (see Fig. 13.22). If the feedback is provided throughout the cavity, then this is 
referred to as distributed feedback laser (see Fig. 13.23). The end facets are usually 
coated with anti-reflection films to avoid any formation of cavity. 
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Fig. 13.22 Distributed Bragg reflector (DBR) laser 
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Fig. 13.23 Distributed feedback (DFB) laser 


Fig. 13.24 A typical 
spectrum of a DFB laser. 
Note the very sharp spectrum. 
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If nefe represents the effective index of the propagating mode in the waveguide 
forming the laser, then for efficient Bragg reflection we must have (see, e.g., Ghatak 
and Thyagarajan, 1998) 

2m 20 

2TB ett = ae (13.89) 
where A is the period of the grating and Ag satisfying the above equation is known 
as the Bragg wavelength. If the periodic modulation with the period given by 
Eq. (13.89) is provided, then the reflectivity is strongest for the wavelength Ag and 
the periodic structure acts like a highly wavelength-selective mirror. For a wave- 
length of 1550 nm, assuming ner = 3.5, the required period comes out to be 221 nm. 
Gratings with short period are usually fabricated using holographic techniques. 

For wavelengths away from Ag the reflectivity drops very sharply and thus such 
gratings act as highly wavelength-selective mirrors. 

Figure 13.24 shows a typical spectrum from a DFB laser operating at the telecom- 
munication wavelength. Such lasers can provide extremely narrow emission lines 
and are the preferred lasers in fiber-optic communications. 


13.8 Vertical Cavity Surface-Emitting Lasers (VCSELs) 


The laser structures that we have discussed are all edge-emitting lasers wherein 
the laser beam comes out of the edge of the substrate. There is a new class of lasers 
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Fig. 13.25 A schematic of Laser output 
VCSEL structure 


Bragg reflector 


Active region 


Bragg reflector 


Substrate 


called vertical cavity surface-emitting lasers (VCSELs) pronounced as “‘vicsels” that 
emit light vertically from the surface. The laser cavity is vertical instead of being 
horizontal as in conventional laser diodes. Figure 13.25 shows a typical structure of 
a VCSEL wherein the active region is sandwiched between two multi-layer mirrors 
which could contain as many as many as 120 mirror layers. The multi-layer mirrors 
act like a Bragg grating and reflect only a narrow range of wavelengths back into 
the cavity causing emission at a single wavelength. Compared to conventional edge- 
emitting laser diodes it is possible to realize an array or VCSELs on a surface and 
they are also very small in size and have threshold currents below | mA. 

Since the length of the laser cavity is very small (a few tens of nanometers), the 
inter mode spacing is very large and thus single-mode oscillation is easily possible. 
At the same time the gain per round-trip is also much reduced leading to increased 
threshold current densities. With very high reflectivity (>99.8 %) dielectric mirrors 
on both sides of the cavity, very high reflection into the cavity can be achieved 
resulting in very small losses in the cavity, thus reducing the threshold current sig- 
nificantly. Figure 13.26 shows a photograph of the multi-layer structure of a VCSEL 
and Fig. 13.27 shows a typical output power versus current characteristic. 


— 
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Fig. 13.26 Photograph 
showing the multi-layer 
structure of a VCSEL 
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Fig. 13.27 Typical laser Power (mW) 
power versus current 
characteristic of a VCSEL. 15 
Note the very low threshold 
current. (Source: Ref. 
http://www. vertilas.com/pdf/ 
Telecom_rev20.pdf) ho 
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Problems 


Problem 13.1 Consider absorption of photons by GaAs whose bandgap energy is 1.424 eV. The effective 
electron masses in the conduction band and the valence band are 0.067mp and 0.46mg, respectively, 
where mg is the electron rest mass. If the incident photon wavelength is 850 nm, obtain the energy of the 
electron and hole generated by the absorption process. 


Problem 13.2 Consider GaAs and assume that electrons are excited from the valence band to the con- 
duction band to produce an electron concentration of 1.6 x 1024 m3 in the conduction band. Obtain Exe 


and Epy and calculate the wavelength range over which gain can be achieved. 


Problem 13.3 Consider GaAs which has a bandgap of 1.424 eV. If photons of energy 1.46 eV are inci- 
dent, obtain the energy values of the electrons in the conduction band and the valence band with which 
the photons will interact. Also obtain the corresponding k values. 


Problem 13.4 Assuming a carrier density of 2 x 1074m-3, in the conduction band in GaAs, obtain the 


gain coefficient of an optical wave at an energy of 1.46 eV. 


Problem 13.5 Show that the joint density of states for a bulk semiconductor given by Eq. (13.28 ) and 
that for a quantum well given by Eq. (13.82) become equal at the quantized energy values corresponding 
to electrons and holes in the lowest level. 


Problem 13.6 Consider the interaction of photons at a wavelength of 800 nm interacting with GaAs. 
Obtain the energy values of electrons in the conduction band and the valence band taking part in the 
interaction process. 


Chapter 14 
Optical Parametric Oscillators 


14.1 Introduction 


The lasers that we have discussed until now are based on amplification brought 
about by stimulated emission. In this scheme, population inversion is achieved 
between two energy levels of an atomic system and this inversion is used for ampli- 
fication of light. In contrast an optical parametric oscillator (OPO) is a coherent 
source of light like a laser but uses the process of optical amplification brought 
about by the phenomenon of non-linear interaction in a crystal. Since no energy lev- 
els are involved in the amplification process it is possible to tune these lasers over a 
very broad range of wavelengths. In OPOs the pump is another laser which is used 
to pump a non-linear crystal within a resonant cavity and the non-linear interaction 
in the crystal leads to the conversion of the pump laser into two waves (called signal 
and idler) at new wavelengths. For energy conservation the sum of the frequencies 
of signal and idler must equal the frequency of the pump. Thus the signal and idler 
have wavelengths that are larger than the wavelength of the pump. The main attrac- 
tion in an OPO is the possibility of achieving a tunable output. Thus starting from 
a laser which emits in the visible spectrum, using an OPO, it is possible to gener- 
ate a tunable output in the infrared region of the spectrum (see Fig. 14.1). OPOs 
offer a very wide tuning range and are a primary laser source in many applications 
such as spectroscopy and optical amplification requiring tunability of the laser. The 
first successful operation of an OPO was demonstrated by Giordmaine and Miller 
in 1965 and ever since optical parametric processes have generated a great deal of 
interest and have become a powerful technique to obtain coherent sources of light 
with wide tunability from UV to mid-IR. 

In this chapter we will discuss the process of amplification and oscillation using 
the non-linear characteristic of a crystal. 


14.2 Optical Non-linearity 


Usually the optical property of a medium is independent of the electric field ampli- 
tude of the propagating light wave. However, at large optical power densities, matter 
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Fig. 14.1 Ultrawide tunability offered by optical parametric oscillators. (a) Frequency-doubled 
idler, (b) signal, and (c) idler power versus wavelength. Left, periodically poled lithium niobate 
(PPLN) with and without etalon; right, periodically poled potassium titanyl phosphate (PPKTP) 
without etalon. Shaded areas correspond to the measured powers and the curves to conservative 
estimates of power expected. (After Strofner et al. (2002); © 2002 OSA) 


behaves in a non-linear fashion and we come across new optical phenomena such 
as second harmonic generation (SHG), sum and difference frequency generation, 
intensity-dependent refractive index and mixing of various frequencies. In SHG, an 
incident light beam at frequency @ interacts with the medium and generates a new 
light wave at frequency 2m. Thus a red light beam (~ 800 nm) entering the crystal 
can get converted into a blue beam (~400 nm) as it comes out of the crystal (see 
Fig. 18.4). In sum and difference frequency generation, two incident beams at fre- 
quencies @, and w2 mix with each other producing sum (@; + @2) and difference 
(@1 — @2) frequencies at the output. In parametric fluorescence an input light wave 
at a frequency w, splits spontaneously into light waves at new frequencies w, and @; 
satisfying the energy conservation condition: w, = ws +@;. We will now discuss the 
non-linear effect that leads to this phenomenon and detail how this process can be 
used for optical amplification and to realize a coherent source of tunable radiation. 

Non-linear Polarization 

In a linear medium, the electric polarization P is assumed to be a linear function 
of the electric field €: 


P=Eenx€ (14.1) 


where for simplicity a scalar relation has been written. The quantity x is termed 
as linear dielectric susceptibility. At high optical intensities (which corresponds to 
high electric fields), all media behave in a non-linear fashion. Thus Eq. (14.1) gets 
modified to! 


'In actual practice electric field and polarization are vector quantities and Eq. (14.2) is a simplified 
scalar representation. The ith component of the polarization is given by 


2 3 
Pi = e0XijEj + £0 Xs EjE + 60 Xj EERE +... 


where xjj, ce ie etc. are tensors and repeated indices on the right-hand side are summed over 
1 to 3. For a given non-linear medium and given components of the electric fields of the interacting 
waves, the component equation can be used to obtain Eq. (14.2) where x?) will be an effective 
second-order susceptibility. 
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P = aly £47 E72 + xO EF 4+...) (14.2) 


where x, x®), ... are higher order susceptibilities giving rise to the non-linear 
terms. The second term on the right-hand side is responsible for second har- 
monic generation (SHG), sum and difference frequency generation, parametric 
interactions, etc., while the third term is responsible for third harmonic generation, 
intensity-dependent refractive index, self-phase modulation, four wave mixing, etc. 
For media possessing inversion symmetry, x) is zero and there is no second-order 
non-linear effect. Thus silica optical fibers, which form the heart of today’s com- 
munication networks, do not posses the second-order non-linearity. Second-order 
non-linearity is exhibited by crystals which do not possess a center of inversion sym- 
metry like lithium niobate (LiNbO3), lithium tantalite (LiTaO3), potassium titanyl 
phosphate (KTiPO,), and potassium dihydrogen phosphate (KH2POz). The para- 
metric oscillator uses the second-order non-linearity for optical amplification and 
oscillation. 

Since the parametric process mixes waves at frequencies wp, ws, and w;, we first 
write for the electric field distributions of the waves at these frequencies as 


1 , 

f= 5 (eo i cc) (14.3) 
1 i(wst—kyz) 

= ; (Ee athe) cc) (14.4) 
1 : 

f= 5 (gre + cc) (14.5) 


where each of the waves is assumed to be a plane wave; Ep, Es, and E; are 
the complex electric field amplitudes of the waves; and kp, ks, and k; represent 
the propagation constants of the waves at the pump, signal, and idler frequen- 
cies, respectively. In the above expressions c.c. implies complex conjugate of the 
earlier term. Since we are dealing with non-linear effects it is important to con- 
sider real electric fields and hence the complex conjugate term in each of the 
expressions. 

At any point in the medium the existence of waves at these frequencies implies 
that the total electric field at any point will be given by 


E=E_pt Es +E; (14.6) 


This electric field will generate a non-linear polarization given by 
Pri = 2egdE? = 2eod(Ep + Es + €))” (14.7) 


where we have replaced x by 2d. We now substitute the expressions for the 
electric fields at the pump, signal, and idler frequencies in Eq. (14.7), collect 
the non-linear polarization terms that have frequencies of wp, ws and @; and 
obtain 
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1 : 

poe _ 5 (Pure i(@pt—(ks +ki)z) +e. c.) 
1 

pies) = 5 (Pore i(wst—(kp— 9 + ec.) 
1 

po — : (POre i(wit—(kp— + cc.) 


PO?) = 2eodE Ei 
pi) = 2eqdE Et 


PO) — 2eqdE, EX 


(14.8) 


(14.9) 


(14.10) 


(14.11) 
(14.12) 


(14.13) 


It is the non-linear polarization that is responsible for the conversion of power from 
one frequency to the other. 

In order to study how the non-linear polarization affects the generation and prop- 
agation of new frequencies we need to first derive the wave equation describing the 
propagation of the waves. We first recall Maxwell’s equations from Chapter 2 


V.D=0 
V.B=0 
vxeu—2B (14.14) 
ot 
D 
a ee 


where we have assumed absence of any free charges and free currents, and €,D, 6 
and 1 represent, respectively, the electric field, electric displacement vector, mag- 
netic field, and magnetic H vector. The displacement vector and the electric field 
vector are related through the following equation: 


D=e€E+P=eE9E+Pi + Pa = cE + Po (14.15) 


where the polarization has been split into a linear part P; and a non-linear part Pat 
and ¢ represents the linear dielectric permittivity of the medium. 
Taking curl of the third equation in Eq. (14.14) we get 


Vale aV xB eee 
Ot ar 

or 
a7 a? Pat 


(14.16) 


V(V.E) -— VE = 
(V.€) HOE 
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Assuming € is transverse to the propagation direction we can put V.€ = 0 and thus 
Eq. (14.16) becomes 
0° E 0° Pai 


VE € = 
LO ae 20) an 


(14.17) 


which is the wave equation describing the propagation of the electromagnetic wave 
in the presence of the non-linear polarization. 

In order to simplify the analysis we will assume that the directions of the electric 
field and the non-linear polarization are the same and consider the following scalar 
wave equation instead of the vector wave equation described by Eq. (14.17): 
re Prat 


ye € = 
LO vo) Lo an 


(14.18) 


The above equation is the wave equation describing the propagation of each of the 
frequencies through the non-linear medium. Thus the propagation of the wave at 
frequency wp is described by the following equation: 


Pe, ep 
an ~ MO ap 


V7Ep — 10 €(@p) (14.19) 


where €(@p) is the dielectric permittivity of the medium at the pump frequency ap. 
Similarly the electric fields corresponding to the signal at frequency ws and idler 
at frequency @; will satisfy the corresponding wave equations with €, replaced by 
€; and €;, €(@p) replaced by e(@s) and e(@;) and Pyi(@p) replaced by Pyi(ws) and 
Pni(@j) respectively. 

In the presence of non-linearity, the electric field amplitudes Ep, FE, and E; will 
become functions of z, the propagation direction of the waves. Also since we are 
considering plane waves, the amplitudes are independent of the transverse coordi- 
nates x and y. Substituting for E, and P,;(@,) from Eqs. (14.3) and (14.8), we obtain 


a 8? (Epe"@r'—kr®) + c.c) 
Raley fe: ell@pt—kp2) + cc) =_ E(@ 
az2 ( z ais a 
92 ( POP) pilept—(kstkiz + cc.) 
= LO ar 


Opening up the differentials and equating the coefficients of e““°’ on both sides we 
obtain 


PE, pa dEp IE, | + pow@2e(wy) Ey = —jpw22egdE, Ejellte— es toke 
dz2 ?P dz p’-P LO Dp D — Lo Dp 0 S71 


(14.20) 
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Assuming that the fractional change in the electric field amplitudes of the waves is 
negligible in distances of the order of wavelengths, we can neglect the second dif- 
ferential in Eq. (14.20). Also the propagation constant and the frequency are related 
through the following equation: 


ke = 1100; €(@p) (14.21) 
Thus Eq. (14.20) becomes 
dE, ; 
P = —ikyE,Eje!“® (14.22) 
where 
d 
kp = (14.23) 
CNp 
where we have used the fact that 
®p 
kp = — "p (14.24) 


where 7p is the refractive index of the medium at the frequency wp and 


Ak = ky — (ks + ki) (14.25) 


is referred to as the phase mismatch. 

Equation (14.22) describes the change in the amplitude of the electric field of 
the pump due to non-linear effects as it propagates through the medium. In a sim- 
ilar fashion we can obtain the equations describing the change of the electric field 
amplitudes of the signal and idler waves which are given by 


hia —iksEpEt e148 (14.26) 
dE; Ss 
a = —ik;EpE*e'4* (14.27) 
where 
Wsd 
Ko = (14.28) 
CNns 
ad 
gee (14.29) 
cn 


with ns and n; representing the refractive indices of the medium at the signal 
frequency ws and idler frequency w, respectively. 

Equations (14.22), (14.26), and (14.27) represent the three coupled equations 
describing the evolution of pump, signal, and idler wave amplitudes as they 
propagate through the non-linear medium. 
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14.3 Parametric Amplification 


In this section we will show that it is possible to amplify the signal wave through 
the non-linear interaction with the pump wave. In order to show this we consider 
the incidence of a strong pump wave at frequency @p and a weak signal wave at 
frequency ws on a non-linear medium (see Fig. 14.2). We will assume the pump to 
be strong and neglect the changes in the pump amplitude due to the non-linear inter- 
action. Thus we assume the electric field E,(z) = E,(0) at the pump frequency to be 
a constant and independent of z. This is also referred to as the no pump depletion 
approximation. Since we are assuming E, to be a constant, we need to solve only 
the equations for the signal and idler [Eqs. (14.26) and (14.27)]. Using the fact that 
Ep is a constant we differentiate Eq. (14.26) with respect to z and get 


VE dE} 
= iE ( = isk?) eo 
x 


dz? 


which using Eq. (14.27) becomes 


VE se 1 inp dE on 
* = ~iksEp (iste iAk ( Ps :)) as 


dz —iksEp dz 
: dE; 2 
= —1Ak— + Ksk; |Ep| Es 
dz 
or 
dE, .. dé, 2 
oe a iAk— — kk; |Ep|" Es = 0 (14.30) 


The above equation can be easily solved to obtain the following solution 


E,(2) = (Ae? + Be~"*) e HAR /? (14.31) 
where 
1/2 
Ak)? 
= G 2 (14.32) 
4 
@ = ksi |Ep|” (14.33) 


Strong pump at w, 


Nonlinear crystal 


Weak signal at w, 


Fig. 14.2 Ina parametric process, a pump at the frequency wp interacts with a signal at a frequency 
ws in a non-linear crystal and amplifies the signal wave if certain conditions are satisfied. This 
amplification process can be used to achieve a source of coherent radiation 
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Substituting the solution for E,(z) in Eq. (14.26) we obtain the solution for the 
variation of E; with z: 


Ak Ak see 
ee ({r i | act {+i | Ber*) gene (14.34) 
KsEp 2 2 


Equations (14.31) and (14.34) describe the evolution of the signal and idler waves 
as they propagate through the non-linear medium. The constants A and B are to be 
determined from the initial conditions at z = 0. 

From the solutions we can make the following observations: 

1. From Eq. (14.31) we see that for signal amplification I should be real (if T’ is 
imaginary the solution would be oscillatory rather than amplifying) which implies 


that g > Ak This implies 


(14.35) 


which gives the threshold value of pump electric field required to achieve amplifi- 
cation for a given Ak. From this we can obtain the threshold value for the intensity 
of the pump wave for amplification as 

"lp ; _ ty (AR? 


pPa (14.36) 
0 


La = 
pil 2clo 4K 5K i 


Substituting the values of ks and k; in the above equation gives us the threshold 
intensity for amplification as 
CNpNsNij 


Ipth = (Ak)* (14.37) 


8aswjd? 10 
This implies that for a given value of Ak, there is a minimum value of pump intensity 
to achieve amplification of the signal. If Ak = 0 then the signal will get amplified 
for any non-zero value of pump intensity. 

2. Maximum gain is achieved when Ak = 0 which implies 


Kp = (ks + ki) (14.38) 
The above condition is referred to as the phase matching condition. We shall discuss 


about this condition in more detail later. This equation can be written in terms of 
frequencies as 


WpNp = WsNs + WjNj (14.39) 

As we have seen earlier, the frequencies @p, ws, and qj; also have to satisfy the 
following equation: 

Wp = Os + Oj (14.40) 


For a given wp, Eqs. (14.39) and (14.40) give a unique set of signal and idler 
frequencies that would take part in the non-linear interaction process. 
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Another way of looking at the parametric process is to identify Eq. (14.40) 
as the energy conservation equation corresponding to the splitting of a photon of 
energy hw, into two photons, a signal photon of energy hw, and an idler photon 
of energy fiw;. Similarly Eq. (14.38) can be interpreted as the momentum con- 
servation equation for the photon splitting process. Thus in this picture the phase 
matching condition is nothing but the conservation of momentum for the non-linear 
process. 

It may happen that for a given pump wavelength and a material, it may not be 
possible to satisfy the two conditions [Eqs. (14.39) and (14.40)] simultaneously. In 
this case the parametric amplification will not take place. In order to satisfy the two 
equations simultaneously different techniques of phase matching have been devel- 
oped which includes the birefringence phase matching and quasi phase matching. In 
birefringence phase matching the anisotropic property of the crystal is used to satisfy 
the two conditions simultaneously. For example, lithium niobate is an anisotropic 
(uniaxial) crystal with two refractive indices, namely ordinary refractive index and 
extraordinary refractive index. In such a crystal for any given direction of propa- 
gation, the propagation constant of the wave depends on the polarization state of 
the light wave. By choosing appropriate polarization states of the pump, signal, and 
idler it is possible to satisfy the two conditions simultaneously. Figure 14.3 shows 
the dependence of the signal and idler wavelengths as a function of direction of 
propagation (with respect to a special direction called the optic axis) in the crystal 
for a pump wavelength of 1064 nm (Nd:YAG laser). For a given direction of propa- 
gation if we draw a vertical line at the corresponding angle of propagation, the line 
would intersect the curve at two points corresponding to the signal (lower wave- 
length) and the idler wavelengths. As the angle is varied, the pair of signal and idler 
wavelengths satisfying the two conditions varies. This gives the device tunability. 
Also note that below a certain angle there are no solutions to the simultaneous equa- 
tions implying that this process will not take place for those propagation directions 
for the given pump wavelength. 


Wavelength (uum) 


Fig. 14.3. Phase matching 1 
curve for LiNbO3 for a pump 
wavelength of 1064 nm. 
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3. We now assume that phase matching condition is satisfied and obtain the gain 
coefficient of the amplifier. Also let us assume that at z = 0, the signal and idler 
fields are given by 


E;(z = 0) = Eso 


14.41 
Ej(z = 0) = Eio 


Using these conditions in Eqs. (14.31) and (14.34), we can obtain the values of the 
constants A and B. Thus we get the solutions as 


. [Osti in 
E;(z) = Eso cosh gz — i Ex sinh gz (14.42) 
Wins 
sf . | WiNs : sf 
E;(z) =i, | Eso sinh gz + Ejg cosh gz (14.43) 
OsNj 


In obtaining these equation we have assumed the pump field to be real. The above 
two equations can be written in a matrix form as 


coshgz = —i,/@8% sinh gz 
(ao) a va ie) (14.44) 


E¥@) \; feo sinhgz cosh gz 


Equation (14.44) describes the evolution of the signal and idler electric field 
amplitudes due to the nonlinear interactions in the medium. 

If at the input only the pump and signal fields are present, then Eig = O and 
Eq. (14.42) gives 


Es(z) = Eso cosh gz (14.45) 


Since cosh is a function which increases monotonically with the increase of its argu- 
ment, Eq. (14.45) implies that as the signal propagates through the crystal it gets 
amplified by drawing energy from the pump. For large values of gz, Eq. (14.45) can 
be written as 


1 . 
E;(z) = 5 Fs 8% (14.46) 


showing an exponentially growing signal with g being the gain coefficient. 
From Eq. (14.43) we also obtain 


E7@ = i,| "Eso sinh gz (14.47) 
Stl 


showing the generation of the idler along with the amplification of the signal. Thus 
in this case the amplification of the signal is accompanied by the generation of the 
idler wave. This is also expected from the discussion above wherein we interpret 
this process as a process in which a pump photon splits into a signal photon and 
an idler photon. Every time a signal photon is generated necessarily an idler photon 
should have been generated. Thus amplification of the signal will be accompanied 
by the generation of the idler wave. 
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Apart from the change of amplitudes, the fields also suffer a phase change as 
given by the terms e~"s? and e~*# in Eqs. (14.4) and (14.5) due to propagation over 
a distance z. 


14.4 Singly Resonant Oscillator 


We first consider a singly resonant parametric oscillator as shown in Fig. 14.4. It 
consists of the non-linear crystal placed inside an optical resonator. The crystal is 
pumped by a pump laser at the frequency w,. The resonator mirrors are such that 
both of them have high transmittivity at the pump and idler wavelengths while they 
have high reflectivity at the signal wavelength. Thus the resonator provides for feed- 
back only at the signal wavelength and it is the signal wavelength which can oscillate 
within the cavity provided the loss in the signal wave is compensated by the gain in 
the signal wave due to non-linear interaction. 


Fig. 14.4 A singly resonant M, M> 
oscillator (SRO) in which the Oscillating signal 
resonator is formed by two frequency 


mirrors which have high 


reflectivity at the signal 
wavelength and are ” > -_o 


transmitting at the pump and 


Pump at dp Output coherent 
idler wavelengths 


Nonlinear signal 


crystal 


Now when the crystal is pumped by the external laser, then initially spontaneous 
parametric fluorescence (i.e., spontaneous generation of signal and idler photons 
from the pump photon) takes place and if phase matching condition is satisfied 
then this leads to spontaneous generation of light at frequencies ws and w;. This 
is similar to spontaneous emission in a laser cavity that initiates laser oscillation. 
The spontaneously emitted signal and idler waves propagate through the crystal and 
their amplitude changes as given by Eq. (14.44). When the waves reach the mirror, 
then the mirror only reflects the signal wave and transmits both the pump and the 
idler waves. Now when the signal is propagating in the reverse direction (opposite to 
the direction of the pump wave) then the phase matching condition is not satisfied 
and the signal suffers loss (if there are any internal losses) and no gain. When it 
reaches the first mirror then it gets partially reflected and the reflected signal wave 
again undergoes non-linear interaction and its amplitude changes. For such a singly 
resonant oscillator, the idler amplitude does not build up within the cavity and hence 
its amplitude can be neglected. Thus the signal amplitude changes within the cavity 
according to the formula 


Es(z) = Eso cosh gz (14.48) 
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Now since it is only the signal which is resonating within the cavity, only the signal 
wave has to satisfy the condition of standing waves within the cavity. If the cavity 
length is /, then assuming that the mirrors do not introduce any phase changes, the 
signal frequency must satisfy the following condition: 


IC 
ms m= 1,2,3... (14.49) 


Ns 


where we have assumed that the crystal occupies the entire length of the resonator. 
Thus only signal frequencies satisfying Eq. (14.49) would be able to oscillate within 
the cavity. 

In order for oscillation, the gain per round trip must be equal to the loss per round 
trip. Let Rj and R2 represent the energy reflectivities of the two mirrors at the signal 
wavelength. For simplicity we will assume that there are no other losses within the 
cavity. 

Let E,(0) be the amplitude of the signal at the mirror Mj. As it propagates to 
mirror M>, the amplitude changes to 


Es,() = E,(0) cosh gl 


A fraction of this wave is reflected by mirror M2. Assuming that the mirrors do not 
introduce any phase changes, the amplitude reflectivity of the mirror Mz would be 
./R2. Thus the amplitude of the reflected signal wave on mirror Mp and travelling 
toward mirror M; would be 


Eo() = V/Rz E,(0) cosh gl (14.50) 


We neglect all other losses such as scattering loss etc. While the signal wave trav- 
els toward mirror Mj), the wave would not undergo any amplification as the phase 
matching condition would not be satisfied. Thus the amplitude of the signal wave 
as it arrives on mirror M; would be given by Eq. (14.50). Now mirror Mj reflects 
a fraction of the signal wave and the signal wave after reflection from mirror Mj 
would be 


E53(0) = Ri R2 Es(0) cosh gl (14.51) 


For oscillation the signal amplitude should repeat itself after one round trip. Thus 
Es3(0) = E;(0) and Eq. (14.51) gives us the following condition: 


VR1R2 cosh gin! = 1 (14.52) 


where gth is the threshold gain coefficient. Since in the case of parametric gain, the 
quantity gip,/ is very small we can expand the cosh term in Eq. (14.52) and write 


1+ (ginl)° _ 1 
2 r/R, Ro 
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which gives us the following expression for the threshold gain coefficient required 
for a singly resonant parametric oscillator 


J2 1 1/2 
gn =~ (=He - i) (14.53) 


If the reflectivities of the two mirrors are equal (R; = R2 = R) and close to unity, 
then the above expression can be approximated by 


V2(1—R 
8th = ve" (14.54) 


Since the gain coefficient is related to the pump intensity [see Eq. (14.33)], Eq. 


(14.54) can be used to obtain an expression for the threshold pump intensity Jp th 
required for parametric oscillation. Thus 


w@s0;d2 2chug 


C2NsNj Np 


2 
en = Hski [Epn| = doit (14.55) 


where we have used Eqs. (14.28) and (14.29). Using Eqs. (14.55) and (14.54), we 
obtain an expression for the threshold pump intensity required for a singly resonant 
parametric oscillator as 


CNsNiNp 


Ip th = (1 — R) (14.56) 


[Lo@sajd” P 
As an example we take typical values corresponding to a lithium niobate non-linear 
crystal for which d ~ 30 x 10-!? m/V and Np ~ Ns ~ nj = 2. If we assume the pump 
wavelength to be 500 nm and the signal wavelength to be 900 nm, then using energy 
conservation equation [Eq. (14.40)] the corresponding idler wavelength would be 
1125 nm. Assuming the reflectivity of the mirror to be 98% each at the signal wave- 
length and the length of the crystal to be 5 cm, substituting these values in Eq. 
(14.56) we obtain for the threshold pump intensity as 4.8 x 10° W/m?. If we assume 
the beam to have a cross-sectional area of 7 mm? (i.e., transverse radius of 1 mm) 
then this corresponds to a pump power of about 14.5 W. 


14.5 Doubly Resonant Oscillator 


In the case of a doubly resonant oscillator, both the mirrors have high reflectivity 
at both the idler and the signal wavelengths and thus both are resonant within the 
cavity. This gives us the following two conditions: 


uC 
oO, =m—, m=1,2,3... (14.57) 
Nsl 
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IC 
a; = p—., pH 1,2, Bisa (14.58) 
njl 

In this case we have to consider both the equations for the signal and the idler as they 

would both resonate within the resonator and would both have large amplitudes. 
Now, if £,(0) and £;(0) are the amplitudes of the signal and idler as they leave 

mirror My, then as they reach mirror M2 placed at a distance /, their amplitudes 

would become [see Eq. (14.44)] 


Go) _{ coshal  —iy/omn, sinh gl ea (14.59) 


Ei, i] eee sinh gl cosh gl E;(0) 


For simplicity we assume that both mirrors are identical and have reflectivities of Rg 
and R; at the signal and idler frequencies, respectively. As before we also neglect all 
other losses in the cavity and also assume that the mirrors do not generate any phase 
changes on reflection. Thus the amplitudes at the signal and idler frequencies after 
reflection from mirror M2 would be 


(620) = (“F 9.) (819) 
Ex 0 VR} \ ERO 
& 0 ) coshgl  —i pees sinh gl (ee) 


0 VR i,/ Gee sinh gl cosh gl E;(0) 


Now as before there would be no amplification as the waves travel from right to left 
and after reflection from mirror M, the fields would be 


E53(0) ee Ss 0 ) ( 3) 
= 14.61 
(20 0 VR) ESO coon 
For oscillation the field amplitudes after one round trip must be the same as at the 
start. Thus we obtain the condition for oscillation as 


E33(0)\ _ ( Es(0) 
(Bo) > ey (14.62) 


Using Eqs. (14.60), (14.61), and (14.62), we obtain 


(14.60) 


co 0 ony 0 ) cosh gral —i,/ 2 sinh gud 
L 


0 JR) \ 0 VR; ae sinh ginl cosh gin/ (14.63) 


Es(0)\ _ { Es() 
E*(0)) ~ \ E(0) 
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which gives us 


Rs cosh gypl — 1 —iRs 


onn, Sin ul ea =0 (14.64) 
iR;,/S%s sinh gil Rj cosh ginl — 1 E; (0) 


sj 


Here gip is the threshold gain coefficient required for oscillation. For a non-trivial 
solution the following determinant 


R; cosh gpl—1 —iRs,/S™ sinh gyn/ 


Wins 


iR;, | = ‘sinh gind Rj cosh gin! — 1 


must be zero, which gives us the following condition: 
(Rs cosh gind — 1) (R; cosh ginl — 1) — RsRji sinh? Sth! = 0 


which on simplification gives us 


1+R,R; 
ken = ——— 14.65 
cosh gth RoR ( ) 


Since the reflectivities are usually quite close to unity, the right-hand side of Eq. 
(14.65) is almost equal to unity. This implies that g¢p/ is small and in such a case we 
can expand the cosh term and obtain the following approximate expression for the 
threshold gain coefficient: 

(1 — Rs) (1 — Ri) 


8th = ] (14.66) 


As before using the expressions for the gain coefficient, the corresponding threshold 
pump intensity comes out to be 


CNsNiNp 


Than = 


Pyaoea end AL RN — Ri) (14.67) 
SMT 


Compared to Eq. (14.56) which gives the threshold pump intensity in the case of 


singly resonant oscillator, the threshold intensity for doubly resonant oscillator is 
less by a factor 


(Inna UR) 
(Ip.th) 5 2 


If R; = 0.98, then the threshold pump intensity for the doubly resonant oscillator is 
less by a factor 0.01. If we use the same parameters as used earlier, the threshold 
pump intensity in this case would be 4.8 x 10+ W/m’. If the radius of the pump 
beam inside the crystal is | mm then the required threshold pump power is 


(14.68) 


Poth = Iptn X 1 X a’ = 150mW 
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If the same crystal is made to oscillate as a singly resonant oscillator, then the thresh- 
old power would be 15 W showing the drastic reduction in threshold pump power 
requirement for a doubly resonant oscillator in comparison to a singly resonant 
oscillator. 

Although the threshold pump power levels for a doubly resonant oscillator are 
very less compared to the singly resonant case, the need to satisfy various conditions 
on the signal and idler frequencies leads to instabilities in oscillation. Thus in a 
doubly resonant oscillator, the signal and idler have to simultaneously satisfy all the 
following equations: 


Wp = Ws + Oj (14.69) 

WpNp = WsNs + WiNij (14.70) 
IC 

Ws =m—, m= 1,2,3... (14.71) 
Nsl 
IC 

oi = p—., pH 1,253.6 (14.72) 
nl 


Satisfying all these conditions simultaneously puts severe requirements on the sta- 
bility of the resonator. Since in singly resonant oscillators the equation for qj; is 
not a requirement, the singly resonant oscillator is much more stable; of course the 
threshold pump power required in this case is much higher. 


14.6 Frequency Tuning 


One of the greatest advantages of the parametric oscillator is the ability to tune the 
wavelength of laser oscillation. For a given pump frequency, the signal and idler 
frequency that will get amplified are determined by the phase matching condition. 
Since the phase matching condition depends on the refractive index of the medium 
at the three frequencies, any parameter that can change the indices can be used to 
tune the frequency of oscillation. Thus by changing the temperature, or applying 
an external electric field which changes the indices by electro optic effect or by 
changing the orientation of the crystal (in the case of anisotropic crystals) if one of 
the waves is an extraordinary wave, it is possible to tune the frequency of oscillation. 

Figure 14.5 shows a typical tuning curve of an OPO in which tuning is achieved 
by changing the pump wavelength. The signal and idler wavelengths span from 2 to 
11 ym. Figure 14.6 shows the tunability of a commercially available OPO. 


14.7 Phase Matching 


For achieving efficient non-linear interaction, the phase matching condition given 
by Eq. (14.38) must be satisfied. Physically the condition comes about due to the 
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Fig. 14.5 In a tunable OPO, 
by changing the pump 
wavelength, the output signal 
and idler frequencies can be 
changed. Note that the signal 
and idler wavelengths 
together cover the range from 
about 2 1m to 11 ym. [After 
Henderson et al. (2008); 
reprinted with permission] 


Fig. 14.6 The range of 
output wavelengths available 
from an OPO showing the 
wide tunability of the laser. 
The spectrum is of a 
commercially available OPO. 
The three curves correspond 
to models with different 
powers. (Mira OPO from 
Coherent, USA) 
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difference in speeds of the non-linear polarization that is a source of the electromag- 
netic wave at the new frequency that it is trying to generate and the electromagnetic 
wave that it is generating. Thus the non-linear polarization at the signal frequency 


@s propagates with a velocity [see Eq. (14.9)] 


Vpol,s = 


ky — ki 


(14.73) 


At the same time, the electromagnetic wave at frequency w, travels with a velocity 


[see Eq. (14.4)] 


(14.74) 
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For efficient generation of the signal wave the source (non-linear polarization) and 
the wave that it is generating must travel at the same velocity. Thus from Eqs. (14.73) 
and (14.74) we see that this requires satisfying the phase matching condition. 
There are two primary techniques used to achieve this. One of them is referred to 
as birefringence phase matching and the other is referred to as quasi phase matching. 


Birefringence Phase Matching 

In birefringence phase matching, the anisotropy of the crystal is used in achiev- 
ing the phase matching condition. In anisotropic crystals for any given direction of 
propagation, there are two linearly orthogonal polarization states that travel as eigen- 
modes without any change in their polarization states and with different velocities. 
In uniaxial crystals one of the waves referred to as ordinary wave has the same veloc- 
ity for all directions of propagation while the velocity of the other wave referred to 
as the extraordinary wave changes with the direction of propagation. Thus by appro- 
priately choosing the polarization states of the pump, signal, and idler to correspond 
to ordinary or extraordinary waves it is possible to choose an appropriate direction 
of propagation within the crystal to achieve phase matching. If the direction of prop- 
agation is changed, then the refractive index seen by the extraordinary wave would 
change resulting in a change of the corresponding signal and idler frequencies satis- 
fying the phase matching condition. Thus by changing the direction of propagation 
within the crystal it is possible to tune the signal and idler wavelength. 


Quasi Phase Matching 

In the alternative technique referred to as quasi phase matching, the non-linear 
coefficient of the crystal is modulated periodically along the direction of propa- 
gation. As discussed earlier when phase matching condition is not satisfied then 
after a distance equal to the coherence length non-linear polarization and the elec- 
tromagnetic wave get out of phase. Now if the non-linear coefficient changes sign 
at this distance, then since the non-linear polarization is proportional to the non- 
linear coefficient, the phase of the non-linear coefficient would change by z bringing 
back the non-linear polarization and the electromagnetic wave back into phase. This 
would ensure that the non-linear polarization feeds energy into the signal wave in a 
constructive fashion. Again after propagation through a distance L,, the non-linear 
polarization and the electromagnetic wave would develop a phase difference of z 
and if we again change the sign of the non-linear coefficient, then the non-linear 
polarization and the electromagnetic wave can be brought back in phase. Thus if 
the non-linear coefficient is periodically modulated in sign with a spatial period 
2L,, then this would result in the growth of signal wave as it propagates along the 
medium. This is the basic principle of quasi phase matching. 

In order to analyze parametric amplification in a periodically poled material, let 
us assume that the non-linear coefficient d varies sinusoidally with a period A. In 
such a case we have 


d = do sin(Kz) (14.75) 


where dp is the amplitude of modulation of the non-linear coefficient and K (= 
27/A) represents the spatial frequency of the periodic modulation. For easier 
understanding we are assuming the modulation to be sinusoidal; in general, the 
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modulation will be periodic but not sinusoidal. Any periodic modulation can be writ- 
ten as a superposition of sinusoidal and cosinusoidal variations. Thus our discussion 
is valid for one of the Fourier components of the variation. 

By using Eq. (14.76), Eqs. (14.26) and (14.27) become 


sane Le sin Kz EpE*e 14% 
dz ong (14.76) 
ee: doE,E* (c W(Ak-K)z og sais!) 
2cNns 
OF _ _ 1 ay sin Ke EpEte AP 
dz cn (14.77) 


Wj i(Ak—K)z WAK+K)z 
=-— doE,E* (c it Ze ! 
2cn; one's 


Using similar arguments as earlier, it can be shown that if Ak— K ~ 0, then only the 
first term within the brackets in Eqs. (14.76) and (14.77) contribute to the non-linear 
amplification, and similarly if Ak + K ~ 0, then only the second term within the 
brackets contribute to the non-linear amplification. 

The first condition implies that 


ky =k thi + K (14.78) 


If A (= 2z/K) represents the spatial period of the modulation of the non-linear 
coefficient, and Ao is the wavelength of the fundamental, then the modulation period 
A required for QPM parametric amplification is 


a ee (14.79) 
7 (kp — ks — ki) ) 


Thus any phase mismatch due to a finite value of Ak can be compensated by an 
appropriate value of the period A of the quasi phase matching. 

In general, the spatial variation of the non-linear grating is not sinusoidal. In 
this case the efficiency of interaction would be determined by the Fourier compo- 
nent of the spatial variation at the spatial frequency corresponding to the period 
given by Eq. (14.79). It is also possible to use a higher spatial period of modulation 
and use one of the Fourier components for the non-linear interaction process. Thus 
in the case of periodic reversal of the non-linear coefficient with a spatial period 
given by 

20 


Ag = m————_., m= 1,355,045 (14.80) 
: (kp — ks — ki) 


which happens to be the mth harmonic of the fundamental spatial frequency required 
for QPM, the corresponding non-linear coefficient that would be responsible for 
parametric amplification would be the Fourier amplitude at that spatial frequency. 
This can be taken into account by defining an effective non-linear coefficient 
(assuming a duty cycle of periodic reversal of 0.5): 

darm = 2do (14.81) 


mit 
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Fig. 14.7 Principle of quasi 
phase matching. In this 
method the direction of the —————— | | | | | | | 
optic axis direction is 

reversed every coherence 
length 


Of course the largest effective non-linear coefficient is achieved by using the funda- 
mental frequency with m = |. Higher spatial periods are easier to fabricate but 
would lead to reduced non-linear efficiencies using the fundamental spatial fre- 
quency, it can be seen that the effective nonlinear coefficient is reduced by a factor 
of 2/7 and since the efficiency depends on the square of the nonlinear coefficient, 
this would result in a reduction of efficiency 4/77 as compared to the case of perfect 
phase matching. 

In a ferroelectric material such as lithium niobate, the signs of the non-linear 
coefficients are linked to the direction of the spontaneous polarization. Thus a peri- 
odic reversal of the domains of the crystal can be used for achieving QPM (see 
Fig. 14.7). This is the currently used technique to obtain high-efficiency SHG and 
other non-linear interactions in LiNbO3, LiTaO3, and KTP. The most popular tech- 
nique today to achieve periodic domain reversal in LiNbO3 is the technique of 
electric field poling (Yamada et al. (1993), Myers and Bosenberg (1997)). In this 
method a high electric field pulse is applied to properly oriented lithium niobate 
crystal using lithographically defined electrode patterns to produce a permanent 
periodic domain reversed pattern. Such a periodically domain reversed LiNbO3 
crystal with the periodically reversed domains going through the entire depth of 
the crystal is also referred to as PPLN (pronounced piplin). For typical crystals such 
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as lithium niobate the required period is of the order of 25-30 j1m; such crystals are 
now commercially available. 

Figure 14.8 shows the tuning curves of a quasi phase-matched interaction in 
GaAs. 

Quasi phase matching offers many advantages vis a vis birefringence phase 
matching. Birefringence phase matching can be used only in the case of anisotropic 
crystals while quasi phase matching can be used even in the case of isotropic crys- 
tals. Apart from this in the case of quasi phase matching it is possible to choose the 
polarization states of all the interacting waves to be the same; this allows the use of 
the largest non-linear coefficient of the crystal. By choosing appropriate period of 
periodic poling quasi phase matching can be used for any set of wavelengths. 


Problems 
Problem 14.1 The threshold condition of a parametric oscillator is given by 


1+ RR; 


cosh gy,L = ———— 
anh Rs + R; 


where symbols have their usual meaning. Show that the threshold gain required for a singly resonant 
OPO is much higher than that of a doubly resonant OPO. 


Problem 14.2 I wish to achieve parametric amplification with signal (1.2 jum) and pump (0.8 j1m) 
traveling along the same direction and the idler (;) traveling in the reverse direction. If the refractive 
indices at the pump, signal and idler are 2.17, 2.15, and 2.11, respectively, calculate the period required 
for first-order QPM. 


Problem 14.3 From the differential equations describing parametric process, show that the number of 
signal photons generated is equal to the number of pump photons annihilated. Assume perfect phase 
matching. 


Problem 14.4 Consider parametric amplification of a signal at ws by a strong pump at wp. Show that 
even if phase matching is not exactly satisfied, it is possible to achieve amplification provided Ak satisfies 
some condition and obtain this condition. Neglect pump depletion. 


Problem 14.5 Consider a parametric oscillator with mirrors of intensity reflection coefficients at @p, ws, 
and w,; as follows: 


M, M, 


Mirror My : Ry (@p) =0; Ri(@s)=Rs~ 1; Ry(@j)=0 
Mirror M2 > Ro(@p) = 1; Ro(@s) = Rs ~ 1; Ro(@j) = 0 
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i.e., mirrors are highly reflecting at signal, transparent at idler, and mirror Mj is transparent to pump 
while Mp is fully reflecting at pump. Obtain the threshold value of gain coefficient g for oscillation to 
begin. Neglect pump depletion. 


Problem 14.6 A parametric amplifier operates with a pump wavelength of | j1m and a signal wavelength 
of 1.5 um. 


a) Obtain the wavelength of the idler. 


b) If the input pump power is | W and an input signal power of 1 mW is converted to 1.5 mW at the 
output, obtain the output power at the idler frequency. 


Problem 14.7 Consider a phase-matched parametric amplifier with pump wp, signal ws, and idler «;. 


(a) Starting from the coupled equations for perfectly phase-matched interaction, obtain expressions for 


1 dPp 1 dPs 
and —_— 
Roop dz has dz 


Compare these expressions and physically interpret their relationship. 


(b) Neglecting pump depletion and assuming perfect phase matching, obtain their solutions for the 


input condition 
. | ViNs 
Ep(0) = 10> E5(0) = uso, E,(0) = +i UsQ), 
WsNj 


where upg and ug are real quantities. Determine whether the wave at ws gets amplified or 
attenuated during the non-linear interaction. 


Problem 14.8 The equation describing the wavelength variation of the extraordinary refractive index of 
lithium niobate is given by 


0.094779 
22 — 0.04439 


no(A) = 4.5469 4 0.026721 a2 


a) Write down the phase matching condition corresponding to parametric interaction (three wave 
interaction) using QPM assuming the waves at pump, signal, and idler to be extraordinary waves. 


b) Assuming a QPM period of 20 jm, plot the variation of the signal wavelength (As) and the idler 
wavelength (A;) as the pump wavelength (Ap) is varied from 760 to 840 nm. 


Problem 14.9 A pump wave at | jtm and having a power of | W and a signal wave at 1.5 4m with 
a power of | mW are simultaneously incident on a non-linear crystal. If phase matching condition for 
difference frequency generation is satisfied, (a) what is the wavelength of the difference frequency and 
(b) if the power of the 1.5 j1m wave increases to 1.1 mW what is the power exiting at the difference 
wavelength? 


Problem 14.10 Using the expression for the parametric gain show that maximum gain is achieved at 
degeneracy, i.e., when the signal and idler wavelengths are equal. Neglect the frequency dependence of 
the refractive indices. 
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Problem 14.11 Two extraordinarily polarized plane waves at wavelengths of 1000 nm (power = 1 W) 
and 1500 nm (power = | mW) are incident along the y-direction in lithium niobate that is periodically 
poled with a spatial period of 10.34 jum. Which new wavelength will be generated most efficiently at the 
output of the crystal and why? Use the refractive indices of lithium niobate given below. 


Extraordinary wave refractive indices of lithium niobate at different wavelengths 


(nm) Ne 

500 2.25 
600 2.21 
750 2.18 
1000 2.16 
1500 2.14 
2000 2.13 


3000 2.11 


Part II 
Some Important Applications of Lasers 


Chapter 15 
Spatial Frequency Filtering and Holography 


15.1 Introduction 


One of the most interesting and exciting applications of lasers lies in the fields 
of spatial frequency filtering and holography. In this chapter, we briefly outline 
the principle behind spatial frequency filtering and holography and discuss their 
applications. 


15.2 Spatial Frequency Filtering 


Just as the Fourier transform of a time-varying signal gives its temporal frequency 
spectrum, similarly the spatial Fourier transform of a spatially varying function (like 
the transmittance of an object) gives the spatial frequency spectrum of the function 
(see Appendix F). It can indeed be shown that the field distribution produced at 
the back focal plane of an aberrationless converging lens is the two-dimensional 
Fourier transform of the field distribution in the front focal plane of the lens (see, 
e.g., Ghatak and Thyagarajan (1978)). Thus, if f (x, y) represents the object distri- 
bution in the front focal plane of an aberrationless converging lens (see Fig. 15.1), 
then the field distribution in the back focal plane is given as (see Appendix F) 


ee 
gy) = ffs (x,y) exp | (xx’ +y)| dx’ dy’ 
i x y 
a 1 eee 
Af G 7 


where F (x 7 Af, y i af) represents the Fourier transform of f (x, y) evaluated at the 
spatial frequencies (x / Af, y / af) — see Appendix G, f represents the focal length 
of the lens, and 4 is the wavelength of illumination. (For ease of notation, in this 
chapter, we are representing free space wavelength by A instead of Ao). Thus if on 
the front focal plane is placed an object with a transmittance of the form 


(15.1) 
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(=) A (=) ( =*)| 
f @y) =A cos = exp + exp | — (15.2) 
a 2 a a 


then on the back focal plane one would obtain a field distribution given as 


aoe (2 -) (2 ~) 3 15.3 
say = oo if a + if 2 (y) (15.3) 


where we have used the fact that the Fourier transform of exp (2x ix i a) is 
r) (u +1 / a), where u is the spatial frequency, which in the present case is 
x if Af. Equation (15.3) represents the field corresponding to two bright dots at 
(x = Mf [ay a 0) and (x a if /a,y = 0) on the back focal plane of lens L; (see 
Fig. 15.1). 

Now, the Fourier transform of the Fourier transform of a function is the original 
function itself except for an inversion, i.e. 


FlF tf @}] =f» (15.4) 


where the symbol F [] stands for the Fourier transform of []. Thus if another con- 
verging lens Lz is placed such that the back focal plane of the first lens ZL is the 
front focal plane of the second lens (see Fig. 15.1), then on the back focal plane 
of Zz one would obtain the original object distribution except for an inversion. The 
resultant field distribution on the plane P3 can be controlled by suitably placing 
apertures on the back focal plane Pz and thus performing operations on the spatial 
frequency spectrum of the object. The various apertures, stops, etc. that are placed 
in the plane P? are referred to as filters. Thus, for example, a low-pass filter would 
be one which allows low spatial frequencies to pass through while blocking the high 


Object Spatial Image 
plane Frequency plane 
plane 


Fig. 15.1 When an object transparency is placed in the front focal plane P; of an aberrationless 
converging lens L; and illuminated by a parallel beam of light, then on the back focal plane Pz, one 
obtains a spectrum of the spatial frequency components present in the object. If a second lens La is 
placed such that the plane P2 coincides with its front focal plane, then in the back focal plane P3 of 
Ly, one obtains the image pattern corresponding to the spatial frequency spectrum in the plane P2. 
One can indeed control the spatial frequency spectrum that is responsible for forming the image 
on the plane P3 by placing filters on the plane P2 
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spatial frequencies. This could, for example, be a screen with a small hole at the axis 
of the system. Similarly, a high-pass filter would transmit all high spatial frequen- 
cies while blocking the low frequencies. One could also have complex filters which 
alter both the amplitude and the phase of the various spatial frequency components 
of the image. 

As an example, let us consider an object with an amplitude variation of the form 


f @ =A cos (27ax) + B cos (27 Bx) (15.5) 


The object represented by Eq. (15.5) has two spatial frequencies a and £. If such 
an object is placed in the plane P; and illuminated by a coherent beam of light, then 
in the plane P2, one would obtain four spots at distances x = +Afa,+AfB,—Afa, 
and —AfB as shown in Fig. 15.2. If we do not place any obstructions on the plane P2, 
then both the spatial frequencies contribute in forming the image in the plane P3 and 
one obtains in the plane P3 the same amplitude distribution as that in the plane P. 
Now, consider placing two stops at the points x = +Afa@ andx = —Afa on the y-axis 
in the plane Pz. Thus, no light from these points is allowed to reach the lens Ly. The 
lens Lz receives light only from the spots corresponding to the spatial frequency 
B. Hence it follows that the image pattern in the plane P3 will be proportional to 
cos (2776x). Thus, by placing stops in the plane P2, we have been able to filter out 
the frequency component a. This is the basic principle behind spatial frequency 
filtering. As a corollary, we may mention that if we put a stop on the axis, then it 
will filter out the low-frequency components. This can also be seen from the fact 
that if a plane wave propagating parallel to the axis (which is associated with zero 
spatial frequency) falls on a lens, it gets focused to the axis on the plane P2 and if 
we put a small stop on the axis in the plane P>, then there will be no light reaching 
the lens L>. 

Spatial frequency filtering finds widespread applications in various fields; we will 
discuss briefly some of these applications. 


P L P. L P. 
Fig. 15.2 If we place an : 1 2 2 : 
object with a transmittance 
proportional to Eq. (15.5) on Stops 
the plane P,, then in the plane +13 Wi 
P2, we will obtain four spots fo HI 


(on the y-axis) at x = +Afa 
and +AfB. If we place two fa ef 
stops behind the spots at 

x = +ifa, then in the plane 
P3 we would obtain an image 
pattern represented by 

cos (27x) . Thus the 
frequency component a has 
been filtered out 


+ Ft >< f >< 7 >< fe > 
Object Spatial frequency Image 
plane plane plane 
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Fig. 15.3 (a) A photograph consisting of regularly spaced array of black and white squares. (b) 
The corresponding spatial frequency spectrum which appears on the plane P2. If a pinhole is placed 
in the back focal plane P2 to block off the high-frequency components, then an image of the form 
shown in (c) is obtained. Note that in the image, shades of grey as well as details such as the missing 
part of the eyeglass frame appear. (Reprinted from R.A. Philips, spatial filtering experiments for 
undergraduate laboratories, Am. J. Phys. 37 (1969) 536. © 1969 American Association of Physics 
Teachers; photographs courtesy: Dr. R.A. Philips) 


If one looks closely at a newspaper photograph, one can immediately see that the 
image is in fact made up of a large number of closely arranged dots. These closely 
arranged dots represent a high spatial frequency, while the general image formed 
by these dots represents low-frequency components. Thus, these dots can be got 
rid of by spatial frequency filtering. For example, Fig. 15.3a shows a photograph 
which consists of regularly spaced black and white squares. The spatial frequency 
spectrum of the object is shown in Fig. 15.3b. If we place a screen with a small hole 
at the center on the back focal plane, then the image produced is devoid of these dot 
patterns (see Fig. 15.3c). By placing a small hole on the axis, one has essentially 
filtered out the high-frequency components in the object. 

Another application of spatial frequency filtering is in contrast enhancement. 
When there is a large amount of background light in an image, the contrast in the 
image is poor. Since the background light represents a distribution of zero spatial 
frequency, if we place the object in the front focal plane and put a small stop on 
the axis in the back focal plane (which cuts off the low-frequency components), 
then since the stop removes the low-frequency, one would obtain an image with a 
much better contrast on the back focal plane of Lz. Such a process is termed contrast 
enhancement. 

Spatial frequency filtering can also be used for detecting non-periodic (i.e., ran- 
dom) errors in a periodic structure. Thus one could either transmit all the spatial 
frequencies corresponding to the periodic array and stop most of the light from 
the random noise or block the light corresponding to the periodic array frequencies 
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and transmit most of the light corresponding to the defects. Such techniques have 
indeed been used in photo mask inspection, electron tube grid inspection, etc. (see, 
e.g., Gagliano et al. (1969)). 

Another important application of spatial frequency filtering is in character recog- 
nition problems where it is necessary to detect the presence of certain characters 
in an optical image. Here the filter is a complex filter produced using holographic 
principles and the output from the optical system is such that corresponding to the 
positions where the object contains the desired character, one obtains bright spots 
of light in the image.' As an example we show the identification of a fingerprint by 
this technique in Fig. 15.4. In the top portion, the fingerprints are matched and one 
obtains a bright spot of light; when the two fingerprints do not match (lower por- 
tion), there is no appearance of a bright spot but only a smear. Character recognition 
problems will also find application in military defense, where it might be necessary 
to identify certain objects of interest. For further details on optical data processing, 
one may look up Casasent (1978). 


Fig. 15.4 Fingerprint 
identification using optical 
cross correlation. In the upper 
part, the two fingerprints are 
matched, which results in the 
appearance of a bright spot of 
light. In the lower part, the 
two fingerprints do not match 
and the resulting image is a 
smear. (Source: Tsujiuchi 

et al. (1971)) 


'For a detailed theoretical analysis of the character recognition problem, see, e.g., Ghatak and 
Thyagarajan (1978). 
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Image deblurring is another very interesting application of spatial frequency fil- 
tering. Let f(x,y) represent the image of an object. If during exposure of the film, the 
camera moves or is out of focus, then instead of the image f(x,y) we will obtain a 
modified image g(x,y), which is the blurred image corresponding to f(x,y). We shall 
now show how the blurring can be partially compensated, i.e., the image can be 
deblurred from the blurred image. 

If h(x,y) represents the intensity distribution of the blurred image of a point 
object, then the intensity distribution of the blurred image can be written as 


siny)= | Fe, yh — x,y — yay’ 


= f(x, y)*h(x, y) 


(15.6) 


where * represents convolution. If we assume that the transmittance of the exposed 
film is proportional to g(x,y), then the amplitude transmittance of the recorded film 
would be proportional to g(x,y). If we place this film in the front focal plane of a lens 
and illuminate by a normally incident laser beam, then the amplitude distribution on 
the back focal plane would be the Fourier transform of g(x,y). Using the fact that the 
Fourier transform of the convolution of two functions is the product of their Fourier 
transforms, the amplitude distribution on the back focal plane would be 


G(u, v) = F(u, v)H(u, v) (15.7) 
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Fig. 15.5 Image deblurring 
using spatial frequency 
filtering. (a) shows a blurred 
photograph and (b) shows the 


deblurred image [After Stroke D E 6 Lu R R E D | th" A G r Ss 


et al. (1975)] 
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Fig. 15.6 The figure shows Beam 
an arrangement for the splitter 
recording of a hologram. The 
beam from a laser is split up 
into two portions: one part is 
used to illuminate the object 
and the other part is used as a 
reference beam. The waves 
scattered from the object 
interfere with the reference 
wave to form the hologram 


Laser 
beam 


Reference 
wave 


where u =x/if, v =y/df, and G, F, and H are the Fourier transforms of g, f, and h, 
respectively. If we place a filter whose transmittance is proportional to 1/H(u,v) on 
the back focal plane of the lens, then the filtered spectrum would be 


G(u, Vv) = F(u, v) (15.8) 


H(u, v) 


A second lens can Fourier transform the filtered spectrum further to produce 
the deblurred image f(x,y). The filter 1/H(u,v) can be generated approximately 
using holographic principles. Figure 15.5 shows an example of image deblurring; 
the upper figure on the shows the blurred image and the lower figure shows the 
deblurred image after optical deblurring. 


15.3 Holography 


An ordinary photograph represents a two-dimensional recording of a three- 
dimensional scene. The emulsion on the photographic plate is sensitive only to the 
intensity variations, and hence while a photograph is recorded, the phase distribu- 
tion which prevailed at the plane of the photograph is lost. Since only the intensity 
pattern has been recorded, the three-dimensional character (e.g., parallax) of the 
object scene is lost. 

It was in the year 1948 that Dennis Gabor conceived of an entirely new idea 
and proposed a method of recording not only the amplitude but also the phase of 
the wave. The principle behind the method is the following: During the recording 
process, one superimposes on the wave (emanating from the object) another coher- 
ent wave called the reference wave (see Fig 15.6). The two waves interfere in the 
plane of the recording medium and produce interference fringes. This is known as 
the recording process. The interference fringes are characteristic of the object and 
the recording medium records the intensity distribution in the interference pattern. 
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This interference pattern has recorded in it not only the amplitude distribution but 
also the plane of the object wave. Thus, let 


O (x,y) = Oo (x, y) el (15.9) 


represent the field produced due to the object wave at the plane of the recording 
medium; Op (x, y) is the amplitude part and ¢ (x, y) the phase part. Similarly, let 


R(x y) =Ae¥ (15.10) 


represent the field produced due to the reference wave at the recording medium. 
Usually the reference wave is an obliquely incident plane wave, in which case A is 
a constant. The total field produced at the recording medium is 


U (x,y) = Oo (x, y) eb + A eVO” (15.11) 


and the intensity pattern recorded by the recording medium would be 


I (x,y) = |U Gy)? = 05 Gy) +A? + Oo (% yA exp fi[d (~y) — W]} 
+ Oo (x,y) A exp {—i[¢ (xy) — w Gy) ]} 

(15.12) 
where we have omitted a constant of proportionality and have carried out a time 
averaging. It can immediately be seen from the above that the recorded inten- 
sity distribution has the phase of the object wave @¢ (x,y) embedded in it. Since 
the recorded intensity pattern has both the amplitude and the phase recorded in it, 
Gabor called the recording a hologram (holos in Greek means “whole’’). 

This hologram has little resemblance to the object. It has in it a coded form of 
the object wave. The technique by which one reproduces the image is termed recon- 
struction. In the reconstruction process, the hologram is illuminated by a wave called 
the reconstruction wave; this reconstruction wave in most cases is similar to the ref- 
erence wave used for recording the hologram (see Fig 15.7). When the hologram 
is illuminated by the reconstruction wave, various wave components emerge from 
the hologram, one of which is the object wave itself. In order to show this, we see 
that when the exposed recording medium is developed, then one, in general, gets a 
transparency, with a certain transmittance. Under proper conditions, the amplitude 
transmittance of the hologram can be made to be linearly proportional to J (x, y). 
Thus apart from some constants, one can write for the amplitude transmittance of 
the hologram 


2We are assuming the fields to be monochromatic with a time dependence of the form e!®’. Now, 


for two functions f and g with time variations of the form e! 


(Ref Reg) = 


5 (Re f*g) 


where angular brackets denote time averaging and Ref stands for the real part of the function f. 
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Fig. 15.7 In the Mirror 
: Laser QT 

reconstruction process, the 

ae é beam 
hologram is illuminated by a 
reconstruction wave, which in 
most cases is identical to the 
reference wave used for 
forming the hologram. The 
reconstruction wave after 
passing through the hologram 
produces a real and a virtual 
image. The virtual image can 
be viewed and exhibits all the Observer 
true three-dimensional 
characteristics like parallax 
and depth. 


t (x,y) =I (x,y) (15.13) 


If this transparency is illuminated with the reconstruction wave, the emerging 
wave would be given as 


t(x,y)A exp [itr (x.y)] = [05 ay) +47] A exp liv G99] 
+ Op (x,y) A* exp [id (x, y)] (15.14) 
+ A*Opo (x,y) exp {-i [¢ (x,y) — 2 (x, y)]} 


The second term indeed represents the original object wave apart from the con- 
stant multiplicative factor A. The first term represents the reconstruction wave itself 
but which has been modulated in amplitude. The last term represents the complex 
conjugate of the object wave. The three wave components can be spatially separated 
by a proper choice of the reference wave. 

The second term, which represents a reproduction of the object wave (as opposed 
to an image of the object), is identical to the wave that was emanating from the 
object when its hologram was being recorded. Thus, when one views this wave 
(emerging from the hologram), then one sees a reconstructed image of the object 
in its true three-dimensional form (see Fig. 15.7). Thus, as with the original object, 
one can move one’s viewing position and look around the object. If the hologram 
has recorded in it sufficient depth of field, one has to refocus one’s eyes to be able to 
see distinctly the objects which are far away. One can even place a lens on the path 
of the reconstructed wave and form an image of the object on a screen. 

In addition to the virtual image, the reconstruction process generates another 
image, which is a real image; this is represented by the third term in Eq. (15.14). 
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Fig. 15.8 The in-line (a) Reference 
holography technique in wave 
which the object wave and the 

reference wave are traveling 

almost parallel to each other. 


: ‘ Photographic 
During reconstruction, both Plane plate 
the waves producing the wave 
virtual and real images are 
traveling approximately in the 
same direction; this produces 
some difficulties while Object Object 
viewing the images wave 
(b) Virtual image 
forming wave Real image 
Hologram 


i 

i 
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Reconstruction i 
wave 
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This real image can indeed be photographed by placing a suitable light-sensitive 
medium (like a photographic plate) at the position where the real image is formed. 
Although the principle of holography was laid down by Gabor in 1948, it was 
not until the lasers arrived in 1960 that holography attained practical importance. 
Before the advent of the laser, one had to employ the method of in-line holography 
(as proposed by Gabor), in which the reference beam is approximately parallel to the 
object wave and the paths traversed by both the object wave and the reference wave 
are almost equal (see Fig. 15.8); this was required because the existing sources like 
mercury discharge lamps had only small coherence lengths.’ The in-line technique 
has associated with it the disadvantage that the waves that form the virtual and real 
images travel along the same direction. Thus, while viewing the virtual image, one 
is faced with an unfocused real image and conversely. The early work on holography 
was in fact on the removal of this problem associated with geometry of recording. 


3The high-pressure mercury arc lamp emits a green line at 5461 A. The coherence length of this 
line is, in fact, only about 10 jzm. (The width of the line at 5461 A is about 5 x 10!2 Hz.) On the 
other hand, the 6058-A line emitted by krypton has a coherence length of ~20 cm, but the power 
output per unit area of this source is very low. When one tries to increase the source area, one loses 
spatial coherence. The notion of coherence length has been discussed in Chapter 9. 
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It was in the year 1962 that Leith and Upatneiks introduced the technique of 
“off-axis holography,” which overcame the difficulty associated with the in-line 
technique. In the technique proposed by Leith and Upatneiks, one uses a reference 
beam which falls obliquely on the photographic plate (see Figs. 15.6 and 15.7). 
Using such technique in the reconstruction process, one obtains well-separated vir- 
tual and real images. The use of such a technique was made possible by the large 
coherence length of the laser.4 The importance of coherence can be seen from the 
fact that holography is essentially an interference phenomenon. Thus it is essential 
that the illuminating wave possesses sufficient spatial coherence so that the wave 
from every object point may interfere with the reference wave. We can obtain a 
wave with sufficient spatial coherence by making use of pinholes for illuminating. 
Alternatively, one could move the source far enough from the scene. But both the 
above methods essentially decrease the available power. The arrival of lasers over- 
came this difficulty. Further, in order that stable interference fringes be formed in 
the hologram of the complete object scene to be recorded, the maximum path dif- 
ference between the reference wave and the wave from the object must be less than 
the coherence length. 

Holograms exhibit very interesting properties. For example, when one records 
the hologram of a diffusely reflecting object, each point on the object scatters light 
on the complete surface of the hologram. Thus, every part of the hologram receives 
light from all parts of the object. Hence even if one breaks the recorded hologram 
into various parts, each part is capable of reconstructing the entire object; the resolu- 
tion in the image decreases as the size of the hologram decreases. In fact, when one 
records holograms of transparencies, one often uses a ground glass screen which 
enables the hologram to receive light from all parts of the transparency. 

The principle of holography finds applications in many diverse fields. We will 
discuss a few of them here. 

We had observed that information about depth can also be stored in a hologram. 
Consider the problem of locating a transient event concerning a microscopic particle 
in a certain volume and studying it. If one uses an ordinary microscope, then since 
the event is transient, it is, in general, difficult to first locate the particle and study it. 
On the other hand, if one makes a holographic record of the complete volume, then 
one can “freeze” the event in the hologram. On reconstruction, there would emerge 
from the hologram the same wave with the difference that it is now not transient. If 
one now uses a microscope, one can easily locate the particle and study it at leisure. 

One of the most important applications of holography has been in interferometry. 
In a technique called double-exposure holographic interferometry, one first partially 
exposes an object to the photographic plate with a reference wave. Now, the object 
is stressed, and one makes another exposure along with the same reference wave. 
If the resulting hologram is developed and illuminated by a reconstruction wave, 
then there would emerge from the hologram two object waves, one corresponding 


For further discussion on off-axis holography, the reader is referred to Collier et al. (1971), Ghatak 
and Thyagarajan (1978), and the Nobel Lecture by Gabor. 
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Fig. 15.9 Outline of footprint on a carpet not visible to the naked eye is revealed using holography 


to the unstressed object and the other corresponding to the stressed object. These 
two object waves would interfere to produce interference fringes. Thus, on viewing 
through the hologram, one finds a reconstruction of the object superimposed with 
fringes. The shape and the number of fringes give one the distribution of strain in 
the object. One can employ the above technique in non-destructive testing of objects 
(see also Section 19.7). 

As an example, Fig. 15.9 shows a double-exposure interferogram of a carpet 
on which a person had walked. Since the fibers in the carpet relax slowly, if two 
identical holograms are taken with a reasonable time interval between them, then the 
movement of the carpet surface is obvious from the interferogram. Visual inspection 
of the carpet would not yield any foot print! 


Problems 


Problem 15.1 The field variation on the front focal plane of a lens of focal length 20 cm is given as 


g(x,y) =A+B cos 67x+C cos 12zy (x,y in millimeters) 


a) What are the spatial frequencies present in the field? 


b) What pattern would you observe at the back focal plane of the lens? Assume a wavelength of 
600 nm. 


Problem 15.2 On plane P| (see figure below) the field distribution is given as g(x) = A+B cos 402x + 
C sin 25zx, where x is measured in millimeters. A circular aperture of radius 1 mm is placed (with its 
center on the axis) on the back focal plane (P2) of the lens. What field distribution would be obtained on 
the plane P3, given that f= 20 cm and wavelength = 500 nm? 


a 
| 
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Problem 15.3 If the field distribution on the front focal plane of a lens of focal length 50 cm is given 
as g(x,y) = 2+ cos? 10x (with x in centimeters), how many spots would be observed on the back focal 
plane? What would be their positions and relative intensities? Wavelength is 500 nm. 


Problem 15.4 Consider an object distribution 
f(x) = a+b cos(20x + 2/3) + ¢ sin(10x) 


where x is in centimeters. 


a) What are the spatial frequencies present in the object? 


b) Consider an optical arrangement shown in Fig. 15.2. The amplitude distribution on plane P; is given 
as 


2x 
g(x) = a+b cos — 
a 


On the plane P3 is placed a filter having a transmittance 


T(x) = 1forx <0 
= Oforx > 0 


Obtain the intensity distribution on the plane P3. 


Problem 15.5 Consider an object distribution of the form given below placed in the front focal plane of 
a lens of focal length 10 cm: 


g(x) = (1+ 0.1 cos (20. x)Je—* 


where x is measured in millimeters. Plot this function. This could correspond to a case of a laser beam 
with spatial noise. What pattern do you expect to observe at the back focal plane of the lens? Find out 
how you can clean up the beam by spatial frequency filtering. 


Problem 15.6 Consider an object distribution of the form 
1 ; ba 
f(x,y) = 140.2 cos (20x ES =) +0.3 sin (5oy za =) 


where x and y are in millimeters. (a) What are the spatial frequencies present in the object? (b) If the 
above object is placed in the front focal plane of a lens of focal length 20 cm and illuminated normally 
by a plane wave of wavelength 1 jum, show schematically what would be observed on the back focal 
plane of the lens. 


Problem 15.7 A circular aperture of radius a is placed (with its center on the axis) on the back focal plane 
of a lens of focal length f. What is the range of spatial frequencies that will be passed by the aperture? 


Problem 15.8 What is the effect of placing a filter of the form h(x) = px, where p is a constant placed in 
spatial frequency plane of a spatial frequency filtering set up? 


Problem 15.9 Show that a spatial frequency filter of the form T(x) = ax placed in the spatial frequency 
plane yields in the image plane a differential of the object amplitude distribution placed in the front focal 
plane. 
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Problem 15.10 Show that a spatial frequency filter of the form 7(x) = a/x placed in the spatial frequency 
plane yields in the image plane an integral of the object amplitude distribution placed in the front focal 
plane. 


Problem 15.11 Consider two plane waves travelling in the x-z-plane making angles 0; and 62 with the 
z-axis. A photographic plate is kept on the plane z = 0. Obtain the interference pattern obtained on the 
plane. What would be the fringe width? 


Problem 15.12 Consider a plane wave propagating along the z-axis and a spherical wave emerging from 
a point source placed on the axis at a point z = —d. A photographic plate is kept on the plane z = 0. 
Obtain the shape of the fringes obtained. 


Problem 15.13 The photographic plate in Problem 15.12 is developed and made into a hologram. If this 
is normally illuminated by a plane wave, what would be the output waves? If the hologram is illuminated 
by a spherical wave from a point source placed at z = —d, what would be the output from the hologram? 


Chapter 16 
Laser-Induced Fusion 


16.1 Introduction 


It is well known that the enormous energy released from the sun and the stars is 
due to thermonuclear fusion reactions, and scientists have been working for over 40 
years to devise methods to generate fusion energy in a controlled manner. Once this 
is achieved, one will have an almost inexhaustible supply of relatively pollution- 
free energy. A thermonuclear reactor based on laser-induced fusion offers great 
promise for the future. With the tremendous effort being expended on fabrication 
of extremely high-power lasers, the goal appears to be not too far away, and once it 
is practically achieved, it would lead to the most important application of the laser. 

In the next section, we discuss the basic physics behind the energy released in 
a fusion reaction; in Section 16.3 we discuss the laser energy requirements; and in 
Section 16.4 we briefly describe the laser-induced fusion reactor and some of the 
practical difficulties. 


16.2 The Fusion Process 


A nucleus of an atom consists of protons and neutrons which are nearly of the 
same mass. The proton has a positive electrical charge and the neutron, as the name 
implies, is electrically neutral. Because neutrons and protons are the essential con- 
stituents of atomic nuclei, neutrons and protons are usually referred to by the general 
name “nucleon.” If one assumes that the forces between the nucleons are of the 
Coulomb type, then the nucleons would have flown apart because of the repulsion 
between two protons and also because no Coulomb-type forces exist between two 
neutrons and between a neutron and a proton. Since the nucleons are held together 
in the nucleus, there must be a short-range attractive force between them. Indeed, it 
is believed that at short distances ( 210 ™ cm), very strong attractive forces exist 
between the nucleons! and this force is independent of the charge of the nucleons, 


'Beyond the range of this short-range force, the forces are of Coulomb type. 
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i.e., the force between two protons or two neutrons or between a proton and a 
neutron is essentially similar. Because of the strong attractive forces between the 
nucleons, a certain amount of energy has to be supplied to split a nucleus into its 
constituent nucleons; this is known as the binding energy” of the nucleus. 

Consider a nuclear reaction in which the two deuterons react to form a tritium 
nucleus and a proton: 


D+D-— T(1.01 MeV) + H (3.01 MeV) (16.1) 


The binding energy of each of the deuterium nuclei is 2.23 MeV and the total 
binding energy of the tritium nucleus is 8.48 MeV. Thus, there is a net gain in the 
binding energy, which is 8.48 — 2 x 2.23 = 4.02 MeV. Physically, a loosely bound 
system goes over to a tightly bound system resulting in the liberation of energy; this 
energy appears in the form of kinetic energies of tritium and proton, which are given 
in parentheses in Eq. (16.1). Nuclear reactions such as that represented by Eq. (16.1) 
in which two loosely bound light nuclei produce a heavier tightly bound nucleus are 
known as fusion reactions.* 

Since both deuterium and tritium are isotopes of hydrogen with mass numbers 
2 and 3, the nuclear reaction expressed by Eq. (16.1) is often written in the form* 


,H? + ;H* > ;H? + ;H! (16.2) 


2The binding energy is calculated using the famous Einstein mass-energy relation: E = mc” where 
€ (® 3 x 10!cm/ s) is the speed of light in free space. If Z and N represent the number of protons 
and of neutrons, respectively, inside the nucleus, then the total binding energy A will be given as 


A = (Zmpy + Nm, — Ma)? 


where my, Mp; and My, represent the masses of the neutron, the proton, and the atomic nucleus, 
respectively. For example, the nucleus of the deuterium atom (which is known as the deuteron) 
has a mass of 2.01356 amu (1 amu * 1.661 x 10-4 g, which is equivalent to 931.5 MeV). Since 
deuteron consists of one proton and one neutron, one obtains 


A = (1.00728 + 1.00866 — 2.01356) x 1.661 x 10-4 x (3 x 10!) erg 
= 3.56 x 1076 x (1.6 x 10-!2)~! x 10-6 MeV 
~ 2,23 MeV 


which represents the binding energy of the deuteron. In the above equation, we have used 1.00728 
and 1.00866 amu to represent the masses of proton and neutron, respectively. 


3On the other hand, in a fission process, a loosely bound heavy nucleus splits into two tightly bound 
lighter nuclei, again resulting in the liberation of energy. For example, when a neutron is absorbed 
by a 92U9> nucleus, the 92U?* nucleus is formed in an excited state (the excitation energy is 
supplied by the binding energy of the absorbed neutron). This 92U7*° nucleus may undergo fission 
to form nuclei of intermediate mass numbers (like 5¢B!4° and 3¢Kr™? along with three neutrons). 
The energy released in a typical fission reaction is about 200 MeV. 

“The nuclei are identified by symbols like ;;Na?*; the subscript (which is usually omitted) rep- 
resents the number of protons in the nucleus and the superscript represents the total number of 
nucleons in the nucleus. Thus ;;Na”> represents the sodium nucleus having 11 protons and 12 
neutrons. Similarly ,H? represents the tritium nucleus having | proton and 2 neutrons. 
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where ;H!, |H?, and ,H? represent the nuclei of hydrogen (which is nothing but 
a proton), deuterium, and tritium, respectively. The following deuterium-tritium 
fusion reaction® 


D+T— a(3.5 MeV) + neutron (14.1 MeV) (16.3) 


is also of considerable importance as a possible source of thermonuclear power. As 

indicated in Eq. (16.3), the total energy liberated is about 17.6 MeV. Tritium does not 
occur naturally, and one of the methods for producing it is to let the neutron [emitted 
in the D-T reaction — see Eq. (16.3)] interact with lithium [see Eq. (16.15)]. Even 
though deuterium is available in abundant quantities (it constitutes about 0.015% of 
natural water), one expects to use the D-T reaction in a fusion reactor, because at 
T ~ 100 million °K,° the D-T reaction is about 100 times more probable than the 
D-D reaction’ and the energy released in the D-T reaction is about four times that 
in a D-D reaction [see Eqs. (16.1) and (16.3)]. 


16.3 The Laser Energy Requirements 


One of the difficulties associated with the fusion reaction is the requirement of a 
very high temperature for the fusion reactions to occur. This is due to the fact that 
unless the nuclei have very high kinetic energies, the Coulomb repulsion will not 
allow them to come sufficiently close for fusion reactions to occur.® The tempera- 
tures required are usually ~ 100 million K, and at such high temperatures the matter 
is in a fully ionized state and its confinement poses a serious problem; matter in a 
fully ionized state is known as a plasma. Thus, two major problems in thermonu- 
clear fusion are (i) heating of plasmas to very high temperatures and (ii) confinement 
of plasmas for times long enough for substantial fusion reactions to occur.? For 
example, for the deuterium—tritium reaction [see Eq. (16.2)] at 10 keV (© 100 mil- 
lion °K), for the fusion output energy to exceed the input energy required to heat the 
plasma, one must have 


nt > 10'*cm7*s (16.4) 


5 Equation (16.3) can also be written in the form 


\H? + |H? > >He* + on! 


Temperatures of the order of 100 million K are required in fusion reactors; see Section 16.3. 
7See, e.g., Booth et al. (1976). 

8This is in contrast to fission reactions which are induced by neutrons which carry no charge. As 
such, even at room temperatures, there is a considerable probability for fission reactions to occur 
and hence it is relatively easy to construct a fission reactor. It may be mentioned that in a hydrogen 
bomb (where the fusion reactions are responsible for the liberation of energy), a fission bomb is 
first exploded to create the high temperatures required for fusion reactions to occur. 

°Tn the sun (the energy of which is due to thermonuclear reactions), the plasma has a temperature 
of > 10 million K and it is believed that the confinement is due to the gravitational forces. 
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where n represents the plasma density and t is the confinement time. Equation 
(16.4) is known as the Lawson’s criterion (see, e.g., Ribe (1975)). For n ~ 
10'> ions/em?, t must be > 0.1 s. Although the plasma has not yet been con- 
fined for such long times, the Russian device (known as Tokamak), using mag- 
netic confinement, has come close to the conditions where the above equality is 
satisfied. 

With the availability of intense laser pulses, a new idea of fusion systems has 
emerged. The idea is essentially compressing, heating, and confining the ther- 
monuclear material by inertial forces which are generated when an intense laser 
pulse interacts with the thermonuclear material, which is usually in the form of 
a solid pellet. In such a confinement, it is not necessary to have a magnetic 
field. 

For laser-induced fusion systems, instead of using the parameter nt, it is more 
useful to use the parameter pR, where p and R represent the density of the fuel 
and the fuel radius, respectively. It has been shown (see, for example, Booth et al. 
(1976); Ribe (1975)) that if f represents the fractional burn-up of the fuel then 


pR 
6+ eR 


fre (16.5) 
where ¢ is measured in grams per cubic centimeter and R is measured in centimeters. 
For f ~ 0.05 (i.e., 5% burn-up of the fuel), oR must be about 0.3 g/cm7; the higher 
the value of pR, the greater the fractional burn-up of the fuel. Further, if the mass 
of D-T pellet is M g, then the total fusion energy released (in joules) would be 
given by!° 


Eoutput = 4.2 x 10'fM (J) (16.6) 
Obviously 
M= aT ae» (pR)° (16.7) 
3 3 p2 


10Since the masses of D and T nuclei are in the ratio of 2:3, the number of D nuclei will be 


2M 1 2M 1 


5 Ma 5 2x 1.66 x 10-24 


where Mg (~ 2x 1.66 x 107-73 g) represents the mass of the deuteron; we have assumed equal 
numbers of D and T nuclei in the pellet. The energy released in a D-T reaction is 17.6 MeV [see 
Eq. (16.3)] and an additional 4.8 MeV is released when the neutron is absorbed by the lithium 
atoms in the blanket [see Eq. (16.15)] resulting in a net energy release of about 22 MeV. Thus, the 
output energy would be 


2M 22x 16x 1076 ~ 42 x 10" Wd) 
5 ~2x166x10-4 


Eoutput © f 
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Also, to heat the D-T pellet to temperatures (~ 100 million K) at which fusion 
reactions will occur with high probability, the laser energy required would be!! 


3M 
Flaser © 4 x 10° — 
E 
or 


= g4x | 3 
E\aser © 4 x 10 3 pe (pR) (16.8) 


where « represents the fraction of laser energy used for heating the pellet; usually 
é ~ 0.1. Thus the yield ratio Y is given as 


E 4x 10!! 
y — Pomout FX 10 Me _ ies (16.9) 
Ewer 4% 108M 


or 
pR 


Y = 100 
6+ pR 


(16.10) 


where we have assumed ¢ ~ 0.1. Clearly, for Y > 1, 0R > 0.1 g/cm?. Thus for a 
sizable burn-up and for a reasonable yield, one should at least have pR © 0.2 g/cm’. 
Now, for normal (D-T) solid, p ~ 0.2 g/cm; using Eq. (16.8) one obtains 


4n (0.2) 


ae ee 16.11 
3 (0.2)? x 0.1 ? 


Ejaser = 4 x 108 x 


which is indeed very high. However, as is obvious from Eq. (16.8), for a given value 
of pR, the laser energy requirement can be significantly decreased to the mega- 
joule range by increasing the value of p; this can be achieved by compressions to 
10°—104 times the normal solid density. At such high densities, the « particles that 
are produced in the reaction give up most of their energy to the unburned fuel before 
leaving the pellet; this leads to an increased fractional burning of fuel. For a typi- 
cal calculation reported by Ribe (1975), for oR * 3 g/cm*[corresponding to 30% 
burn-up — see Eq. (16.5)] and an ignition temperature of 10* eV (© 100 million K), 
one obtains using Eq. (16.8) 


4 3)3 
Etaser = 4 x 10° x ao ae 25x 107) (16.12) 
3 (0.2)? x 0.4 


'l For the kinetic energies to be about 10 keV (* 100 million K), the energy imparted would be 


2M x 10 x 10° x 1.6 x 107!9 
2X 
5x 2x 1.66 x 10774 


) ~ 4x 10° M (J) 


where M is in grams; the quantity inside the parentheses is the energy imparted to the deuteron, 
and the factor of 2 outside the parentheses is due to the fact that an equal energy has also to be 
imparted to tritium nuclei. 
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where we have assumed a normal D-T solid of density 0.2 g/cm? and ¢ = 0.4. On 
the other hand, for p = 1000 g/ cm, one would obtain (for the same value of pR) 


Euee 12x 10 J (16.13) 


The above numbers correspond to a pellet mass of 110 j1g whose radius (before 
compression) is about 0.05 cm; the compressed radius of this pellet is ~0.003 cm. 
The fusion energy yield would be given as [see Eq. (16.6)] 


Eoupat © 4.2 x 10" x 0.3.x 100 x 10% 


~ 14x 10°J = 14MI (lols) 


This corresponds to a yield of about 100. 


16.4 The Laser-Induced Fusion Reactor 


In a laser-induced fusion reactor, we take, for example, a deuterium-tritium pellet 
in the form of a cryogenic solid where particle densities are ~ 4 x 107? cm~? and 
shine laser light from all directions (see Fig. 16.1). Within a very short time, the 
outer surface of the pellet is heated considerably and gets converted into a very 
hot plasma (T ~ 100 million K). This hot ablation layer expands into vacuum and 
as a reaction gives a push to the rest of the pellet in the opposite direction. Thus, 


D-T pellets 


| Li blanket 


Laser pulses 


ae 


To heat 
exchangers and 
recirculating 

pumps 


Fig. 16.1 Schematic of a D-T fusion reactor with lithium blanket 
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if a spherical pellet is irradiated from all sides, then a spherical implosion front 
travels towards the core. For a deuterium-tritium plasma, with an incident intensity 
of 10!’ W/cm*, one can get an inward pressure of ~ 10!? atm.!? As the implosion 
front accelerates toward the center, it sets up a sequence of shock waves traveling 
inward. Such shock waves lead to a very high compression of the core and the 
fusion energy is released from high compression densities!* along with the high 
temperature. In order to obtain high compression densities, the time variation of the 
laser pulse has to be such that successive shock waves do not meet until they reach 
the center of the pellet. It has been shown that the time variation of the laser power 
should roughly be of the form (fo — t)?, where t = f is the time when all the 
shocks reach the center. Thus, if the pulse duration is about 10 ns, about four-fifths 
of the energy goes in the last nanosecond and one-fifth in the first nine nanoseconds. 
A typical ideal energy profile for maximum compression in D-T pellets is shown in 
Fig. 16.2. 


Fig. 16.2. Typical energy 
profile of the incident laser 
pulse for maximum 


compression in D-T pellets 1000 |- 
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According to a computer experiment by Nuckolls and his co-workers (1972), a 
deuterium-tritium spherical pellet of radius 0.04 cm was irradiated by a 6 x 10*J 
pulse of 25 ns duration!* (4. ~ 1 j1m); compression densities as high as 1000 g/cm? 
were obtained and about 1.8 x 10°J of fusion energy was released in about 
107! s after the compression. Thus a multiplication by a factor of about 30 was 
observed. 

We would like to mention that laser wavelengths (~ 10 44m) may be too high 
for pellet heating. Detailed calculations show!> that 1.06 j.m radiation can heat a 


!2-The radiation pressure corresponding to an intensity of 10!7W/cm? is only about 10° atm. 

134 compression ratio of a few thousand puts the laser energy requirement in the 10° J range (see 
Section 16.3). 

!4The time variation of the incident laser pulse was assumed to be roughly of the form (t — 1)~?; 
thus the power varied from about 10!' W at 10 ns to 10° W at 15 ns. 


15 See, e.g., Kidder (1973). 
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deuterium-tritium pellet to five times the temperature in one-tenth the time as com- 
pared to 10.6 1m radiation heating the same pellet. This and other facts suggest the 
use of 1 um radiation for laser-induced fusion. The 10.6 j1m radiation corresponds 
to a CO2 laser (see Section 11.7) and the 1.06 um radiation corresponds to the 
neodymium-doped glass lasers (see Section 11.3). Further, neodymium-doped glass 
lasers are capable of delivering a high laser energy within a short time (see Table 
16.1). One of the major drawbacks of the neodymium-doped glass laser system is the 
fact that the efficiency (defined as the ratio of the laser energy output to the electrical 


Table 16.1 Some laser fusion facilities 


Maximum 

Number of Total beam energy per Peak power 
Location* Type beams area (cm) beam (TW) 
USA 
LASL> CO2 8 9600 10 kJ 20 
LASL> CO, 72 - 100 kJ 100-200 
LASL> CO2 1 1200 400 J 0.4 
KMs? Nd:glass 2 200 200 J 0.5 
NRL Nd:glass 2 70 300 J 0.2 
LLL 
ARGUS? Nd:glass 2 600 LkJ 4.0 
SHIVA? Nd:glass 20 6300 10 kJ 30.0 
NOVA Nd:glass 100 - 300-500 kJ 300 
LLE 
GDL> Nd:glass 1 60 210 J 0.7 
ZETA® Nd:glass 6 360 1.3kJ 3-5 
OMEGA Nd:glass 24 5500 10-14 kJ 30-40 
USSR 
Lebedev 
UMI1 35° Nd:glass 32 2560 10 kJ 5-10 
DELPHIN Nd:glass 216 3430 13 kJ 10-15 
UK 
Rutherford? Nd:glass 2 200 200 J 0.5 
France 
LiMeil® Nd:glass 8 500 700 J 1.0 
(Octal) 
Japan 
Osaka Nd:glass 12 40 


Source: Refs. [Opt. Spectra 13(5), 30 (1979); Opt. Spectra 13, 29 (1979); Laser Focus 15(7), 38 
(1979); Phys. Today 32, 17 (1979); Phys. Today 32, 20 (1979)] 

*LASL — Los Alamos Scientific Laboratory, Los Alamos, New Mexico; KMS — KMS Fusion, 
Ann Arbor, Michigan; NRL — Naval Research Laboratory, Washington DC; LLL — Lawrence 
Livermore Laboratory, Livermore, California; LLE — Laboratory for Laser Energetics, Rochester, 
New York 

>Existing facilities 
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Fig. 16.3. A beam of infrared light from a Nd:glass laser after passing through a 10-cm aper- 
ture potassium dihydrogen phosphate (KDP) crystal (as left) is halved in wavelength (and hence 
doubled in frequency), emerges as green light at 5320 A, and is reflected by the mirror at the fore- 
ground into the target chamber at far right. The 12.8-mm-thick KDP crystals have yielded doubling 
efficiencies greater than 60%. The output power was 0.5 TW (= 0.5 x 10!7 Ww), one of the highest 
powers in the visible region of the spectrum. (Photograph courtesy: Thomas A. Leonard, KMS 
Fusion, Inc.) 


energy input) is extremely low (~ 0.2%). On the other hand, CO) lasers!° (which 
operate at 10.6 zm) have efficiencies in the range of 5—7%. Although it is difficult to 
predict the specific laser systems which will be in operation in a laser fusion reactor, 
one does expect that very soon the laser technology would be sufficiently developed 
to meet the requirements. 

Figures 16.3 and 16.4 show some photographs of the laser fusion experiments 
carried out at KMS Fusion, Inc., USA. Figure 16.3 shows a beam of light emerging 
from a neodymium:glass laser after passage through a 10-cm aperture potassium 
dihydrogen phosphate (KDP) crystal (at left) which doubles the frequency (har- 
monic generation) and hence halves the wavelength from 1.064 \1m (infrared) to 
5320 A (green), which then enters the target chamber shown at the extreme right. 
Output powers of 0.5 TW (1 TW = 10!* W) were measured at the output of the 
KDP crystals. Figure 16.4 shows a photograph taken during the laser irradiation of 
the cryogenic target which was a hollow spherical glass shell of 51 1m diameter 
with a 0.7 4m wall containing 1.3 ng of deuterium—tritium condensed into a liquid 
layer on the inside surface of the shell. The targets produced 7 x 10’ neutrons on 
irradiation. 

In March 2009, the National Ignition Facility (NIF) sent the first 192-beam laser 
shot to the center of its target chamber. The first test of the world’s biggest — and 


16For details of other kinds of lasers used in fusion, see, e.g., Booth et al., (1976). 
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Fig. 16.4 Laser irradiation of 
a cryogenic target which is a 
hollow spherical glass shell 
51 «wm in diameter, with a 
0.7-j.m wall, containing 

1.3 ng of deuterium-tritium 
condensed in a liquid layer on 
the inside surface of the shell. 
Two X-ray pinhole cameras 
are seen projecting toward the 
target from the top of the 
chamber. The targets 
produced 7 x 107 neutrons. 
(Photograph courtesy: 
Thomas A. Leonard, KMS 
Fusion, Inc.) 


by up to 100 times the most energetic — laser system achieved 420 J of ultraviolet 
energy for each beam. Added up, the shot cycle produced 80 kJ of energy. Within 
2-3 years, scientists expect to be creating fusion reactions that release more energy 
than it takes to produce them. If they are successful, it will be the first time this has 
been done in a controlled way eventually leading to fusion power plants. At the NIF 
located at Lawrence Livermore National Laboratory (LLNL), the 192 lasers that fire 
simultaneously at precisely the same point in space are designed to deliver 1.8 MJ 
of energy in a few nanoseconds equivalent to 500 trillion W of power. Significant 
results are expected sometime between 2010 and 2012. Figure 16.5 gives an aerial 
view of the NIF. 

October 2008 marks the beginning of a 3-year preparatory phase of a new high- 
power laser energy research facility (HiPER) costing about € | billion. Unlike the 
National Ignition Facility (NIF) at the Lawrence Livermore Laboratory in the USA 
and the Mégajoule laboratory in France (where a single set of lasers is used to both 
compresses and heat the fuel), HiPER is planned to use separate laser pulses to 
do the compression and heating. The compression bank with its amplifiers, pulse 
shapers and wavelength shifters will fire 50-200 half-meter-diameter laser beams 
focused down to a millimeter and containing a total of 250 kJ at a wavelength of 
0.35 um over “multiple nanoseconds” creating 10° bars of pressure. This is expected 
to compresses the plasma to 300 g/cm? — 20 times the density of lead or even gold. 
Ignition is initiated by a 15-ps 70 kJ pulse, focussed to 100 jzm diameter to match the 
size of the super-dense plasma, which heats the compressed matter to 100 million K. 
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Fig. 16.5 A bird’s-eye view of the NIF facility shows the main 705,000 ft? building. The structure 
includes two laser bays capable of generating more than 4 MJ of infrared laser light; four capacitor 
bays (which store about 400 MJ of electrical energy); two switchyards, which direct all 192 laser 
beams into the target bay; the target bay, where experimental activities are conducted; the target 
diagnostic building, for assembling and maintaining diagnostic equipment for experiments; and 
the Optical Assembly Building (upper left), where optics assemblies are prepared for installation. 
(Source: Rick Sawicki Interview for Dartmouth Engineer Magazine, May 27, 2008) 


The focussed intensities are expected to be about 10°° W/cm?. Figure 16.6 gives the 
status of various projects on laser fusion facilities. 

We end this chapter by briefly describing the laser fusion reactor (usually abbre- 
viated as LFR). A simplified block diagram of the electricity-generating station is 
shown in Fig. 16.7. The reactor would roughly consist of a high-vacuum enclosure 
at the center of which deuterium-tritium pellets are dropped at regular intervals of 
time. As soon as the pellet reaches the center of the chamber, it is irradiated by 
synchronized pulses from an array of focused laser beams from all directions (see 
Fig. 16.4). The fusion energy released is absorbed by the walls of the chamber; con- 
sequently the walls get heated up, which may be used for running a steam turbine. 
For a commercial power station, if 100 pellets are allowed to explode per second 
and if in each explosion, an energy of about 10° J is released, one would have a 10 
GW =10!° W power station. 

One of the most important aspects of any fusion reactor is the production of 
tritium. Since it is not available in nature, it has to be produced through nuclear 
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Fig. 16.6 The status of various projects on laser fusion facilities (Source: Ref. M. Dunne, HiPER: 


a laser fusion facility for Europe http://fsc.lle.rochester.edu/pub/workshops/FIW06/Dunne_F106. 
pdf) 
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Fig. 16.7 A simplified block diagram of a laser fusion electric-generating system 
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reactions. This is achieved by placing lithium!” (or its compounds) in a blanket 
surrounding the reactor chamber. The neutron emitted in the fusion reaction [see 
Eq. (16.3)] is absorbed by a lithium nucleus to give rise to tritium according to 
either of the following reactions: 


sLi® + on! > T (14°) oer (sHe’) + 4.79 MeV (16.15) 
sLi? + on! > T (4°) ce (sHe’) + on! — 2.46 MeV (16.16) 


Note that in the second reaction, the neutron appears on the right-hand side 
also, which can again interact with a lithium nucleus to produce tritium.!® The 
conceptual designs consist of liquid lithium being contained between two struc- 
tural shells which enclose the reactor cavity. Liquid lithium will also be responsible 
for the removal of heat from the reactor and the running of a steam turbine. The 
heat exchangers and the lithium-processing equipment for separation of tritium are 
expected to be adjacent to the reactor (see Fig. 16.7). 

We conclude by noting that there are many practical difficulties associated with 
the laser-driven fusion system, such as (a) delivery of a substantial part of the laser 
energy to the fuel before heating the fuel (which would, in effect, reduce the com- 
pression achieved) and before the shock wave disperses the fuel mass; (b) building 
of high-power lasers to a stage when the output energy from the system exceeds 
the input energy; and (c) design of complex targets and reliable production of such 
targets with extremely good surface finish, as surface irregularities of more than 
1% of the thickness of the wall seem to yield very unstable compressions of thick 
shells. Also, projects are underway to study the feasibility of using particle beams 
like electron beams and ion beams as fusion drivers. It is much beyond the scope 
of the present book to go into the details of the various difficulties; the interested 
reader may look up Brueckner and Jorna (1974), Post (1973), and Stickley (1978) 
for further details. 


'71 ithium is quite abundant and has good heat transfer properties. 


18Ty addition, neutron multiplication will occur in the blanket through (n, 2n) reactions; these 
neutrons would further produce more tritium. 


Chapter 17 
Light Wave Communications 


17.1 Introduction 


One of the most important and exciting applications of lasers lies in the field of com- 
munication. Since optical frequencies are extremely large compared to radio waves 
and microwaves, a light beam acting as a carrier wave is capable of carrying far more 
information in comparison to radio waves and microwaves. Light wave communi- 
cations using hair-thin optical fibers as transmission media has become ubiquitous 
with the ever increasing demand for higher and higher speeds of communication. 
In this chapter, we will discuss briefly the concept of carrier wave communication 
which uses electromagnetic waves as carriers of information and then discuss some 
basic features of optical fibers and their application to light wave communication. 


17.2 Carrier Wave Communication 


Communication using electromagnetic waves is today the most reliable, economi- 
cal, and fastest way of communicating information between different points. In any 
communication system, the information to be transmitted is generated at a source; 
gets transmitted through a channel such as atmosphere in radio broadcast, or electri- 
cal lines in telephone or wireless network in mobile communication, or optical fibers 
in a fiber-optic communication system; and finally reaches a receiver, which is the 
destination. Usually the channel through which the information propagates intro- 
duces loss in the signal and also distorts it to a certain extent. For a communication 
system to be reliable the channel must introduce minimal distortion to the signal. 
There should also be very little noise added by the channel so that the information 
can be retrieved without significant errors. 

The electrical signals produced by various sources such as the telephone, com- 
puter, or video are not always suitable for transmission directly as such through 
the channel. These signals are made to modulate a high-frequency electromagnetic 
wave such as a radio wave, a microwave, or a light wave and it is this modulated 
electromagnetic wave that carries the information. Such a communication system is 
referred to as carrier wave communication. 


K. Thyagarajan, A. Ghatak, Lasers, Graduate Texts in Physics, 417 
DOI 10.1007/978-1-4419-6442-7_17, © Springer Science+Business Media, LLC 2010 


418 17. Light Wave Communications 


There are different ways of modulating an electromagnetic wave in accordance 
with a given signal. The modulation can be either analog modulation or digital mod- 
ulation. In the case of analog modulation, the amplitude, the phase, or the frequency 
of the carrier wave is changed in accordance with the signal amplitude, while in 
the case of digital modulation, the analog signal is first converted into a digital sig- 
nal consisting of ones and zeroes which is then used to modulate the carrier. In the 
following we shall discuss these different schemes. 


17.2.1 Analog Modulation 


In analog modulation some characteristics of the carrier wave (amplitude, phase, or 
frequency) are modulated in accordance with the signal; the characteristic can take 
values continuously within a range. 

Since the carrier wave is a sinusoidal wave, we can write the carrier wave as 


V(t) = Vo sin(wt — 9) (17.1) 


where Vo is a constant, w represents the carrier frequency, and @ is an arbitrary 
phase. Here V represents either the voltage or the electric field of the electromagnetic 
wave. Amplitude, phase, and frequency modulations correspond to modulating the 
amplitude, phase, and frequency of the carrier wave. 


17.2.1.1 Amplitude Modulation 


In the case of amplitude modulation, the amplitude of the carrier wave is modu- 
lated in accordance with the signal to be sent. Thus we can write for an amplitude 
modulated wave as 


Vi) = Vo{1 + m(}sin(wt — ¢) (17.2) 
where m(t) represents the time-varying signal to be transmitted. As the signal ampli- 
tude changes, the amplitude of the modulated wave changes and thus the modulated 
wave carries the signal. 


As an example if we consider the signal to be another sine wave with frequency 
Q (<<w), then we have the modulated wave as 


V(t) = Vo{1 + asin(Qd)}sin(wt — ¢) (17.3) 


where a is a constant. Expanding the brackets and using the formulas for product of 
sine functions, we have 


V(t) = Vo {sino —g)t+ m cos[(w — Q)t — yg] — A cos[(w + Q)t — g] 
(17.4) 
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Hence the modulated wave now contains three frequencies w, w + Q, and w-Q. 
These are the carrier frequencies, the upper side band, and the lower side band 
frequencies, respectively. Thus amplitude modulating a carrier wave by a sinusoidal 
wave generates two side bands. Since any general time-varying function can be ana- 
lyzed in terms of sinusoidal functions, amplitude modulation of the carrier wave 
would result in the generation of an upper side band and a lower side band. If 
the maximum frequency of the signal is Qmax, then the upper side band would lie 
between w and w + Qmax and the lower side band from @—Qymax to w. Both the side 
bands contain information on the entire signal. 

Figure 17.1a shows a signal to be transmitted and Fig. 17.1b shows the carrier 
wave; note that the frequency of the carrier wave is much larger than the frequencies 
contained in the signal. Figure 17.1c shows the amplitude-modulated carrier wave. 
The signal now rides on the carrier as its amplitude modulation. At the receiver, the 
modulated carrier is demodulated and the signal can be retrieved. 

As an example, let us assume that we wish to transmit speech. We first note that 
in order for the speech to be intelligible, it is sufficient to send signal content up 
to a frequency of 4000 Hz. Thus the electrical signal that comes out of the micro- 
phone into which the person speaks can be restricted to a frequency of 4000 Hz. 
In comparison, for sending high-fidelity music, the upper frequency is 20,000 Hz, 


Signal 


Carrier wave 


Fig. 17.1 (a) The signal to 
be transmitted; (b) the carrier Frequency modulation 
wave using which the signal 
will be communicated; (c) 
amplitude-modulated carrier 
wave; and (d) 
frequency-modulated carrier 
wave 
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which is also the limit of frequency of human hearing. The electrical signal from 
the microphone could look like the one shown in Fig. 17.1a and if we are consider- 
ing radio transmission, the radio wave on which the information rides will look like 
the one shown in Fig. 17.1b. The amplitude-modulated radio wave would then be 
like the one shown in Fig. 17.1c. It is this modulated radio wave that is broadcast 
through open space (which is the channel) and at the receiver (your radio set) it is 
demodulated and the signal is retrieved and you hear the speech. 

An obvious question that arises is, “How can one send simultaneously more 
than one signal through the same channel?” In order to understand this we first 
note that the carrier wave shown in Fig. 17.1b is at a single frequency, while the 
amplitude-modulated signal shown in Fig. 17.1c has a spectrum, i.e., it has a range 
of frequencies. Thus if the signal occupies the frequencies up to 4000 Hz and if 
the carrier wave frequency is 1,000,000 Hz, then the amplitude-modulated wave has 
frequencies lying between 996,000 and 1,004,000 Hz (sum and difference of the 
carrier frequency and the maximum signal frequency). The information contained 
in the frequency range 996,000—1,000,000 Hz is the lower side band and the infor- 
mation contained in the frequency range 1,000,000—1,004,000 Hz is the upper side 
band and both these bands contain the entire information. Hence it is sufficient to 
send only one of the side bands, e.g., the components lying between 1,000,000 and 
1,004,000 Hz in order for the receiver to retrieve the signal; this is referred to as 
upper side band transmission. Hence we see that to send one speech signal, we need 
to reserve the frequencies lying between 1,000,000 and 1,004,000 Hz, a band of 
4000 Hz. 

Now, in order to send another speech signal, we can choose a radio wave of fre- 
quency 1,004,000 Hz and send the modulated wave lying in the frequency band 
between 1,004,000 and 1,008,000 Hz. These frequencies lie outside the range of 
the frequencies of the first signal and hence will not interfere with that signal; 
similarly for more and more speech signals. Thus if we can use carrier frequen- 
cies over a range of say 1,000,000-—3,000,000 Hz, then we can simultaneously send 
2,000,000/4000 = 500 speech signals. This also makes it clear that the larger the 
range of frequencies of the carrier wave, the larger the number of channels that can 
be sent simultaneously. The range of available frequencies (which is a certain frac- 
tion of the carrier frequency) increases with the frequency of the carrier wave and 
this is the reason why light waves which have frequencies much higher than radio 
waves or microwaves can transmit much more information. 


17.2.1.2 Frequency Modulation 


In the case of frequency modulation, instead of modulating the amplitude of the 
catrier wave, its frequency is changed in accordance with the signal as shown in 
Fig. 17.1d. In this case, the signal information is contained in the form of the fre- 
quency of the signal. For the case of frequency-modulated signal, instead of Eq. 
(17.3) we would have 


V(t) = Vo sin(w{1 + am(t)}t — ~) (17.5) 
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As can be seen, in this case, the amplitude of the wave remains constant, while 
the frequency changes with time in accordance with the signal represented by m(tf). 
Equation (17.5) represents a wave which does not have just one frequency but many 
frequency components. The frequency spectrum in this case is not as simple as 
in the case of amplitude modulation. It can be shown that unlike the amplitude 
modulation case where the amplitude-modulated signal had a narrow upper and 
a narrow lower side bands, in the case of frequency modulation, the modulated 
signal contains many more frequency components. Hence an FM signal requires 
much larger bandwidth to transmit than does the AM signal. Thus for a given range 
of carrier frequencies, the number of independent channels that can be sent using 
frequency modulation would be smaller. In order to accommodate more channels, 
the carrier frequencies used in frequency modulation are much higher and fall in 
the range 30-300 MHz. Since the information is coded into the frequency of the 
carrier wave, the frequency-modulated waves are less susceptible to noise and this is 
quite apparent while listening to AM radio broadcast (medium-wave or short-wave 
channels) or FM radio broadcast. 

In the above methods, simultaneous transmission of different independent sig- 
nals is accomplished by reserving different carrier frequencies for different signals. 
This method is referred to as frequency division multiplexing. All the signals are 
propagating simultaneously through the transmission medium and the receiver can 
pick up any of the signals by filtering only the frequency band of interest to it, i.e., 
tune into the required signal. 


17.2.2 Digital Modulation 


The modulation scheme used in optical fiber communication is called digital mod- 
ulation. The digital modulation scheme is based on the fact that an analog signal 
satisfying certain criteria can be represented by a digital signal. There is a theo- 
rem called the sampling theorem according to which a signal which is limited by 
a maximum frequency (also referred to as band-limited signal), i.e., has no fre- 
quency component above a certain frequency, is uniquely determined by its values 
at uniform time intervals spaced less than half of the inverse of the maximum fre- 
quency present in the signal. Thus if we consider speech which has frequencies 
below 4000 Hz, then the analog speech signal (like the one shown in Fig. 17.1a) can 
be represented uniquely by specifying the values of the signal at time intervals of 
less than 1/8000s. Thus if we sample the speech signal at 8000 times per second and 
if we are given the values of the signal at these times, then we can uniquely deter- 
mine the original analog speech signal even though we are not told the value of the 
function at intermediate points. Figure 17.2 represents this fact; Fig. 17.2a shows 
again the same signal as Fig. 17.1a and Fig. 17.2b represents the sampled values at 
time intervals of 1/8000s. Thus instead of sending the analog signal, it is sufficient 
to send the values of the signal at specific times and this is sufficient to determine the 
signal uniquely. 
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Fig. 17.2 (a) Sampling of 

the given analog signal and 

(b) sampled values of the 

signal. Note that even though 

the values of the signal 

between the samples are not (a) 
specified, these can be 

uniquely determined from the 

sampled values 


(b) 


Instead of sending pulses of different amplitudes corresponding to different sam- 
pled values, it is usual to first convert the various pulse amplitudes into a binary 
signal which will consist of only two values of amplitudes, high amplitude referred 
to as 1 and low amplitude (usually 0) referred to as 0. 

In the binary scheme, the rightmost place is the coefficient of 2°, the next digit 
to the left is the coefficient of 2). the next one is the coefficient of 27, etc. Thus the 
sequence 101 in binary format, in decimal form represents the number | x 2? +0 
x 2! +1 x 2° =5, With three bits the largest decimal number would correspond to 
111 which is 7. This number in the decimal system corresponds to the number 2?-1. 
Similarly the sequence of binary numbers 01100100 and 11000111 represents the 
numbers 100 and 199, respectively, in decimal system. Any integer between 0 and 
255 (=28-1) can be represented by this sequence of 1s and Os with eight “digits.” If 
a number greater than 255 has to be represented, then we need to take a ninth digit 
before the digit corresponding to 128 and that would then correspond to the decimal 
number 256. Computers use the digital language for processing of information and 
today the binary representation is all pervasive as it is used in computer discs, digital 
video discs, etc. 


17.2.2.1 Pulse Code Modulation 


The most common modulation scheme employed in optical fiber communication is 
the pulse code modulation. In this, each of the amplitudes of the sampled values is 
represented by a binary number consisting of eight digits (see Fig. 17.3). Since the 
maximum decimal value with eight digits is 255 (= 128+ 64+ 32+ 16+8+4+ 
2 + 1), the maximum amplitude of the signal is restricted to 255 so that all integer 
values of signal can be represented by a sequence of Is and Os. 

Now in pulse code modulation, the given analog signal is first sampled at an 
appropriate rate and then the sample values are converted to a binary form. The 
catrier is then modulated using the binary signal values to generate the modulated 
signal. 
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Fig. 17.3. Binary Signal amplitude 
representation of each of the 

sampled signal values. In the 

figure each sampled value is 

represented by seven binary 

digits 


11001100 10011110 


Fig. 17.4 Non-return-to-zero 1 0 0 1 1 0 1 0 
(NRZ) and return-to-zero 
(RZ) schemes 


NRZ 


RZ 


The most common scheme employed is called on-off keying (OOK). In this 
scheme, every digit | is represented by a high-amplitude value of the carrier and 
every digit 0 by zero amplitude of the carrier. Figure 17.4 shows the modulated 
wave corresponding to the binary sequence of seven digits 10011010. 

In the scheme shown in Fig. 17.4a, the amplitude of the carrier does not return to 
zero when there are two adjacent Is in the signal. This is referred to as non-return-to- 
zero (NRZ) scheme. There is another scheme called the return-to-zero (RZ) scheme 
in which the amplitude of the carrier returns to zero even if the adjacent digits are 
1s (see Fig. 17.4b). 

One of the major differences between the NRZ and RZ pulse sequences is the 
bandwidth requirement. To appreciate this we first note that in the NRZ scheme 
the fastest changes correspond to alternating sequence of Is and Os, while in the 
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Fig. 17.5 An alternating ii 

sequence of |s and Os 

corresponds to the maximum 

rate of change in NRZ, while 

a series of 1s corresponds to 

the maximum rate of change 1 0 1 0 1 0 1 0 
in RZ. The sinusoidal curves 

superimposed on the pulses (a) 
correspond to the 

fundamental frequency of the T 

pulse sequence — 


case of RZ, a sequence of Is represents the fastest changes (see Fig. 17.5). From 
Fig. 17.5a it can be seen that the fundamental frequency component in the case of 
NRZ pulse sequence is 1/2T, while in the case of RZ it is 1/7. Hence for transmission 
without too much distortion, NRZ would require a bandwidth of at least 1/27, while 
RZ would need a bandwidth of 1/T. If the bit rate is B, then B = 1/T and thus the 
bandwidth requirements for NRZ and RZ are given as 


B 
Af —; NRZ 
(17.6) 


2 
+B; RZ 


Thus the bandwidth requirements for RZ are more severe than those for NRZ, 
which is also expected since pulses in RZ format are narrower than the pulses in 
NRZ format. Thus, for example, a 2.5-Gb/s system would need 2.5 GHz in RZ 
format, while the same signal would require only 1.25 GHz in the NRZ format. 
Most of the fiber-optic communication systems of today use NRZ schemes for 
communication. 

In the amplitude modulation scheme and the frequency modulation scheme, 
different independent signals are allocated different carrier frequencies leading to 
frequency division multiplexing. In digital modulation, the carrier frequency of dif- 
ferent channels can be the same but different independent signals are multiplexed 
in the time domain. This concept is shown in Fig. 17.6, wherein two independent 
signals are sent using the pulse code modulation scheme, wherein the time slots 
occupied by the two signals are different. Thus the signals now overlap in the fre- 
quency domain but are sent at different times leading to what is referred to as time 
division multiplexing. 

One of the greatest advantages of pulse code modulation scheme of communi- 
cation is that the receiver has to detect only the presence or the absence of a pulse; 
the presence would correspond to 1, while the absence would correspond to 0. This 
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Fig. 17.6 Time division multiplexing of two independent signals 


is unlike the case in amplitude modulation, wherein the receiver is supposed to pre- 
cisely measure the amplitude of the signal. Since detection of the presence or the 
absence of a pulse is much more accurate than actual measurement of the ampli- 
tude, communication using pulse code modulation scheme suffers from much less 
distortion as compared to other schemes. Also for long-distance communication, 
the signals can be cleaned up of noise at regular intervals (at what are called as 
regenerators) and the accumulation of noise can be restricted. Thus for long-distance 
communication, pulse code modulation schemes are much preferred over any analog 
system. 


17.2.2.2 Bit Rate Required for Speech 


We have seen earlier that for transmitting speech, we need to send frequencies up 
to 4000 Hz and if these have to be represented by digital pulses, then we need to 
sample the signal at least 8000 times per second. Now each of these sampled val- 
ues would be represented by the binary digit sequence. In telephony, each sampled 
value is represented by eight pulses (or 8 bits) and thus the number of pulses per 
second for each telephone channel would be 64,000. Thus speech signals require a 
bit rate of 64 kilobits per second (64 kbps or 64 kb/s). If we have a communication 
system capable of transmitting at the rate of 1 gigabits per second (1 Gb/s), then this 
would correspond to transmitting simultaneously (1,000,000,000/64,000) or 15,000 
speech signals. Higher the bit rate, larger the capacity of information transmission. 
Table 17.1 gives the number of bits required for different information content per 
signal. 
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Table 17.1 Bit requirement of some common information-containing signals 


Service Bit requirement 
1000 words of text 60 x 10° bits 
Telephone 64 x 10° bits/s 
20 volume encyclopedia 3 x 108 bits 
Standard TV 100 x 10° bits /s 
HDTV 1.2 x 10° bits /s 


17.2.2.3 Standard Bit Rates 


Table 17.2 gives the hierarchy of two common standard bit rates referred to as SDH 
(Synchronous Digital Hierarchy) and SONET (Synchronous Optical Network) that 
is used for data transmission over optical fiber networks. SDH is the international 
version published by the International Telecommunications Union (ITU), while 
SONET is the United States version of the standard published by the American 
National Standards Institute (ANSI). 


Table 17.2 Hierarchy of digital signals in two common data rates 


SDH signal SONET signal Bit rate (Mb/s) 
STM-0 OC-1 51.840 

STM-1 OC-3 155.520 
STM-4 OC-12 622.080 
STM-16 OC-48 2,488.320 
STM-64 OC-192 9,953.280 
STM-256 OC-768 39,813.120 


17.3 Optical Fibers in Communication 


We have just seen that light waves have a large information-carrying capacity. For 
long-distance communication using light waves, we need a medium of transmission 
and glass optical fibers are the preferred medium of transmission of information- 
carrying light waves. Light wave communication using glass fibers can transmit 
information at capacities of larger than | Tb/s (which is roughly equivalent to trans- 
mission of about 15 million simultaneous telephone conversations). This is certainly 
one of the extremely important technological achievements of the twentieth century 
and is one of the most important applications of lasers which is directly affecting 
society. The following sections provide an introduction to the propagation through 
optical fibers. 
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17.4 The Optical Fiber 


At the heart of an optical communication system is the optical fiber that acts as 
the transmission channel carrying the light beam loaded with information. The light 
beam gets guided through the optical fiber due to the phenomenon of total inter- 
nal reflection (often abbreviated as TIR). Figure 17.7 shows an optical fiber, which 
consists of a (cylindrical) central dielectric core (of refractive index n;) cladded by 
a material of slightly lower refractive index nz (<n,). The corresponding refractive 
index distribution (in the transverse direction) is given as 


n=n, r<a 
(17.7) 


=n, r>a 


where 7 and n2 (< n,) represent the refractive indices of core and cladding, respec- 
tively, and a represents the radius of the core. We define a parameter A through the 
following equations: 
22 42 
n—n 
A= 1-2 17.8 
om (17.8) 


When A << | (as is true for silica fibers), we may write 


ce 2 (17.9) 


n2 ny 


The necessity of a cladded fiber rather than a bare fiber, i.e., without a cladding, was 
felt because of the fact that for transmission of light from one place to another, the 
fiber must be supported, and supporting structures may considerably distort the fiber, 
thereby affecting the guidance of the light wave. This can be avoided by choosing a 
sufficiently thick cladding. Further, in a fiber bundle, in the absence of the cladding, 
light can leak through from one fiber to another leading to possible cross talk among 
the information carried between two different fibers. The idea of adding a second 


Air 


Cladding (n =n) 


Cc 
Cladding 


Air 


Fig. 17.7 (a) A glass fiber consists of a cylindrical central glass core cladded by a glass of slightly 
lower refractive index. (b) Light rays incident on the core—cladding interface at an angle greater 
than the critical angle are trapped inside the core of the fiber 
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layer of glass (namely, the cladding) came in 1955 independently from Hopkins 
and Kapany in the UK and van Heel in Holland. However, during that time the 
use of optical fibers was mainly in image transmission rather than in communica- 
tions. Indeed, the early pioneering works in fiber optics (in the 1950s) by Hopkins, 
Kapany, and Van Heel led to the use of the fiber in optical devices. 

Now, for a ray entering the fiber, if the angle of incidence ¢ at the core—cladding 
interface is greater than the critical angle ¢¢ [=sin"! (n2/n1)], then the ray will 
undergo TIR at that interface. We may mention here that the concept of rays is 
really valid only for multimode fibers, where the core radius a is large (~ 25 pm 
or more). For a typical (multimoded) fiber, a * 25 jum, n2 © 1.45 (pure silica), 
and A * 0.01 giving a core index of ny ~ 1.465. The cladding is usually pure silica, 
while the core is usually silica doped with germanium; doping by germanium results 
in an increase in refractive index. Now, because of the cylindrical symmetry in the 
fiber structure, this ray will suffer TIR at the lower interface also and therefore get 
guided through the core by repeated total internal reflections. Figure 17.8 shows a 
photograph of light propagating through an optical fiber. The fiber is visible due 
to the phenomenon of Rayleigh scattering, which scatters a tiny part of the light 
propagating through the fiber, and makes the fiber visible. Rayleigh scattering is 
the same phenomenon that is responsible for the blue color of the sky and the red 
color of the rising or the setting sun. Even for a bent fiber, light guidance can occur 
through multiple total internal reflections as can be seen from Fig. 17.8. 


Fig. 17.8 A long, thin 
optical fiber carrying a light 
beam. The fiber is visible due 
to Rayleigh scattered light 


17.5 Why Glass Fibers? 


Why are optical fibers made of glass? Professor W.A. Gambling, who is one of the 
pioneers in the field of fiber optics, quotes: ““We note that glass is a remarkable mate- 
rial which has been in use in ‘pure’ form for at least 9000 years.” The compositions 
remained relatively unchanged for millennia and its uses have been widespread. The 
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three most important properties of glass, which makes it of unprecedented value, are 
the following [adapted from Gambling (1986)]: 


1. First, there is a wide range of accessible temperatures where its viscosity is vari- 
able and can be well controlled unlike most materials, like water and metals, 
which remain liquid until they are cooled down to their freezing temperatures 
and then suddenly become solid. Glass, on the other hand, does not solidify 
at a discrete freezing temperature but gradually becomes stiffer and stiffer and 
eventually becoming hard. In the transition region it can be easily drawn into a 
thin fiber. 

2. The second most important property is that highly pure silica is characterized 
by extremely low loss, i.e., it is highly transparent. Today in most commer- 
cially available silica fibers, 96% of the power gets transmitted after propagating 
through | km of optical fiber. This indeed represents a truly remarkable 
achievement. 

3. The third most remarkable property is the intrinsic strength of glass. Its strength 
is about 2000,000 Ib/in* so that a glass fiber of the type used in the telephone 
network and having a diameter (125 1m) of twice the thickness of a human hair 
can support a load of 40 lb. 


Although for a common person, glass looks fragile, glass fibers are indeed 
extremely strong. It is the exposure of the glass to external atmosphere that leads 
to the formation of cracks, which then results in the fracture. In the case of optical 
fibers, these are drawn in extremely clean environment and are coated with poly- 
mers as they are being drawn. Covering the glass fiber with the polymer does not 
permit contact with the atmosphere and gives it the protection. 


17.6 Attenuation of Optical Fibers 


When light propagates through any medium, it suffers loss due to various mecha- 
nisms including those due to scattering, absorption, etc. Even the purest materials 
will have loss due to various intrinsic mechanisms such as scattering, absorption 
by the atoms and molecules forming the material, etc. In 1966 the most transpar- 
ent glass available at that time had a loss of 1000 dB/km primarily due to trace 
amount of impurities present in the glass; a loss of 1000 dB/km (or equivalently 1 
dB/m) implies that for every 10 m the power will fall by a factor of 10. Thus after 
propagating through | km of such a fiber, the output power will be negligible. 

In 1966, Kao! and Hockham (1966) first suggested the use of optical fibers for 
communication and pointed out that for the optical fiber to be a viable communi- 
cation medium, the losses (in the optical fiber) should be less than 20 dB/km. This 


'Charles Kao was awarded the Nobel Prize in Physics in the year 2009 for for groundbreaking 
achievements concerning the transmission of light in fibers for optical communication. 
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suggestion triggered the beginning of serious research in removing the small amount 
of impurities present in the glass and developing low-loss optical fibers. Since 1966, 
there was a global effort to purify silica and in 1970, there was a major breakthrough: 
the first low-loss glass optical fibers were fabricated by Maurer, Keck, and Schultz 
(at Corning Glass Works, USA), with the fabricated optical fibers having a loss ~17 
dB/km at a wavelength of 633 nm. This would imply that the power will fall by a 
factor of 10 in traversing through approximately 600 m length of the fiber. 

Since then, the technology has been continuously improving and by late 1980s 
commercially available optical fibers had losses less than about 0.25 dB/km at 
a wavelength of about 1550 nm — a loss of 0.25 dB/km implies that the power 
will fall by a factor of 10 after propagating through 40 km length of the optical 
fiber. 

Figure 17.9 shows a typical dependence of fiber attenuation (i.e., loss coefficient 
per unit length) as a function of wavelength of silica optical fibers that are com- 
mercially available today. It may be seen that the loss is less than 0.25 dB/km at a 
wavelength of about 1550 nm. The losses in optical fibers are caused due to various 
mechanisms such as Rayleigh scattering, absorption due to metallic impurities and 
water in the fiber, and due to intrinsic absorption by the silica molecule itself. 


Fig. 17.9 A typical Attenuation 
attenuation spectrum of an (dB/km) 
optical fiber SMF: Single 0.8— 


mode optical fiber 


Standard SMF 


Low water peak SMF 
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Wavelength (nm) 


Rayleigh scattering is a basic mechanism in which light gets scattered by very 
small inhomogeneities as it propagates through any medium. Rayleigh scattering 
loss is wavelength dependent and is such that shorter wavelengths scatter more than 
longer wavelengths. It is this phenomenon which is responsible for the blue color of 
the sky. As sunlight passes through the atmosphere, the component corresponding 
to blue color gets scattered more than the component corresponding to the red color 
(since blue wavelengths are shorter than red wavelengths). Thus more blue reaches 
our eye from the sky than does red and the sky looks blue. This is also the reason 
why the rising and setting sun looks red in color. 
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Rayleigh scattering causes loss of optical signals as they propagate through an 
optical fiber. Very small inhomogeneities present in the optical fiber scatter light out 
of the fiber leading to loss. In fact, this loss mechanism determines the ultimate loss 
of optical fibers. Since Rayleigh scattering loss decreases with increase in wave- 
length, optical fibers operating at higher wavelengths are expected to have lower 
losses if all other loss mechanisms are eliminated. 

Apart from the Rayleigh scattering loss, any impurities present in the optical 
fiber would also cause absorption of the propagating light and would thus con- 
tribute to loss. Some of the primary impurities include metallic ions such as copper, 
chromium, iron, nickel, etc. Impurity levels of one part in a billion could cause 
increase in attenuation of 1 dB/km in the near-infrared region. Such impurities can 
be reduced to acceptable levels by using vapor-phase oxidation methods. Apart from 
impurity metal ions, one of the major contributors to loss is the presence of water 
dissolved in glass. An impurity level of just 1 part per million (1 ppm) of water can 
cause a loss of 4 dB/km at 1380 nm. This shows the level of purity that is required 
to achieve low-loss optical fibers. 

The primary reason for the loss coefficient to decrease up to about 1550 nm 
is the Rayleigh scattering loss. The absorption peak around 1380 nm in Fig. 17.9 
is primarily due to traces of water. If all impurities are completely removed, the 
absorption peak will disappear and we will have very low loss in the entire range of 
wavelength starting from 1250 to 1650 nm (see Fig. 17.9). 

For wavelengths longer than about 1600 nm, the loss increases due to the absorp- 
tion of infrared light by silica molecules themselves. This is an intrinsic property of 
silica and no amount of purification can remove this infrared absorption tail. 

The first optical fiber communication systems operated at a wavelength around 
1300 nm, where the material dispersion is negligible. However, the loss attains 
its absolute minimum value of about 0.2 dB/km when the wavelength is around 
1550 nm — as a consequence of which the distance between two consecutive 
repeaters (used for amplifying and reshaping the attenuated signals) could be as 
large as 250 km. Furthermore, the 1550-nm window has become extremely impor- 
tant in view of the availability of erbium-doped fiber amplifiers (see Chapter 12). 

Apart from these loss mechanisms, any deviation from straightness in the laying 
of the optical fiber would also result in loss. Thus when a fiber is bent, this leads to 
an additional loss. This additional loss can be kept to a minimum by appropriately 
laying the fiber cable in the link. Sharp bends are usually avoided in the laying of the 
fiber. Any random disturbances in the geometry of the fiber along its length would 
also lead to loss and thus during fabrication the uniformity of the fiber characteristics 
has to be maintained. 

Figure 17.10 shows the loss spectrum of a typical commercially available sin- 
glemode fiber. Also shown are the various bands of wavelengths that are used in a 
wavelength division multiplexed (WDM) communication system. The most widely 
used band is the C-band lying between 1530 and 1565 nm where erbium doped 
fibers amplifiers operate. 
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Fig. 17.10 Attenuation spectrum of a commercially available fiber from Corning Inc., USA. The 
low-loss spectrum is divided into various bands: O, old band (1260-1360 nm); E, extended band 
(1360-1460 nm); S, short band (1460-1530 nm); C, conventional band (1530-1565 nm); L, long 
band (1565-1625 nm) 


17.7 Numerical Aperture of the Fiber 


We return to Fig. 17.7 and consider a ray which is incident on the entrance aperture 
of the fiber making an angle 7 with the axis. Let the refracted ray make an angle 0 
with the axis. Assuming the outside medium to have a refractive index no (which 
for most practical cases is unity), we get 


sini nN 
= (17.10) 
sinOd =n 


Obviously if this ray has to suffer total internal reflection at the core—cladding 
interface 


: n2 
sin d(= cos 0)>— (17.11) 
n\ 
Thus 
71/2 
i n2 
sind<|1— (") (17.12) 
ny 


and we must have i < im, where 


1/2 
sin im = (nf — 13)” = mV2A (17.13) 


and we have assumed no = 1, i.e., the outside medium is assumed to be air. Thus, 
if a cone of light is incident on one end of the fiber, it will be guided through it 
provided the semiangle of the cone is less than im. This angle is a measure of the 
light-gathering power of the fiber and as such, one defines the numerical aperture 
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(NA) of the fiber by the following equation: 


NA = sinim = nj — 15 © m1V2A (17.14) 


Example 17.1 For a typical step-index (multimode) fiber with n; ~ 1.45 and A ~ 0.01, we get 


sinim © 0.205 = > im © 12° 


17.8 Multimode and Single-Mode Fibers 


In this section we will try to understand the difference between a single-mode and 
a multimode fiber. Both types of fibers are used in optical communication systems. 
We first introduce the concept of modes: a mode is a transverse field distribution 
which propagates along the fiber without any change in its field distribution except 
for a change in phase. Mathematically, it is defined by the equation 


W(x, 9,21) = W(x, yee Fe) (17.15) 


where v(x, y) represents the transverse field profile and 6 represents the propagation 
constant; the propagation of the mode is in the z-direction. The quantity 6 is similar 
to k for a plane wave given by e!’~"), A waveguide (like an optical fiber) is char- 
acterized by a finite number of modes which are guided by the waveguide — each 
mode is described by a definite transverse field distribution (x, y) corresponding to 
a definite value of 8. The precise form of w(x, y) (and the corresponding value of the 
propagation constant 6) is obtained by solving Maxwell’s equations. Here we will 
just present results; interested readers may look up any textbook listed at the end 
of the book. For a step-index fiber defined by Eq. (17.7), we define a dimensionless 
parameter defined by the following equation: 


2 2. 
V= 7 a nt ny = 7 an 2A (17.16) 
ro ro 


Ag is the free space wavelength of the light beam and A is defined by Eq. (17.8). 
The parameter V (which also depends on the operating wavelength 19) is known as 
the “waveguide parameter” and is an extremely important quantity characterizing 
an optical fiber. For a step-index fiber if 


V < 2.4045 (17.17) 


the fiber is said to be a single-mode fiber. For a given fiber, the wavelength for which 
V = 2.4045 is known as the cutoff wavelength and is denoted by A, and the fiber 
will be single moded for Ap > Ac (see Example 17.2). A multimoded fiber would 
have a V value larger than 2.4045. 
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If we consider a medium with refractive index n, the propagation constant of an 
electromagnetic plane wave in this medium would be kon. Thus the refractive index 
is the ratio of the propagation constant in the medium to ko, which is the propagation 
constant of the wave in free space. In a similar manner, the quantity 


pce (17.18) 
ko 


is referred to as the effective index of the mode. In an optical fiber, the effective 
index plays the same role as refractive index in the case of a bulk medium. 


Example 17.2: Consider a step-index fiber with ny=1.447, A = 0.003, and a = 4.2 wm. Thus 


2 2.958 
v= - x 4.2 x 1.447 x /0.006 ~ aes 


0 0 


where Ag is measured in micrometers. Thus for 


2.958 


= 1.23 
2.4045 


do > 


the fiber will be single moded. Thus in this example, the cutoff wavelength 4. =1.23 .m and the fiber 
will be single moded for 49 > 1.23 wm. If the fiber is operating at 1300 nm, then 


2. 
y= 298 2275 
13 


and the fiber will be single moded. 
Example 17.3: Let us consider a fiber with ny=1.444, A = 0.0075, and a =2.3 jum for which 


2 2.556 
Ve" 2945 x14x00n oo 
0 ho 


and therefore the cutoff wavelength will be Ac = 2.556/2.4045 =1.06 rm. If we operate at Ag = 1.55 pm 


V = 1.649 


and the fiber will be single moded. 


17.9 Single-Mode Fiber 


For a step-index fiber with 0 < V < 2.4048 we will have only one guided mode, 
namely the LPo; mode also referred to as the fundamental mode (LP stands for 
linearly polarized). Such a fiber is referred to as a single-mode fiber and is of 
tremendous importance in optical fiber communication systems. 

For a single-mode step-index fiber, a convenient empirical formula for b(V) is 
given as 


B\2 
DV) = ( = 7) », 15SVS25 (17.19) 
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where A & 1.1428 and B © 0.996 and b, also referred to as the normalized 
propagation constant, is defined through the following equation: 


fein 2 
b(V) = a (17.20) 
ny — Ny 


17.9.1 Spot Size of the Fundamental Mode 


The transverse field distribution associated with the fundamental mode of a single- 
mode fiber is an extremely important quantity and it determines various important 
parameters like splice loss at joints between fibers, launching efficiencies from 
sources, bending loss, etc. For a step-index fiber, one has analytical expression for 
the fundamental field distribution in terms of Bessel functions. For most single- 
mode fibers with a general transverse refractive index profile, the fundamental mode 
field distributions can be well approximated by a Gaussian function, which may be 
written in the form 


eh 
w(x,y)=Ae w =Ae w (17.21) 


where w is referred to as the spot size of the mode field pattern and 2w is called 
the mode field diameter (MFD). MFD is a very important characteristic of a single- 
mode optical fiber. For a step-index fiber one has the following empirical expression 
for w (see Marcuse (1978)): 


w 1.619 | 2.879 
008+ sam + pe 


0.8<V<2.5 (17.22) 
where a is the core radius. As an example, for the step-index fiber considered earlier 
and operating at 1300 nm, we have V * 2.28 giving w © 4.8 j1m. Note that the 
spot size is larger than the core radius of the fiber; this is due to the penetration of 
the modal field into the cladding of the fiber. The same fiber will have a V value of 
1.908 at Ag = 1550 nm giving a value of the spot size © 5.5 ym. Thus, in general, 
the spot size increases with wavelength. The standard single-mode fiber designated 
as G.652 fiber for operation has an MFD of 9.2 + 0.4 .m at 1310 nm and an MFD 
of 10.4 + 0.8 wm at 1550 nm. 

For V > 10, the number of modes (for a step-index fiber) is approximately },V7 
and the fiber is said to be a multimoded fiber. Different modes (in a multimoded 
fiber) travel with different group velocities leading to what is known as intermodal 
dispersion; in the language of ray optics, this is known as ray dispersion arising due 
to the fact that different rays take different amounts of time in propagating through 
the fiber. Indeed in a highly multimoded fiber, we can use ray optics to calculate 
pulse dispersion. 
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17.10 Pulse Dispersion in Optical Fibers 


As discussed earlier, digital communication systems, information to be sent is first 
coded in the form of pulses and then these pulses of light are transmitted from the 
transmitter to the receiver where the information is decoded. Larger the number of 
pulses that can be sent per unit time and still be resolvable at the receiver end, larger 
would be the transmission capacity of the system. A pulse of light sent into a fiber 
broadens in time as it propagates through the fiber; this phenomenon is known as 
pulse dispersion and occurs primarily because of the following mechanisms: 


1. In multimode fibers, dispersion is caused by different rays taking different times 
to propagate through a given length of the fiber. In the language of wave optics, 
this is known as intermodal dispersion because it arises due to different modes 
traveling with different group velocities. 

2. Any given light source emits over a range of wavelengths and, because of the 
dependence of refractive index on wavelength, different wavelengths take differ- 
ent amounts of time to propagate along the same path. This is known as material 
dispersion and obviously, it is present in both single-mode and multimode fibers. 

3. In single-mode fibers, since there is only one mode, there is no intermodal dis- 
persion. However, apart from material dispersion, we have what is known as 
waveguide dispersion. Physically, this arises due to the fact that the spot size (of 
the fundamental mode) depends explicitly on the wavelength. 

4. A single-mode fiber can support two orthogonally polarized LPo; modes. In a 
perfectly circular core fiber laid along a perfectly straight path, the two polariza- 
tions propagate with the same velocity. However due to small random deviations 
from circularity of the core or due to random bends and twists present in the 
fiber, the orthogonal polarizations travel with slightly different velocities and 
get coupled randomly along the length of the fiber. This phenomenon leads to 
polarization mode dispersion (PMD) which becomes important for high-speed 
communication systems operating at 40 Gb/s and higher. 


Obviously, waveguide dispersion and polarization mode dispersion are present 
in multimode fibers also — however, the effects are very small and can be neglected. 


17.10.1 Dispersion in Multimode Fibers 


A broad class of multimoded graded index fibers can be described by the following 
refractive index distribution: 


‘ ‘ r\4 
P(r) =n [1 9A (<) |: O<r<a aes 
= nt =n? (1—2A), r>a 
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where r corresponds to a cylindrical radial coordinate, n represents the value of the 
refractive index on the axis (i.e., at r = 0), and m2 represents the refractive index 
of the cladding; g = 1, 2, and o correspond to the linear, parabolic, and step- 
index profiles, respectively. Equation (17.23) describes what is usually referred to 
as a power law profile, which gives an accurate description of the refractive index 
variation in most multimoded fibers. The total number of modes in a highly mul- 
timoded graded index optical fiber characterized by Eq. (17.23) are approximately 
given as 


q 2 


A 4 17.24 
2(2+4q) ( ) 


Thus, a parabolic index (g =2) fiber with V = 10 will support approximately 25 
modes. Similarly, a step-index (¢ = oo) fiber with V = 10 will support approxi- 
mately 50 modes. When the fiber supports such a large number of modes, then the 
continuum (ray) description gives very accurate results. For the power law profile, 
it is possible to calculate the pulse broadening due to the fact that different rays 
take different amount of time in traversing a certain length of the fiber; details can 
be found in many text books; see, for example, Ghatak and Thyagarajan (1998). 
The time taken to propagate through a length L of a multimode fiber described by a 
q-profile (see Eq. 17.23) is given as 


t(L) = (8 4: >) a (17.25) 
where 


pe qn; 
A= ——_;B= (17.26) 
c(2+q) c(2+q) 


and for rays guided by the fiber, ny < B < nj. Using Eq. (17.25) we can estimate 
the intermodal dispersion in fibers with different g values. Thus, for ny ~ 1.46 
and A ~* 0.01, the dispersion would be 50 ns/km for a step-index fiber (¢ = 00), 
0.25 ns/km for a parabolic index fiber (¢ = 2), and 0.0625 ns/km for g = 2-2A 
(referred to as the optimum profile exhibiting minimum dispersion). 

Thus we find that for a parabolic index fiber, the intermodal (or ray) dispersion 
is reduced by a factor of about 200 in comparison to the step-index fiber and for 
the optimum profile there is a further reduction by a factor of 4. It is because of 
this reason that first- and second-generation optical communication systems used 
near parabolic index fibers. In order to further decrease the pulse dispersion, it is 
necessary to use single-mode fibers because there will be no intermodal dispersion. 
However, in all fiber-optic systems we will have material dispersion which is a char- 
acteristic of the material itself and not of the waveguide; we will discuss this in the 
following section. 
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17.10.2 Material Dispersion 


Above we have considered the broadening of an optical pulse due to different rays 
taking different amounts of time to propagate through a certain length of the fiber. 
However, every source of light has a certain wavelength spread which is often 
referred to as the spectral width of the source. An LED would have a spectral width 
of about 25 nm and a typical laser diode (LD) operating at 1300 nm would have 
a spectral width of about 2 nm or less. The pulse broadening (due to wavelength 
dependence of the refractive index) is given in terms of the material dispersion coef- 
ficient Dy, (which is measured in picoseconds per kilometer and nanometer) and is 
defined as 


Dm (ps/kmnm) 10° | ,2d'm (17.27) 
Ss. nn) = —— —_ F 
m p 3X0 ° da? 


Ag is measured in micrometer and the quantity inside the square brackets is dimen- 
sionless. Thus Dy represents the material dispersion in picoseconds per kilometer 
length of the fiber per nanometer spectral width of the source. At a particular wave- 
length, the value of Dy is a characteristic of the material and is (almost) the same for 
all silica fibers. When D,, is negative, it implies that the longer wavelengths travel 
faster; this is referred to as normal group velocity dispersion (GVD). Similarly, a 
positive value of D implies that shorter wavelengths travel faster; this is referred 
to as anomalous GVD. 

The spectral width Ado of an LED operating around Ap = 825 nm is about 20 nm; 
at this wavelength for pure silica D,, ~ 84.2 ps/(km nm). Thus a pulse will broaden 
by 1.7 ns/km of fiber. It is interesting to note that for operation around Ag © 1300 nm 
[where Dy, © 2.4 ps/(km nm)], the resulting material dispersion is only 50 ps/km of 
the fiber. The very small value of At, is due to the fact that the group velocity is 
approximately constant around Aj = 1300 nm. Indeed the wavelength Ag ~ 1270 nm 
is usually referred to as the zero material dispersion wavelength, and it is because of 
such low material dispersion that the optical communication systems shifted their 
operation to around Ag © 1300 nm. 

Optical communication systems in operation today use LDs (laser diodes) with 
Ao © 1550 nm having a spectral width of about 2 nm. At this wavelength the material 
dispersion coefficient is 21.5 ps/(km nm) and the material dispersion At would be 
43 ps/km. 


17.10.3 Dispersion and Bit Rate 


In multimode fibers, the total dispersion consists of intermodal dispersion (At;) and 
material dispersion (AT) and is given as 


At = V(Aq)? + (Atm)? (17.28) 


17.10 Pulse Dispersion in Optical Fibers 439 


In the NRZ scheme the maximum permissible bit rate is approximately given as 


Bmax © Ae (17.29) 
Operation around 1310 nm minimizes At, and hence almost all multimode fiber 
systems operate at this wavelength region with optimum refractive index profiles 
having small values of Atj. 


17.10.4 Dispersion in Single-Mode Fibers 


In the case of a single-mode optical fiber, the effective index neg (= B/ko) of the 
mode depends on the core and cladding refractive indices as well as the waveguide 
parameters (refractive index profile shape and radii of various regions). Hence neg¢ 
would vary with wavelength even if the core and cladding media were assumed to 
be dispersionless (i.e., the refractive indices of core and cladding are assumed to 
be independent of wavelength). This dependence of effective index on wavelength 
is due to the waveguidance mechanism and is referred to as waveguide dispersion. 
Waveguide dispersion can be understood from the fact that the effective index of the 
mode depends on the fraction of power in the core and the cladding at a particular 
wavelength. As the wavelength changes, this fraction also changes. Thus even if the 
refractive indices of the core and the cladding are assumed to be independent of 
wavelength, the effective index will change with wavelength. It is this dependence 
Of Net¢(Ag) that leads to waveguide dispersion. 

Thus the total dispersion in the case of a single-mode optical fiber can be 
attributed to two types of dispersion, namely material dispersion and waveguide 
dispersion. It can be shown that the total dispersion coefficient D is given to a good 
accuracy by the sum of material (Dm) and waveguide (Dy) dispersion coefficients 
(see e.g., Ghatak and Thyagarajan, 1998). The material contribution is given by Eq. 
(17.27), while the waveguide contribution for a step-index fiber is given as 


pee yi ov) (17.30) 
who dv2 


A simple empirical expression for waveguide dispersion for step-index fibers is 
Dw | _ nA 7 2 
w [ps/(km nm)] = =a x 10°[0.080 + 0.549(2.834 — V)*] (17.31) 
0 


where Ao is measured in nanometers. 

In the single-mode regime, the quantity within the bracket in Eq. (17.30) is usu- 
ally positive; hence the waveguide dispersion is negative. Since the sign of material 
dispersion depends on the operating wavelength region, it is possible that the two 
effects, namely material and waveguide dispersions, cancel each other at a certain 
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wavelength. Such a wavelength, which is a very important parameter of single- 
mode fibers, is referred to as the zero-dispersion wavelength (Azp). For typical 
step-index fibers, the zero-dispersion wavelength falls in the 1310-nm-wavelength 
window. Since the lowest loss in an optical fiber occurs at a wavelength of 1550 nm 
and optical amplifiers are available in the 1550-nm window, fiber designs can be 
modified to shift the zero-dispersion wavelength to the 1550-nm-wavelength win- 
dow. Such fibers are referred to as dispersion-shifted fibers (with zero dispersion 
around 1550 nm) or non-zero dispersion-shifted fibers (with finite but small disper- 
sion around 1550 nm). With proper fiber refractive index profile design, it is also 
possible to have flat dispersion spectrum leading to dispersion-flattened designs. 
Figure 17.11 shows the total dispersion in three standard types of fibers, namely 
G.652, G.653, and G.655 fibers. The G.655 fibers have a small but finite disper- 
sion around the 1550 nm wavelength. The small dispersion is required to avoid the 
nonlinear optical effect referred to as four wave mixing. 
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It appears that when an optical fiber is operated at the zero-dispersion wave- 
length, the pulses will not suffer any dispersion at all. In fact zero dispersion only 
signifies that the second-order dispersive effects are absent. In this case the next 
higher order dispersion, namely third-order dispersion, will become the dominating 
term in determining the dispersion. Thus in the absence of second-order dispersion, 
we can write for dispersion suffered by a pulse as 


L(Ado)? dD 

t= —__ _ (17.32) 
2 dAo 

where S = dD/ dao represents the dispersion slope at zero-dispersion wavelength 

and is measured in units of picosecond per kilometer and square nanometer. Third- 

order dispersion becomes important when operating close to the zero-dispersion 

wavelength. In the presence of only third-order dispersion, the pulse does not 
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Table 17.3. Values of dispersion and dispersion slope for some standard fibers at 1550 nm 


Fiber type D [ps(kmnm)]_ — S [ps/(km nm?)] 
Standard SMF (G.652) 17 0.058 
LEAF (Corning) 4.2 0.085 
Truewave-reduced slope (OFS) 4.5 0.045 
TeraLight (Alcatel) 8.0 0.057 


remain symmetric. Table 17.3 lists values of D and S for some standard fibers 
at 1550 nm. 


17.10.5 Dispersion and Maximum Bit Rate in Single-Mode Fibers 


In a digital communication system employing light pulses, pulse broadening would 
result in an overlap of adjacent pulses, resulting in intersymbol interference leading 
to errors in detection. Apart from this, since the energy in the pulse gets reduced 
within the time slot, the corresponding signal-to-noise ratio (SNR) will decrease. 
One can offset this by increasing the power in the pulses. This additional power 
requirement is termed as dispersion power penalty. Increased dispersion would 
imply increased power penalty. 

In order to keep the interference between adjacent bits below a specified level, 
the root mean square width of the dispersed pulse needs to be kept below a certain 
fraction € of the bit period. For a 2 dB power penalty, ¢ ~ 0.491. Using this condition 
we can estimate the maximum bit rate B for a given link length L and dispersion 
coefficient D operating at 1550 nm as 


B°DL < 1.9 x 10° Gb”ps/nm (17.33) 
where B is measured in gigabits per second, D in picoseconds per kilometer and 
nanometer and L in kilometer. Thus for a bit rate of 2.5 Gb/s the maximum allowed 


dispersion (D.L) is approximately 30,400 ps/nm, while for a bit rate of 10 Gb/s the 
maximum allowed dispersion is 1900 ps/nm. 


Problems 


Problem 17.1 Consider an analog signal given as 


f(t) = 10+ 2sin5zt+ cos 824 3sin (150+ 5) 


where f is measured in seconds. At what rate would you sample so that the analog signal can be retrieved 
from the digitized signal? 


Solution The frequencies present in the given signal are 0, 2.5, 4, and 7.5 Hz. Hence the minimum 
sampling rate for the signal is 15 samples per second. 
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Problem 17.2 If in the above problem each sample is represented by 8 bits, then what would be the bit 
rate? 


Solution The bit rate would be 15 x 8 = 120 bits/s. 


Problem 17.3 Consider a communication system having a rise time of 20 ns. What bit rates can it support 
when operated in NRZ and RZ formats? 


Solution Using Eq. (17.6) we can obtain the bit rates that can be supported by the system as 35 and 
17.5 MHz. 


Problem 17.4 A typical digital TV channel required bit rates of 10 Mb/s. Can a system having a rise time 
of 50 ns support this transmission? 


Solution For sending 10 Mb/s signal the rise time should be smaller than 35 ns for RZ coding and 70 ns 
for NRZ coding. Hence the system can support the transmission only if NRZ coding is used. 


Problem 17.5 High-definition television (HDTV) requires higher bit rates than does standard TV. Typical 
bit rates would be about 16 Mb/s. What is the rise time requirement of the system if I need to send 10 
HDTV channels through the same link? 


Solution The bit rate for 10 HDTV channels would be 160 Mb/s. Thus the rise time requirement in the 
NRZ scheme would be about 4.3 ns. 


Problem 17.6 Consider an RC circuit and assume that a step voltage Vo is applied at t = 0. Relate the 
rise time of the RC circuit to its bandwidth. 


Solution It is well known that when a step voltage is applied to an RC circuit, then the voltage variation 
with time is given as 


Vah= % (1 = aid | 
Thus the voltage rises to 10% of the peak value Vo in a time given as 
0.1Vo = Vo (1 - e101 RC) 


or 


1 
1 = RCI — 
quShe a(<5) 


Similarly the time taken to rise to 90% of the peak value is given as 
t RCI : 
= n{ — 
0.9 0.1 


Tr = (to.9 — t0.1) = RC In(9) © 2.2RC 


Hence the rise time is 


The 3-dB bandwidth of an RC circuit is given as 


Hence from the above equations we get 
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Problem 17.7 Consider a Gaussian function given as 


1 27962 
‘Qe ef 120 
f J210 
where o is called the root mean square (RMS) pulse width. Relate the full width at half maximum 
(FWHM) of this function to its bandwidth. 


Solution The 50% rise time to,5 is obtained from the below equation: 
f(to.5) = 0.5f(0) 


which gives 


19.5 = V2In2o 


Thus the FWHM trewum is 2t0.5- 
The Fourier transform of f(t) is given as 


1 262, 
F(w) = Gane? 


Thus the 3-dB bandwidth is defined as the frequency fo,5 (=2z/w) at which the function has fallen to a 
value half of that at zero frequency. This can be obtained as 


fos = 210 
Hence we get 
. 0.44 
fos = 
‘FWHM 


Problem 17.8 Using Eqs. (17.19) and (17.30) obtain an expression for waveguide dispersion. Obtain the 
value of waveguide dispersion at 1310 and 1550 nm for a standard single-mode fiber. 


Problem 17.9 Using Eq. (17.22) plot the variation of w with wavelength in the range of wavelength 
1100-1600 nm for a standard single-mode fiber. 


Chapter 18 
Lasers in Science 


18.1 Introduction 


In this chapter, we discuss some experiments in physics and chemistry (and related 
areas) which have become possible only because of the availability of highly coher- 
ent and intense laser beams. In Sections 18.2, 18.3, and 18.4 we briefly discuss 
second-harmonic generation, stimulated Raman emission, and the self-focusing 
phenomenon, respectively; all these phenomena have opened up new avenues of 
research after the discovery of the laser. Second-harmonic generation is a process 
similar to what we had discussed in Chapter 14, namely the parametric process of 
three-wave interaction and the optical parametric oscillator that is a very important 
tunable source of coherent radiation. In Section 18.5, we outline how laser beams 
can be used for triggering chemical and photochemical reactions. In Sections 18.6, 
18.7, and 18.8, we discuss some experiments which can be carried out with extreme 
precision with the help of lasers. The Nobel Lecture by Ted Hansch at the end of 
the book discusses very nicely the application of lasers to precision clocks. Finally, 
in Section 18.9, we give a fairly detailed account of isotope separation using lasers. 
We would like to point out that there are in fact innumerable experiments that have 
become possible only with the availability of laser beams; here we discuss only a 
few of them. 


18.2 Second-Harmonic Generation 


With the availability of high-power laser beams, there has been a considerable 
amount of work on the non-linear interaction of optical beams with matter. One 
of the most striking non-linear effects is the phenomenon of second-harmonic 
generation, in which one generates an optical beam of frequency 2m from the inter- 
action of a high-power laser beam (of frequency w) with a suitable crystal. The 
first demonstration of the second-harmonic generation was made by Franken et al. 
(1961) by focusing a 3-kW ruby laser pulse (A = 6943 A) on a quartz crystal 
(see Fig. 18.1). 
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Fig. 18.1 Schematic of the experimental setup used by Franken and his co-workers for the gener- 
ation and observation of the second-harmonic light. The beam from the ruby laser is focused by a 
lens into a quartz crystal which converts a very small portion of the incident light energy (which 
is at a wavelength of 6943 A) into its second harmonic, which has a wavelength of 3471.5 A (this 
wavelength falls in the ultraviolet part of the spectrum). The spectrometer arrangement shown in 
the figure disperses the components of light at wavelengths 6943 and 3461.5 A, which can be 
photographed 


In order to understand second-harmonic generation we consider the non-linear 
dependence of the electric polarization! on the electric field. It is well known that 
an atom consists of a positively charged nucleus surrounded by a number of elec- 
trons. When an electric field is applied, the electron cloud gets displaced and each 
atom behaves as an electric dipole. This leads to the medium being polarized. For 
weak intensities of the light beam, the polarization induced in the crystal is propor- 
tional to the oscillating electric field associated with the light beam. However, for 
an intense focused beam, the electric fields in the focal region could be very high 
(=10’ V/cm) and for such strong fields the response of the crystal is no more lin- 
ear and may be of the type shown in Fig. 18.2. From the figure one can see that the 
electric field in a particular direction can be more effective in polarizing the material 
compared to a field in the opposite direction. This indeed happens in crystals which 
have no center of inversion symmetry. These crystals are usually piezoelectric in 
nature.” In Fig. 18.2 we show typical linear and non-linear dependences of the opti- 
cal polarization on the electric field which induces the polarization. Note that in the 
absence of any non-linearities, the curve between the induced polarization and the 
applied electric field is a straight line, which implies that if the field is increased 
(or decreased) by a factor a, the polarization would also increase or decrease by 
the same factor. On the other hand, in the presence of non-linearities, only for weak 
fields is the curve approximately a straight line. 


'By “polarization” we imply here the dipole moment induced by the electric field. This induced 
dipole moment is due to the relative displacement of the center of the negative charge from that of 
the nucleus. 


2A piezoelectric material converts mechanical energy into electrical energy. 
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Fig. 18.2 The curves show the time variation of the electric field of the light wave incident on the 
crystal and the induced polarization. A typical linear dependence between the induced polarization 
wave and the applied electric field of the incident light wave is shown in (a), and (c) corresponds 
to a typical non-linear dependence. The distorted nature of the induced polarization wave in (c) 
leads to the production of harmonics of the incident light (see Fig. 18.3). (b) and (d) show the 
dependence of the polarization on the applied electric field for a linear and a non-linear response 
of a crystal 


For weak electric fields, media behave linearly and the polarization P induced in 
the medium is directly proportional to the electric field FE of the light wave. Thus 
we have 


P=e0xE (18.1) 


Now when the electric field strength increases and if the medium does not possess 
a center of inversion symmetry, then the polarization is no more related linearly to 
the electric field. In this case instead of Eq. (18.1) we have 


P= e0xE + 2e0dE’ (18.2) 
where d represents the non-linear coefficient and gives the strength of the non- 


linearity of the medium. Equation (18.2) is a simplified form of equation; polar- 
ization and electric fields are vectors and thus actually the quantity d is a tensor of 
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Fig. 18.3. By making a 

Fourier analysis of the wave 

shown in (a), it can be shown 

that it consists of three 

components, namely a 

zero-frequency component 

shown in (b), a component 

with the fundamental 

frequency w shown in (c), and f 
a second-harmonic : 
component with a frequency 

2w shown in (d). Thus a 

non-linear polarization wave 

leads to the production of a 

second harmonic of the 

fundamental frequency fi 
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(c) 


(d) 


rank 3 with 27 elements. For a given medium and given states of polarization of the 
incident electric field and polarization, we can write Eq. (18.2) with d representing 


an effective non-linear coefficient. 


If we assume the incident light wave to have an electric field variation given as 


E = Eo cos (wt — kz) (18.3) 
then the induced polarization is given as 
P = &€9XEp cos (wt — kz) + 2eodE, cos” (wt — kz) (18.4) 
Using standard trigonometric identity we can write Eq. (18.4) as 
P= €9x Eo cos (wt — kz) + eydEs + eqdEs cos 2 (wt — kz) (18.5) 


Thus in this case in addition to the term oscillating at frequency w, there is a 
term which is constant and independent of time and the other term oscillates at a fre- 
quency 2. Figure 18.3 shows the sine wave components of the polarization as given 
by Eq. (18.5). Since polarization is the source of electromagnetic radiation, the term 
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Fig. 18.4 When a ruby laser beam (red light) is passed through a crystal of potassium dihydrogen 
phosphate, a portion of the energy gets converted into blue light, which is the second harmonic. 
The remaining ruby red light is suppressed by using a glass filter after the crystal. The two beams 
are made visible by means of smoke-filled glass troughs. (Photograph courtesy: Dr. R.W. Terhune) 


oscillating at a frequency 2w will lead to the generation of electromagnetic waves 
at frequency 2. In order that the radiation emitted by individual dipoles of the 
medium be added constructively, we need to satisfy the following phase matching 
condition: 


k(2w) = 2k(@) (18.6) 


where k(2m) and k(w) represent the propagation constants of the medium at 
frequency 2 and w, respectively. Equation (18.6) can be written as 


n(2w) = n(w) (18.7) 


ie., the refractive index of the medium must be equal at frequencies w and 2. This 
is accomplished using various techniques such as birefringence phase matching, 
quasi-phase matching. Chapter 14 discusses the concept of phase matching in more 
detail for the case of difference frequency generation. In fact, Eq. (18.7) is a momen- 
tum conservation equation for the interaction process. Second-harmonic generation 
can be considered to be a process in which two photons at frequency w merge into 
a single photon at frequency 2m. For maximum efficiency of this process, we need 
to conserve momentum and since the momentum of a photon is represented by fk, 
Eq. (18.6) is nothing but momentum conservation equation. 

The constant term in Eq. (18.5) is referred to as de polarization and corresponds 
to zero frequency; this dc polarization was also observed by Franken et al. (1961). 

Figure 18.4 shows how a ruby laser beam (red light) when passed through a 
crystal of ammonium dihydrogen phosphate gets partially converted into its second 
harmonic which lies near the ultraviolet region. The remaining ruby red light has 
been filtered by using a glass filter after the crystal. 

There has been an extensive amount of work in the field of harmonic genera- 
tion as it provides a coherent beam at frequency 2m at the output of the crystal. 
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Since efficient lasers in the infrared wavelengths and red wavelengths are available, 
SHG can be used to achieve coherent sources at the ultraviolet and blue wavelengths 
for various applications. For example green laser wavelengths can be generated by 
pumping an yttrium orthovanadate (Nd: YVOq) crystal by a laser diode at 808 nm 
resulting in emission at 1064 nm. Using a crystal such as potassium titanyl phos- 
phate (KTP) as a frequency doubler, the laser generates 532 nm (green) wavelength. 
Output powers of up to 5 W can be generated using such techniques at 532 nm wave- 
length. Such lasers are finding applications in DNA sequencing, flow cytometry, cell 
sorting, holography, laser printing, etc. 

The optical parametric process discussed in Chapter 14 is based on the same 
non-linearity that leads to second-harmonic generation. Both these processes have 
very important applications in science as well as technology. In fact the parametric 
downconversion process discussed in Chapter 14 is used for generation of squeezed 
light which has many applications including in gravitational wave detection. 


18.3 Stimulated Raman Emission 


Another important application of the laser light is in stimulated Raman emission. 
Raman scattering can be understood by considering light of frequency @ to consist 
of photons of energy hw. When a monochromatic light beam gets scattered by a 
transparent substance, one of the following may occur: 


1. Over 99% of the scattered radiation has the same frequency as that of the incident 
light beam (see Fig. 18.5); this is known as Rayleigh scattering. The sky looks 
blue because of Rayleigh scattering and the light that comes out from the side of 
the optical fiber (see Fig. 17.8) is also due to Rayleigh scattering. 

2. A very small portion of the scattered radiation has a frequency different from 
that of the incident beam — this may arise due to one of the following three 
processes: 
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Fig. 18.5 Rayleigh scattering in which the frequency of the scattered photon is the same as that of 
the incident photon 
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Fig. 18.6 (a) Stokes emission in which the molecule takes away some energy from the incident 
photon and the scattered photon has a lower frequency as compared to the incident photon. (b) 
Anti-Stokes emission in which the molecule gives some energy to the incident photon and the 
scattered photon has a higher frequency as compared to the incident photon 


1) 


ii) 


iii) 


A part of the energy of the incident photon may be absorbed to generate 
translatory motion of the molecules — this would result in the scattered light 
having a very small shift of frequency, typically in the 10-20 GHz range. 
This scattering process is known as Brillouin scattering. 

A part of the energy fiw of the incident photon is taken over by the individual 
molecule in the form of rotational (or vibrational) energy and the scattered 
photon has a smaller energy fiw’ with w’<w. The resulting spectral lines are 
known as Raman Stokes lines (see Fig. 18.6a). 

On the other hand, the photon can undergo scattering by a molecule which 
is already in an excited vibrational or rotational state. The molecule can 


3The shift in frequency is usually measured in wavenumber units, which is defined later in this 
section. In Brillouin scattering, the shift is < 0.1 cm7!. On the other hand, in Raman scattering, the 
shift is < 10+ cm. 
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de-excite to one of the lower energy states and in the process, the inci- 
dent photon can take up this excess energy and come out with a higher 
frequency (w’ > w). This leads to the scattered light having a larger energy 
and hence larger frequency. The resulting spectral lines are known as Raman 
anti-Stokes lines (see Fig. 18.6b). 


Rayleigh scattered 
radiation 


Fig. 18.7 Scattered spectrum 
showing Rayleigh scattering 
and Raman scattering 
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The difference energy, which is h(a! a w) for the Raman Stokes line and 
h ( —a! ) for the Raman anti-Stokes line, would therefore correspond to the energy 
difference between the rotational (or vibrational) energy levels of the molecule and 
would therefore be a characteristic of the molecule itself. 

The quantity h(w' —) or h(w—a’) is usually referred to as the “Raman 
shift” (see Fig. 18.7) and is independent of the frequency of the incident radiation. 
Through a careful analysis of the Raman spectra, one can determine the structure of 
molecules, and there lies the tremendous importance of Raman effect. 

Since the probability of finding molecules is higher in the lower energy state 
as compared to the higher energy state, the Stokes emission (into a lower energy 
photon) is much more intense than the anti-Stokes emission (into higher energy). 
Figure 18.7 shows a typical spectrum of scattered light observed showing the 
Rayleigh scattering at the incident frequency, Stokes lines at lower frequency and 
much weaker anti-Stokes line at a higher frequency. Note that the frequency shift 
in Stokes and anti-Stokes is equal; both of them involve the same set of energy lev- 
els of the molecule and the anti-Stokes emission is much weaker than the Stokes 
emission. 

Figure 18.8a shows the Raman scattered spectrum from a mixture of hydro- 
gen and deuterium when the mixture is illuminated by a laser beam at 488 nm 
wavelength, the corresponding frequency being approximately 615 THz (= 6.15 x 
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Fig. 18.8 (a) Raman scattered spectrum of hydrogen and it isotopes. (b) Raman spectrum of 
diamond 


10'4 Hz). Now, there is an energy level corresponding to vibration of the hydrogen 
molecule which is separated from the lowest level by 125 THz; thus the Stokes line 
should appear at a (lower) frequency of 490 THz (690 nm wavelength) and the very 
weak anti-Stokes line should appear at a (higher) frequency of 740 THz (405 nm). 
In spectroscopy the frequency shift is measured in wavenumber units (i.e., inverse 
wavelength) and the units are usually cm7!(read as centimeter inverse) 


4 AE 
AT (cm *) = — 
he 
where AE is measured in ergs (1 erg = 10-7 J), h © 6.634 x 10°’ erg s is the 
Planck’s constant, and c ~ 3 x 10!° cm/s is the speed of light in free space. Thus 
the frequency shift in hertz will be given as 


_ AE -1 10 
Av (Hz) = |= AT (cm ~) x 3 x 10 


Thus a frequency shift of 4155 cm™! in wavenumbers corresponds to 125 THz, 
which is consistent with the value given above. In Fig. 18.8a, the Raman shift due to 
D2 and HD molecules are also shown; once again the frequency shift is a “signature” 
of the molecule and is determined by the energy difference of the vibrational levels 
of the molecule. Since deuterium is heavier than hydrogen, the vibrational frequency 
of HD is smaller than that of hydrogen and that of D2 is even smaller. This is clearly 
seen in Fig. 18.8a, where the frequency shift of HD is smaller than that of Hz and 
that of D2 is even smaller. Similarly, Fig. 18.8b shows the Raman scattered spectrum 
of diamond showing a Raman shift of 1331 cm! which for a pump wavelength of 
514 nm would correspond to a wavelength of 620 nm. 

The Raman effect is extremely weak, which means that for proper observation, 
it requires a very bright light source. In fact, before the invention of the laser, there 
was little interest in using Raman scattering as a general spectroscopic tool. Raman 
scattering using light sources such as the sodium lamp was so weak that only ideal 
samples yielded good spectra. The laser dramatically changed that situation, and 
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Fig. 18.9 Schematic of the experimental setup used for the observation of stimulated Raman emis- 
sion. The light emerging from the ruby laser is focused by a lens into a cell containing benzene. 
The Stokes lines occur in the infrared and the anti-Stokes lines occur in the visible region. The 
various anti-Stokes lines appearing in the red, orange, yellow, and green regions of the spectrum 
form rings around the central ruby laser spot (see Fig. 18.10) 


today all Raman instruments use laser excitation. The Raman instruments available 
today use the many technological advances in the areas of light sources, fiber-optic 
guides, good spectrometers. etc. making Raman scattering a very valuable tool in 
many applications including industrial applications such as in chemical processing 
and quality control. Lasers have made available virtually any wavelength from the 
ultraviolet to near-infrared for analysis allowing for optimization of Raman studies. 
An example of Raman scattering studies is the in situ growth monitoring of diamond 
films in plasma reactors at temperatures as high as 1000°C using a UV Raman 
system operating at 244 nm. With the advent of the laser, Raman scattering became 
an important tool in research laboratories as well as in industrial applications. 

In the case of stimulated Raman emission, the photons emitted in the sponta- 
neous Raman effect are made to stimulate further Raman emissions. A layout of an 
experimental arrangement for observing stimulated Raman emission from Raman 
laser material (e.g., nitrobenzene) is shown in Fig. 18.9. An intense laser beam is 
focused on the Raman laser material. The photons corresponding to the Stokes lines 
have a wavelength in the infrared region which does not appear on the color film. 
In the anti-Stokes emission, the frequency of the emitted photon is higher, which 
results in orange, yellow, and green rings (see Fig. 18.10).4 

The stimulated Raman effect has been observed in a large number of materi- 
als, which provides us with hundreds of coherent sources of light from ultraviolet 
to infrared. Stimulated Raman scattering and continuous wave Raman oscillation 
have also been observed in optical fibers. Stimulated Raman scattering can be used 


4That the emitted photons of a particular frequency should appear in well-defined cones about the 
direction of the incident photons follows from the conservation of momentum. The direction of the 
emitted photon can be found by using the fact that a photon of frequency v has a momentum equal 
to hv / c 
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Fig. 18.10 The stimulated 
Raman effect obtained by 
focusing a ruby laser beam in 
a cell filled with benzene and 
photographing the scattered 
radiation in a setup similar to 
that shown in Fig. 18.5. 
(Photograph courtesy: 

Dr. R.W. Terhune) 


for amplification of light waves at frequency corresponding to the Raman shift. 
Stimulated Raman amplifiers are very important components of today’s optical fiber 
communication systems as they are capable of providing optical amplification at any 
signal wavelength. 
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Fig. 18.11 Raman spectrum 
from various minerals 
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Raman amplification and oscillation in optical fiber waveguides requires low 
pumping powers because of the strong transverse confinement of the optical energy 
in the waveguide and the very long interaction lengths (hundreds of meters to tens 
of kilometers) that are possible with the use of optical fibers. The pumping source 
is usually the 1.064-j1m radiation of the Nd:YAG laser (see Section 9.5) or high- 
power 1450-nm diode laser. The broad Raman gain bandwidth of silica glass fibers 
has indeed been used in making a tunable continuous wave fiber Raman oscillator 
(Lin et al. 1977a, Stolen et al. 1977). Such Raman oscillators can indeed be used as 
tunable light sources and are especially useful for fiber-optic communication studies 
as the region of operation at 1.3 jum wavelength is indeed becoming very important 
due to the existence of a region of zero dispersion in single-mode glass fibers. [see 
e.g. Thyagarajan and Ghatak (2007)]. 

Raman scattering is a very useful tool for the identification of minerals. Raman 
spectra for different minerals tend to have sharp unique patterns and hence serving 
as “fingerprints” for the minerals. Since Raman spectra can be collected remotely, 
they show great promise for planetary exploration. Figure 18.11 shows spectra 
of the common silicate minerals olivine, pyroxene, and plagioclase that are com- 
pared to a Raman spectrum of a lunar soil sample identified as 71501 (Ref. 
http://hyperphysics.phy-astr.gsu.edu/Hbase/molecule/raman?2.html). 


18.4 Intensity-Dependent Refractive Index 


Another interesting non-linear effect is the intensity dependence of refractive index 
of a medium which leads to phenomena such as self-focusing and soliton formation. 
The intensity dependence of refractive index arises because of the third-order non- 
linearity in which the electric polarization depends on the cube of the electric field 
instead of square of the electric field as described by Eq. (18.2). Due to the third- 
order non-linearity, the dependence of refractive index of a medium on intensity can 
be written in the following form: 


n=nj+nol (18.8) 


where no is the refractive index of the medium at low intensities, nz is a constant, 
and J represents the intensity of the laser beam. Thus, if the intensity’ of the beam 
is maximum on the axis and decreases radially, and if n2 is positive, then the beam 
would get focused (see Fig. 18.12). This can be qualitatively understood from the 
fact that the velocity (which is inversely proportional to the refractive index) will 
be minimum on the axis, and by simple Huygens’ construction, one can show that 
a plane wave front would become converging. This results in what is known as the 
self-focusing phenomenon. Since a light beam usually suffers diffraction due to the 


>This is indeed the case for a laser beam where one usually has a Gaussian variation of intensity 
along the wave front. 
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Fig. 18.12 Self-focusing of 
the beam occurs when a 
high-power laser beam with 
an intensity distribution 
which decreases away from 
the center passes through a 
medium with a positive value 
of nz 


finite spatial extent of the beam, it is possible to have beams in which the diffraction 
effects are compensated by the focusing generated by the non-linearity. In such a 
case the beam will propagate with no change in the spatial profile and such beams 
are referred to as spatial solitons. Since diffraction effects are governed by the spatial 
dimension of the beam and the non-linear effects are controlled by the intensity of 
the beam, there is a critical power at which the beam (with a characteristic spatial 
intensity profile) will behave as a spatial soliton. 

The same intensity-dependent refractive index generates some very interesting 
effects in the temporal domain. Let us consider a pulse of light such as a Gaussian 
pulse (see Fig. 18.13); the intensity is maximum at the center and falls off on either 
side. Considering the intensity-dependent refractive index, for the center of the 
pulse, the refractive index of the medium will be larger than that for the leading and 
trailing edges of the pulse. Since the speed of propagation depends on the refractive 
index, this would imply that the center of the pulse would travel slower as compared 
to the leading and trailing edges of the pulse. This leads to a crowding of the waves 
toward the trailing edge of the pulse and an opposite effect in the leading edge, 
resulting in a chirping of the pulse, i.e., a pulse with a frequency which changes 


Fig. 18.13. Chirping in an 
optical pulse due to the 
non-linear dependence of the 
refractive index of the 
material of the optical fiber 
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within the duration of the pulse (see Fig. 18.13). It is known from Fourier trans- 
form theory that the spectral width of a chirped pulse is greater than an unchirped 
pulse of the same duration. Thus this non-linearity leads to a spectral broadening of 
the pulse. Since the minimum possible temporal width of a pulse depends inversely 
on the spectral width, the spectrally broadened pulse can be compressed using dis- 
persive elements to a pulse of shorter duration than the incident pulse. This is a 
very important technique for pulse compression. Using optical fibers, the increase 
in spectral width can be extremely large. Thus it is possible to generate spectra from 
400 to 1600 nm starting from a few hundred femtosecond pulse at about 800 nm 
(see Fig. 18.14). This phenomenon is referred to as supercontinuum generation and 
finds wide application in realizing broadband sources for many applications such as 
spectroscopy, characterization, optical clocks (see Nobel Lecture by Hansch at the 
end of the book), etc. 


18.5 Lasers in Chemistry 


Lasers are expected to find important applications in chemistry. Because of the 
extremely large temperatures obtainable at the focus of a laser beam, the laser is an 
excellent tool for triggering chemical and photochemical reactions.® Electric fields 
larger than 10? V/cm are obtainable at the focus; such fields are larger than the fields 
that hold the valence electrons to the atoms. 

Lasers attached to microscopes are used as microprobes in microanalysis. Such 
microanalysis can give information regarding the presence of trace metals in various 
tissues. The technique essentially involves sending a giant pulse to a preselected area 
and vaporizing some of the target material. The vapor so produced may itself emit 
a spectrum of wavelengths or one may pass a discharge through it to produce a 
characteristic spectrum. An analysis of the spectrum gives the presence of various 
elements. 


©The use of lasers in photophysics and photochemistry has been discussed at a popular level by 
Letokhov (1977). 
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It has been demonstrated that molecules that have been excited by an infrared 
laser react faster than the molecules that are in the ground state. The extremely 
high monochromaticity of the laser allows one to selectively excite different bands 
of a molecule and thus leads to the possibility of producing some new chemical 
products. 

With the generation of intense laser pulses lasting for a few picoseconds,’ one 
can now study ultrafast physical and chemical processes. This gives an opportunity 
for understanding the most fundamental processes with unprecedented time reso- 
lution. The technique is essentially to excite the sample with an intense pulse and 
then to study the behavior of a certain characteristic parameter of the sample (e.g., 
absorption or scattering) as a function of the delay time after excitation. Such studies 
have indeed been successfully applied to study various processes such as the redis- 
tribution of light energy absorbed by chlorophyll in the photosynthetic process, to 
observe ultrafast chemical reactions, to obtain the vibrational and rotational decay 
constants of molecules, to study photovisual processes, and others. For a review 
of some of these applications, the reader is referred to the articles by Alfano and 
Shapiro (1975) and Busch and Rentzepis (1976). 

With the availability of laser pulses with durations in the tens of femtoseconds, it 
is possible to observe in real time chemical reactions in which chemical bonds break, 
form, or geometrically change with extreme rapidity involving motion of electrons 
and atomic nuclei. The field of femtochemistry is expected to permit femtosec- 
ond time resolution in the observation of chemical reactions. Today femtochemistry 
finds applications in studies on various types of bonds and addresses increasingly 
complex molecular systems, from diatomics to proteins to DNA, leading to the new 
branch of femtobiology. For a nice review of femtochemistry, readers are referred 
to the excellent article by Zewail (2000). 


18.6 Lasers and Ether Drift 


Lasers have made possible an experiment to test the presence of ether drift with 
an accuracy a thousand times better than could be obtained before. A setup of the 
experiment is shown in Fig. 18.15. The beams from two lasers oscillating at slightly 
different frequencies are combined with a beam splitter and detected by a photo- 
multiplier. The slight difference in frequency between the two lasers produces beats 
at a frequency equal to the difference between the two frequencies. The oscillation 
frequency of the laser depends on the length of the resonant cavity and also on the 
speed of light in the cavity. Thus a rotation of the apparatus must change the fre- 
quency of oscillation of the lasers and hence the beat frequency, if there was any 
ether drift. When the experiment was performed, no change in beat frequency was 
observed. The apparatus was sensitive enough to detect a velocity change as small 
as 0.03 mm/s. 


71 ps= 107? s. 
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18.7 Lasers and Gravitational Waves 


Einstein’s general theory of relativity predicted the existence of gravitational waves 
which are ripples in the fabric of space-time. These waves are very weak (even for 
events such as supernova explosions) and supposed to be produced when massive 
objects accelerate through space. Scientists have been working on using the prin- 
ciples of interferometry to detect the existence of these waves. Gravitational waves 


Fig. 18.16 The LIGO interferometer being built to detect gravitational waves. Squeezed light is 
expected to be used in the interferometer for increasing the sensitivity of the sensor. (Source: Ref. 
http://physicsworld.com/cws/article/news/33755) 
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passing through a Michelson interferometer (with arm lengths of a few kilometers) 
are supposed to stretch one arm and compress the other leading to a change of 
phase of the interference pattern. However the change of length is extremely tiny, 
about 10-!8 m. Thus the expected fringe shift is extremely small and the interfer- 
ometer to detect such effects needs to have very large arm lengths. Figure 18.16 
shows a photograph of The LIGO (Laser Interferometer Gravitational Observatory) 
being built to detect gravitational waves. Current detectors are not sensitive enough 
to measure such small changes. The ultimate sensitivity is determined by quantum 
noise in the detector. We had discussed in Chapter 9 about squeezed states which 
exhibit noise level below that of vacuum state in one quadrature. Such squeezed 
states are expected to enable detection of gravitational waves. Such squeezed light 
is proposed to be produced using non-linear effects in crystals and experiments on 
squeezed light have demonstrated noise levels below the vacuum state. 


18.8 Rotation of the Earth 


Lasers have been used to detect the absolute rotation of the Earth. If light is made to 
rotate in both clockwise and anti-clockwise directions around a square with the help 
of mirrors as shown in Fig. 18.17, then if the square is at rest, the time taken for light 
to travel around the square in both the clockwise and the anti-clockwise directions 
would be the same. But if the square is rotated about an axis which is normal to the 
plane of the square, then the time taken for light to travel along one direction will be 
different from that taken along the other direction. Thus if one could measure this 
difference, one could obtain information about the rotation of the square.® 

An experiment to detect the rotation of the Earth by using such a method with 
ordinary light sources was performed by Sagnac in 1914 and then by Michelson and 
Gale in 1925. With the use of lasers, one can do similar experiments with much more 
precision and sensitivity. The sides of the square are gas discharge tubes containing 
helium and neon. The corners of the square are occupied by mirrors (see Fig. 18.17). 
Light beams traveling along either direction would undergo amplification. Thus one 
would have two beams, one propagating in the clockwise direction and the other in 
the anti-clockwise direction. The frequency of oscillation of the laser would depend 
on the path length along the square. Since the path lengths along the two directions 
are different when the system is rotating in the plane, two different frequencies are 
obtained. By mixing the light beams of the two frequencies, one can detect the beat 
frequency of the beams and hence the rate of rotation of the square. For example, 
at New York (which is at a latitude of 40°40’N) the effective speed of rotation is 
about one-sixth of a degree per minute; this would correspond to a beat frequency 
of 40 Hz. 


8The difference in path length between the two paths is extremely small; thus only a shift of a 
hundred-thousandth of a wavelength would be produced when the square is of side 3 m and is kept 
at a latitude of 40° on the surface of the earth. 
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In the ring interferometer that we have discussed, one can show that the 
phase difference introduced by the counter propagating beams is (see, e.g., 
Post (1967)) 


Ad = —@-A (18.9) 


where @ is the rotation vector and A is the area enclosed by the optical path. 
This phase change is generally too small for direct measurement in the range of 
rotation speeds encountered in inertial navigation. For example, a rotation rate of 
5 x 10-7 rad /s(0.1°/h) over an area of 0.1 m* at 4 = 0.6 um yields a phase shift 
of 7 x 107? rad (~107° of a fringe!). The availability of extremely low-loss, single- 
mode optical fibers makes it possible to increase Ag by three to four orders of 
magnitude by increasing the effective area A by having the light beams propagate 
through a large number of turns of an optical fiber. In addition to this increase in 
area, it is possible to have both the clockwise and counterclockwise beams follow 
identical paths, thus stabilizing the differential path lengths. 

Fiber-optic gyroscope is a very versatile device for measurement of rotation and 
has been in production by many industries in the world. Low-cost fiber-optic gyros 
are also finding applications in vehicles such as cars. 
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18.9 Photon Statistics 


Let us consider an experiment in which a beam of light from a source is allowed to 
fall on a photodetector for a specific time interval T by having a shutter open in front 
of the detector for the time T; one then registers the number of photoelectrons so lib- 
erated. Then the shutter is again opened for an equal time interval T after a certain 
time delay which is longer than the coherence time of the source and the number 
of photoelectrons counted during the interval is again registered. This experiment 
is repeated a large number of times (~ 10°) and the number of photoelectrons pro- 
duced in equal intervals of time is counted. The results of such an experiment give 
one the probability distribution p (n, T) of counting n photons in a time 7. Here it is 
assumed that the light source is stationary, i.e., the long time average of the intensity 
is fixed and independent or the particular long time period chosen for measuring it. 
The above-obtained probability distribution contains information regarding the sta- 
tistical properties of the source, and such studies have applications in spectroscopy, 
stellar interferometry, etc. 

It can be shown that for a polarized thermal source, for counting times T much 
smaller than the coherence time T,, the photoelectron counting distribution p (7) is 
given by” the following formula (see, e.g., Loudon (1973)): 


(n)" 


p(n) = 


where (n) represents the mean number of counts in time 7. Figure 18.18a shows 
typical plots of the above distribution for (x) = 4 and (n)= 10. 


°lt is much beyond the scope of this book to go into the derivation of Eqs. (18.10) and (18.11). 
However, it may be worthwhile to mention that the probability distribution p (n, t, T) of registering 
n photo-electrons by an ideal detector in a time interval ¢ to t + T is given by (see, e.g., Mandel 


(1959)) 

ee (aw)" —aw 
p(n,t,T) = p ——e “"P (w) dw 
0 n! 


where @ is the quantum efficiency of the detector, 
HT 
w= / I(t) dr 
t 


is the integrated light intensity, and P(w) is the probability distribution corresponding to the vari- 
able w. Thus the photoelectron counting distribution given by the above equation depends on the 
particular form of the probability distribution P(w). Now, for a polarized thermal source, it can be 
shown that 

P(w) = (1/(w)) eH) for T<<Ty 


= d5(w—(w)), forT>>Te 
where (w) = T (/) and angular brackets denote averaging. Further, for an ideal laser, the beam 


would not exhibit any intensity fluctuations and P(w) = 6 (w — (w)). On substituting the above 
equations for P(w) in the equation for p (n, t, T), one gets Eqs. (18.10) and (18.11). 
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Fig. 18.18 (a) The probability distribution for the arrival of photons from a thermal source. (b) The 
probability distribution for the arrival of photons from a laser source corresponds to the Poisson 
distribution 


On the other hand, for very large values of T as compared to T¢, all the fluctua- 
tions in the intensity may be expected to be averaged out during the counting period. 
For such a case, the photon counting distribution is given as 


p(n) = we (18.11) 
nN: 


which is a Poisson distribution. 

When the source is an ideal laser, the beam would not exhibit any intensity 
fluctuations and the counting distribution would be again given by Eq. (18.11). 

Figure 18.18b shows the probability distribution given by Eq. (18.11) for (n) = 
4 and 10. As can be observed from the figure, even for a beam of constant intensity 
the fluctuations still exist. 

Experiments on photoelectron counting were first carried out by Arecchi et al. 
(1966a, b), in which they have shown that for a laser operating much beyond thresh- 
old, the counting distribution is indeed Poissonian. The results on the counting 
distribution from a laser source near threshold, from thermal sources and from a 
mixture of a laser and a thermal source, have also been discussed by Arecchi et al. 
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(1966a, b). For further details, the reader is referred to Arecchi (1976), Mandel and 
Wolf (1970), and Mehta (1970). 


18.10 Lasers in Isotope Separation 


A new application of lasers (in particular, tunable lasers), which has been much 
discussed in recent years, is in isotope separation.!° The technique seems to promise 
efficient separation processes that may perhaps revolutionize the economics of the 
separation and the use of isotopes. The major interest in the so-called LIS (laser 
isotope separation) process would be its possibility for large-scale enrichment of 
uranium for use in nuclear power reactors. There are, however, other applications 
for pure isotopes in medicine, science, and technology, if they could be produced 
economically. We shall, in the following, briefly discuss the principle of LIS and 
the variety of options which have been considered and already demonstrated on the 
laboratory scale. 

Isotopes are atoms that have the same number of protons and electrons but which 
differ in the number of neutrons. Since most chemical properties are determined by 
the electrons surrounding the nucleus, the isotopes of an element behave in almost 
indistinguishable ways. Thus one of the common methods of separating an element 
from a mixture (by making use of its chemical properties) becomes cumbersome 
when an isotope is to be separated from a mixture with another isotope of the same 
element. Light elements lying below oxygen in the Periodic Table may be separated 
using repeated chemical extraction. Isotopes of heavier atoms may be separated 
using physical methods. For example, because of the differences in masses of the 
isotopes, they diffuse at different rates through a porous barrier and repeated passage 
through various stages leads to separation of required concentration of the isotope. 

Isotope separation using a laser beam is a fundamentally different technique 
where one makes use of the slight differences in the energy levels of the atoms of the 
isotopes due to the difference in nuclear mass. This difference is termed the isotope 
shift. Thus, one isotope may absorb light of a certain wavelength, while the other 
isotope of the element may not absorb it.!! Since the light emerging from a laser is 
extremely monochromatic, one may shine laser light on a mixture of two isotopes 
and excite the atoms of only one of the isotopes, thus earmarking it for subsequent 
separation. A block diagram of a typical LIS process is shown in Fig. 18.19. It may 
be of interest to note here that the basic physical idea of isotope separation by light 
was conceived more than 70 years ago. The first successful separation of mercury 


'0The material in this section was kindly contributed by Dr. S.V. Lawande of Bhabha Atomic 
Research Centre, Mumbai. 

!1 When an atom absorbs light, it jumps from one energy level to another, the difference in energy 
between the two levels being just equal to the energy of the incident photon. Since the energy levels 
are slightly different for two different isotopes, their absorption properties are also different. The 
isotope shift between hydrogen and deuterium is given as Av / v © 2.7 x 107+. For uranium, the 
isotope shift is given as Av/v = 0.6 x 1074. 
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Fig. 18.19 Block diagram of a typical laser isotope separation process. A laser excites one of the 
isotopes from the isotopic mixture through selective absorption and the excited isotope atoms are 
separated using one of the many techniques 


isotope (*°*Hg) was reported by Zuber (1935), who irradiated a cell containing natu- 
ral mercury vapor with the light from a mercury lamp. Since the invention of tunable 
lasers, it has become possible to revive the interest in photochemical separation 
processes for large-scale isotope separation. 

In addition to the high monochromaticity, the high intensity of the laser is also 
responsible for its application in isotope separation because with low-intensity 
beams the separation rate would be too little for practical use. 

The basic principle behind the laser isotope separation process is to first selec- 
tively excite the atoms of the isotope by irradiating a stream of the atoms by a laser 
beam and then separate the excited atoms from the mixture. Various techniques exist 
for separation. We will discuss a few of them; for more details the reader is referred 
to Zare (1977). 


18.10.1 Separation Using Radiation Pressure 


An interesting method of laser isotope separation is the deflection of free atoms or 
molecules by radiation pressure. A photon of energy hv carries with it a momentum 
of hv / c. When this photon is absorbed by an atom, conservation of momentum 
requires that the atom acquire this momentum. Thus the absorption tends to push 
the atom in the direction of travel of the incident photon. The momentum acquired 
in a single absorption is very small; hence for the atom to gain sufficient momentum, 
it must absorb many photons. This requires that the atoms have a short lifetime in the 
excited state before dropping back to the ground state. It should be noted that every 
time an atom emits a photon, it acquires a momentum equal and opposite to that it 
gained during absorption. Since the emissions occur in all random directions, the 
net effect of many absorptions and emissions is to push the atoms along the laser 
beam. In the present technique, a laser beam is allowed to impinge on an atomic 
beam at right angles (see Fig. 18.20) and the atoms of the isotope (which absorb the 
radiation) are deflected by the laser beam. 

To give some idea of the numbers involved, the velocity resulting from the 
momentum transfer is about 3 cm/s in the case of sodium atoms. After an excitation 
event the atom/molecule remains in the excited state for a certain time t ~ 1078s. 
Thus a sodium atom traveling with a thermal velocity v ~ 10° cm/s through an inter- 
action zone of length 1 cm will be subjected to 10° absorption events and gain a net 
velocity of 3 x 10° cm/s in the direction of the laser beam. The resulting deflection of 
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Fig. 18.20 Separation of isotope by deflection caused by selective absorption. The atomic beam 
emerging from the source is impinged by a laser beam tuned to excite atoms of the isotope to be 
separated. The absorption causes the atoms to acquire a momentum, and by repeated absorption 
they gain enough kinetic energy to get deflected from the main beam 


30 mrad will be sufficient for separating the sodium atom. Such a scheme has been 
used to separate the isotopes of barium (Bernhardt et al. 1974). More sophisticated 
modifications of this scheme which improve the photon economy have also been 
conceived. 


18.10.2 Separation by Selective Photoionization 
or Photodissociation 


The most popular and perhaps universally applicable scheme of isotope separation 
is the two-step photoionization of atoms or the two-step dissociation of molecules 
(Fig. 18.21). The first step causes the selective excitation; this is followed by a sec- 
ond excitation which ionizes the excited atoms or dissociates the excited molecules. 
In the case of atoms the separation can be carried out by extracting the ions by 
means of electric fields. In the case of molecules the dissociation products must be 
separated from the other molecules. This may be carried out directly or by means of 
chemical reactions. It must be mentioned here that the two-step photoionization was 
used to demonstrate the feasibility of LIS for uranium at the Lawrence Livermore 
Laboratory in the USA.!? In this experiment an atomic beam of uranium, gener- 
ated in a furnace at a temperature of about 2100°C, was excited by the light of 
a dye laser (isotope-selective excitation) and then ionized by the light of a high- 
pressure mercury lamp and the 7*>U isotope, which is present in natural uranium in 
a concentration of 0.71%, was enriched to 60%. 


!2Reported in Physics Today 27(9), 17 (1974). 
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The application of two-step excitation of molecules is described in an experiment 
on the separation of the isotopes!* '!°B and !'B. In this experiment, ''BC3 isotope 
was selectively excited by the light of a CO2 laser which emits lines correspond- 
ing to vibrational transitions of !'BC3. The molecules excited in this manner were 
dissociated by light with a wavelength between 2130 and 2150 A. The fragments 
generated by this dissociation, originating mainly from !'BC3, were bound by reac- 
tion with Oo. It was found that with five light pulses of the CO laser radiation, a 
14% isotopic enrichment of a 5-j1g sample could be obtained. 


18.10.3 Photochemical Separation 


Another possible way of separating selectively excited atoms/molecules from those 
in the ground state is by means of a chemical reaction. The reaction must be so 
chosen that it takes place only with atoms or molecules in the excited state but 
not with those in the ground state. The isotope of interest can be separated from the 
other isotopes present by the chemical separation of the reaction products. The basic 
idea is illustrated in Fig. 18.22. An example of a separation using this scheme is the 
enrichment of deuterium using an HF laser (Mayer et al. 1970). Some lines of the 
HF laser coincide with strong transitions of methanol but not with the corresponding 
lines of deuteromethanol. The excitation activates the reaction 


CH30H + Bro — 2HBr + HCOOH 


A one-to-one gas mixture of CH30H + CD30D can be converted under irradia- 
tion for 60 s with a 90-W HF laser in the presence of Br2 into a mixture containing 
95% CD30D. 


!3 Reported in Physics Today 27(9), 17 (1974). 
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Fig. 18.22 Chemical reactions that take place only with excited atoms or molecules may be 
employed for the separation of the excited isotope atoms or molecules 


One of the most important fields in which the laser isotope separation process 
would find application is in the nuclear power industry, which requires uranium 
enriched with the isotope of mass number 235. The present method of enrichment is 
through gaseous diffusion through a number of stages. This process is quite costly; 
the cost of obtaining uranium 235 of 90% purity is about 2.3 cents per milligram 
(Zare 1977). Similarly, the cost of other isotopes of such a concentration is also high. 
In addition to the nuclear power industry, the isotope separation process would also 
help obtain isotopes used as tracers in medicine, agriculture, research, industry, etc. 


Problems 


Problem 18.1 From Eq. (18.5) estimate the velocity of the non-linear polarization at 2m and compare 
with the velocity of the electromagnetic wave at frequency w. 


Problem 18.2 The peak Raman scattering in silica appears at about a frequency shift of 13 THz. If the 
pump wavelength is 1450 nm, at what wavelength would you expect the maximum Raman scattering to 
take place? 


Problem 18.3 The value of nz for pure silica is about 3 x 10 ~20m?/W. Consider a light wave carrying 


a power of 100 mW propagating through an optical fiber in which the mode occupies a transverse area 
of 30 jzm2. Calculate the non-linear change in refractive index. If the light beam propagates through 
1 km of the fiber, then calculate the change in phase of the light beam due to non-linearity. Assume a 
wavelength of 1500 nm and neglect attenuation in the fiber. 


Problem 18.4 Consider a 1-ps pulse at 1500 nm. What is the spectral width of the pulse? If the spectrum 
increases by 50% due to non-linear effects as it propagates in a medium, to what minimum pulse width 
can the output pulse be compressed? 
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Problem 18.5 Consider a fiber-optic gyroscope with 500 m of fiber wound on a coil of radius 10 cm. 
What is the phase difference between the clockwise and anti-clockwise propagating beams for a rotation 
rate corresponding to the earth’s rotation? Assume a wavelength of 633 nm. 


Problem 18.6 Consider a laser beam obeying Poisson statistics and assume that the average number of 
photons is 1. What is the probability of detecting no photons? 


Problem 18.7 What is the change in phase at the output of a 1-km-long fiber when the power is changed 
from 10 1W to 100 mW. Assume the area of the light beam propagating in the fiber to be 50 ym? and 
ny =3x 10-20 m?/w. Neglect fiber loss. 


Chapter 19 
Lasers in Industry 


19.1 Introduction 


In Chapter 10 we discussed the special properties possessed by laser light, namely its 
extreme directionality, its extreme monochromaticity, and the large intensity associ- 
ated with some laser systems. In the present chapter, we briefly discuss the various 
industrial applications of the laser. 

The beam coming out of a laser is usually a few millimeters (or more) in diam- 
eter and hence, for most material processing applications, one must use focusing 
elements (like lenses) to increase the intensity of the beam. The beam from a laser 
has a well-defined wave front, which is either plane or spherical. When such a beam 
passes through a lens, then according to geometrical optics, the beam should get 
focused to a point. In actual practice, however, diffraction effects have to be taken 
into consideration (see Chapter 2), and one can show that if A is the wavelength of 
the laser light, a is the radius of the beam, and fis the focal length of the lens, then 
the incoming beam will get focused into a region of radius (see Fig. 19.1)! 


br ifia (19.1) 


Fig. 19.1. When a plane 
wave of wavelength A falls on 
a lens of radius a, then at the 
focal plane F of the lens, one 
obtains an intensity 
distribution of the type shown 
in the figure. About 84% of 
the total energy is confined 
within a region of radius 
Af/a 


'Here we have assumed that the aperture of the lens is greater than the width of the beam. If the 
converse is true, then a would represent the radius of the aperture of the lens. 
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As can be seen, the dimension of this region? is directly proportional of f and 4 
(the smaller the value of 4, the smaller the size of the focused spot) and inversely 
proportional to the radius a. If P represents the power of the laser beam, then the 
intensity J, obtained at the focused region, would be given as 


a Par 
mb? wh2f? 


~~ 


(19.2) 


Thus if we focus a 1-W laser beam (with A = 1.06 zm and having a beam radius 
of about 1 cm)? by a lens of focal length 2 cm, then the intensity obtained at the 
focused spot would be given as 


1 
1E~ gw cm? 
3.14 x (1.06 x 104 x 2) (19.3) 


=~ 7x 10°W/ cm? 


Figure 10.4 shows the spark created in air at the focus of a 3-MW peak power 
giant pulsed ruby laser. The electric field strengths produced at the focus are of the 
order of 10? V/ m. Note here that such large intensities are produced in an extremely 
small region whose radius is ~ 2 x 10~° m. Further, as can be seen from Eq. (19.2), 
the larger the value of a, the greater the intensity; as such, one often uses a beam 
expander to increase the diameter of the beam; a beam expander usually consists of 
a set of two convex lenses as shown in Fig. 19.2. 


Fig. 19.2 A beam expander 
consisting of two convex 
lenses 


It may be noted that when one produces such small focused laser spots, the beam 
has a large divergence, and hence near the focused region, the beam expands again 
within a very short distance. This distance (which may be defined as the distance 
over which the intensity of the beam drops to some percentage of that at the focus) 
defines the depth of focus. Thus, smaller focused spots lead to a smaller depth of 


2The dimension of the focused region is usually larger than that given by Eq. (19.1) due to the 
multimode emission of the laser. We are also assuming here that the lenses are aberrationless. In 
general, aberrations increase the spot dimension, resulting in lower intensities. 

3The 1.06-1m radiation is emitted from the neodymium-doped YAG or glass laser (see Chapter 
11). 
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focus. This must also be kept in mind while choosing the parameters in a laser 
processing application. 

We now discuss in the next few sections some of the important applications of 
the laser in industry. 


19.2 Applications in Material Processing 


Since laser beams have high power and can be focused to very small areas, they 
can generate very high intensities in the region of focus. The intensity levels at the 
focus can be adjusted by controlling the power and the focused area of the beam. 
This property of lasers is used in many industrial applications. The primary lasers 
used for such applications are the Nd:YAG laser emitting at 1060 nm (infrared) with 
typical powers of 5 kW, carbon dioxide laser emitting at 10.6 jm (far infrared) with 
powers of up to 50 kW, excimer lasers emitting at 157—350 nm (ultraviolet range) 
with powers of up to about 500 W. Depending on the application, both continuous 
wave and pulsed lasers are used. The applications include welding, cutting, hole 
drilling, micromachining, marking, photolithography, etc. 


19.2.1 Laser Welding 


One of the simplest applications is in welding wherein high temperature is required 
to melt and join materials such as steel. High-power lasers have found many impor- 
tant applications in the area of welding. For example, carbon dioxide lasers emitting 
a wavelength of 10.6 1m and with a power of 6 kW of power are used in weld- 
ing of ‘4-in.-thick stainless steel. Lasers are routinely used in the manufacture of 
automobiles. Figure 19.3 shows welding of car parts using a laser. 

Pulsed ruby lasers have also been used in welding. For example, a pulsed ruby 
laser beam having an energy of 5 J with pulse duration of about 5 ns was used in 


Fig. 19.3 Welding of auto 
parts by a high-power laser 
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Fig. 19.4 Welding of parts 
on a transistor; the arrow 
shows the position of the 
weld. (Adapted from 
Gagliano et al. (1969)) 


welding 0.18-mm-thick stainless steel. The weld was made using overlapping spots 
and the laser was pulsed at a rate of 20 pulses/min. The focused spot was about 
1 mm in diameter and the associated power density was ~ 6 x 10° W/cm”. 

Laser welding has found important applications in the fields of electronics and 
microelectronics which require precise welding of very thin wires (as small as 
10 zm) or welding of two thin films together. In this field, the laser offers some 
unique advantages. Thus, because of the extremely short times associated with the 
laser welding process, welding can be done in regions adjacent to heat-sensitive 
areas without affecting these elements. Figure 19.4 shows a weld performed with 
a laser on a transistor unit. Further, welding in otherwise inaccessible areas (like 
inside a glass envelope) can also be done using a laser beam. Figure 19.5 shows 
such an example in which a 0.03-in. wire was welded to a 0.01-in.-thick steel tab 
without breaking the vacuum seal. In laser welding of two wires, one may have an 
effective weld even without the removal of the insulation. 

Laser welds can easily be performed between two dissimilar metals. Thus, a ther- 
mocouple may easily be welded to a substrate without much damage to adjacent 
material. One can indeed simultaneously form the junction and attach the junc- 
tion to the substrate. This method has been used in attaching measuring probes 
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Fig. 19.5 Laser welding in 
inaccessible areas. The 
photograph shows the 
welding of a 0.03-in. wire to a 
0.01-in.-thick steel tab inside 
a vacuum tube without 
breaking the vacuum seal. 
The arrows point toward the 
repaired connections. 
(Adapted from Weaver 
(1971); photograph courtesy: 
Dr. Weaver) 


to transistors, turbine blades, etc. Laser weld not only achieves welding between 
dissimilar metals but also allows precise location of the weld. 

In welding, material is added to join the two components. Thus the laser power 
must not be too high to evaporate the material; removal of material leads, in general, 
to bad welds. Thus the laser used in welding processes must have a high average 
power rather than high peak power. The neodymium: YAG lasers and carbon diox- 
ide lasers are two important kinds of lasers that find wide-ranging applications in 
welding. 


19.2.2 Hole Drilling 


Drilling of holes in various substances is another interesting application of the laser.* 
For example, a laser pulse having a pulse width of about one hundredth of a second 
and an energy of approximately 0.05 J can burn through a 1-mm-thick steel plate 


“In the early 1960s, the power of a focused laser beam was measured by the number of razor blades 
that the beam could burn through simultaneously, the “Gillette” being the unit of measurement of 
power per blade burnt through. 
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Fig. 19.6 Hole drilled ina 
1-mm-thick stainless steel 
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leaving behind a hole of radius about 0.1 mm. Further, one can use a laser beam for 
the drilling of diamond dies used for drawing wires. Drilling holes less than about 
250 1m in diameter by using metal bits becomes very difficult and is also accompa- 
nied by frequent breakage of drill bits. With laser one can easily drill holes as small 
as 10 wm through the hardest of substances. Figure 19.6 shows a typical laser-drilled 
hole in a 1-mm-thick stainless steel. The Swiss watch industry in Europe has been 
using flash-pumped neodymium: YAG laser to drill ruby stones used in timepieces. 
In addition to the absence of problems like drill breakage, laser hole drilling has the 
advantage of precise location of the hole. 

Figure 19.7 shows drilling through a piece of rock using an Nd:YAG laser emit- 
ting at 1.06 zm. Laser drilling can indeed reduce drilling time by more than a factor 
of 10 and hence reduce cost dramatically in oil exploration applications. Typical 
drilling speed of 1 cm/s is possible by using different types of lasers. 

Due to the extremely small areas to which the laser beams can be focused, they 
are used in the area of micromachining. Figure 19.8 shows how it is possible to 
write on a human hair using lasers. Lasers are also being used in the removal of 
microscopic quantities of material from balance wheels while in motion. They have 
also been used in trimming resistors to accuracies of 0.1%. Such micromachining 
processes find widespread use in semiconductor circuit processing. The advantages 
offered by a system employing lasers for such purposes include the small size of the 
focused image with a precise control of energy, the absence of any contamination, 
accuracy of positioning, and ease of automation. 


19.2.3 Laser Cutting 


Lasers also find application in cutting materials. The most common laser that is used 
in cutting processes is the carbon dioxide laser due to its high output power. 
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Fig. 19.7 Drilling through a 
piece of rock using laser. 
(Adapted from Ref. 
http://www.ne.anl.gov/facilities/ 
lal/laser_drilling.html) 


Fig. 19.8 Micromachining in 
a piece of hair using a laser. 
(Adapted from Lambda 
Physik, Germany) 


In the cutting process, one essentially removes the materials along the cut. When 
cuts are obtained using pulsed lasers, then the repetition frequency of the pulse and 
the motion of the laser across the material are adjusted so that a series of partially 
overlapping holes are produced. The width of the cut should be as small as possible 
with due allowance to avoid any rewelding of the cut material. The efficiency of 
laser cutting can be increased by making use of a gas jet coaxial with the laser (see 
Fig. 19.9). In some cases one uses a highly reactive gas like oxygen so that when the 
laser heats up the material, it interacts with the gas and gets burnt. The gas jet also 
helps in expelling molten materials. Such a method has been used to cut materials 
like stainless steel, low-carbon steel, and titanium. For example, a 0.13-cm-thick 
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Fig. 19.9 Cutting using a Laser beam 
focused laser spot 
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Fig. 19.10 Use of carbon 
dioxide laser to cut wood. 
(Photograph courtesy: 
Ferranti Ltd.) 


stainless steel plate was cut at the rate of 0.8 m/min using a 190-W carbon dioxide 
laser using oxygen jet. 

In some methods, one uses inert gasses (like nitrogen or argon) in place of oxy- 
gen. Such a gas jet helps in expelling molten materials. Such a technique would be 
very efficient with materials which absorb most radiation at the laser wavelength. 
Wood, paper, plastic, etc. have been cut using such a method. A gas jet-assisted CO2 
laser can be used for obtaining parallel cuts of up to 50 mm depth in wood prod- 
ucts. At the cut edges, carbonization occurs, but it is usually limited to a small depth 
(about a few tens of micrometers) of the material. This causes a discoloration only 
and can be decreased by increasing the cutting speed. Figure 19.10 shows how a 
carbon dioxide laser is used (with a gas jet) in cutting wood. Laser cutting of stain- 
less steel, nickel alloys, and other metals finds widespread application in the aircraft 
and automobile industries. 
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19.2.4 Other Applications 


Lasers also find applications in vaporizing materials for subsequent deposition on 
a substrate. Some unique advantages offered by the laser in such a scheme include 
the fact that no contamination occurs, some preselected areas of the source material 
may be evaporated, and the evaporant may be located very close to the substrate. 

An interesting application of laser is in the opening of oysters. A laser beam 
is focused on that point on the shell where the muscle is attached. This results in 
detachment of the muscle, the opening of the shell, and leaving the raw oyster alive 
in the half shell (see Fig. 19.11). 


Fig. 19.11 The photograph 
shows an oyster opened with 
a CO? laser, which neatly 
detaches adductor muscle 
from the shell and leaves the 
raw oyster alive in the half 
shell. (Photograph courtesy: 
Professor Gurbax Singh of 
the University of Maryland) 


19.3 Laser Tracking 


By tracking we imply either determining the trajectory of a moving object like an 
aircraft or a rocket, or determining the daily positions of a heavenly object (like the 
Moon) or an artificial satellite; a nice review on laser tracking systems has been 
given by Lehr (1974). The basic principle of laser tracking is essentially the same 
as that used in microwave radar systems. In this technique, one usually measures 
the time taken to travel to and fro for a sharp laser pulse sent by the observer to be 
reflected by the object and received back by the observer (see Fig. 19.12); suitably 
modulated continuous wave (CW) lasers can also be used for tracking. 

One of the main advantages of a laser tracking system over a microwave radar 
system is the fact that not only a laser tracking system has a smaller size but also 
its cost is usually much less. Further, in many cases one can use a retroreflector on 
the object; in a retroreflector, the incident and reflected rays are parallel and travel 
in opposite directions. A cube corner is often used to act as a retroreflector (see 
Fig. 19.13). For example, on the surface of the moon, or on a satellite, one can have 
a retroreflector to reflect back the incident radiation. For a laser tracking system, the 
size of the retroreflector is much smaller than the corresponding microwave reflector 
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Fig. 19.12 Light detection 
and ranging (LIDAR) 
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Fig. 19.13 Cube corner as a 
retroreflector 


owing to the smaller wavelength of the optical beam and hence the reflector can be 
more conveniently mounted in the system involving lasers. 

In a microwave radar system, one has to incorporate corrections because of the 
presence of the ionosphere and also because of the presence of water vapor in the 
troposphere. These corrections are much easier to incorporate in the case of an opti- 
cal beam. As compared to a microwave radar system, the laser radar offers much 
higher spatial resolution. 

On the other hand, there are some disadvantages in using a laser tracking sys- 
tem. For example, when fog and snow are present in the atmosphere, it is extremely 
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Table 19.1 Characteristics of pulsed lasers used in tracking systems 


Pulse Pulse Spectral 
Wavelength Efficiency duration repetition width 
Type (wm) (%) Energy (J) — (ns) rate (nm) 
Nd:YAG 1.06 0.1 0.02 10-25 100s"! 0.5 
GaAs 0.9 4 104 100 100 s 2 
Ruby 0.694 0.013 7 3 20 min“! 0.04 
Nd:glass 0.530 0.04 20 20 12h! 0.9 


Source: Adapted from Lehr (1974) 


Table 19.2 Typical ranges and velocities 


Object Distance (m) Angular velocity (arcsec/s) 
Moon 3.8 x 108 14.5 
Near-Earth satellite 10° 10° 
Aircraft (DC-10) 2x 10+ 500 
Rocket (at launch) 5 x 103 10° 


Source: Adapted from Lehr (1974) 


difficult to work at optical frequencies. Further, during daytime there is a large back- 
ground noise. The losses in the transmitter and the receiver are also considerably 
larger in laser systems. 

In Table 19.1 we have tabulated some of the typical lasers that have been used 
in tracking systems. Typical ranges and velocities of various objects measured by a 
laser tracking system are tabulated in Table 19.2. One can see that the distance that 
can be covered range from 5000 m to hundreds of megameters. 

The transmitter which is pointed toward the object may simply consist of a beam 
expander as shown in Fig. 19.2. For tracking a moving object, both the laser and 
the telescope may be moved. One could alternatively fix the laser and bend the 
laser beam by means of mirrors. There are other ways of directing the laser beam 
toward the object; for further details, the reader is referred to the review article by 
Lehr (1974) and the references therein. The receiver which is also pointed toward 
the object may consist of a reflector or a combination of mirrors and lenses. The 
detector may simply be a photomultiplier. 

Figure 19.14 gives a block diagram of a laser radar system for tracking of a satel- 
lite. A portion of the pulse that is sent is collected and is made to start an electronic 
counter. The counter stops counting as soon as the reflected pulse is received back. 
The counter may be directly calibrated in units of distance. 

National Aeronautics and Space Administration, USA, had launched an alu- 
minum sphere called the Laser Geodynamic Satellite (LAGEOS) into orbit at an 
altitude of 5800 km for studying the movements in the Earth’s surface, which would 
be of great help in predicting earthquakes. Figure 19.15 shows the satellite, which 
is 60 cm in diameter, weighs 411 kg, and has 426 retroreflectors which return the 
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Fig. 19.14 Block diagram of Black scattered light 
a typical pulsed LIDAR 
system 


Receiver 


Transmitter 


Linear response 


Beam splitter photodetector 


en 


Oscillator 


Laser i 


Fig. 19.15 The Laser Geodynamic Satellite (LAGEOS) put into orbit by the National Aeronautics 
and Space Administration, USA, for measuring minute movements of the Earth’s crust, which 
would be helpful in predicting earthquakes. The satellite is 60 cm in diameter, weighs 411 kg, and 
is studded with 426 retroreflectors, which return the incident laser pulses to their origin on the 
surface of the Earth. Minute movements of the Earth’s crust are detected by measuring the flight 
time of a light pulse to the satellite and back. (Photograph courtesy: United States Information 
Services, New Delhi) 


laser pulses exactly back to the point of origin on the Earth. Accurate measurements 
of the time of flight of laser pulses to the satellite and back should help scientists 
in measuring minute movements of the Earth’s crust. Figure 19.16 shows scientists 
performing the prelaunch testing of the satellite. 
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Fig. 19.16 LAGEOS 
undergoing prelaunch testing 
in the laboratory. (Photograph 
courtesy: United States 
Information Service, New 
Delhi) 


19.4 Lidar 


Laser systems have also been used for monitoring the environment. Such systems 
are called LIDARs (acronym for light detection and ranging) and they essentially 
study the laser beam scattered from the atmosphere. It may be mentioned that studies 
of the atmosphere using an optical beam had been carried out even before the advent 
of the laser; for example, using a searchlight, Hulbert in 1937 studied atmospheric 
turbidity to a height of 28 km. The arrival of the laser on the scene revolutionized 
the atmospheric study using coherent laser beams. 

Pulses of laser light are sent and the radiation that is scattered by various parti- 
cles present in the atmosphere is picked up by the receiver. The background sunlight 
is removed by using filters. This scattered light gives information regarding the 
particles present in the atmosphere with a sensitivity that is much more than that 
obtainable from microwave radars. 

In Fig. 19.14 we have given a block diagram of a pulsed LIDAR system to study 
the nature of aerosols present in the atmosphere. One usually measures the time 
dependence of the intensity of the backscattered laser light using a photodetector. 
The time variation can be easily converted into the height from which the laser beam 
has been backscattered. A typical time dependence of the backscattered laser radi- 
ance is plotted in Fig. 19.17a which corresponds to an atmosphere which has no 
aerosols, i.e., the backscattering is by pure molecular gases such as No, O2, and 
Ar. On the other hand, if the atmosphere contained aerosols, then the time depen- 
dence of the backscattered laser radiance would of the form shown in Fig. 19.17b. 
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Fig. 19.17 Backscattered 
radiation from (a) a clear 
atmosphere and (b) 
atmosphere containing 
aerosols 
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Note the kinks that appear in the curve at the points marked X and Y; these are 
due to the fact that between the heights 4; and h2 there are aerosols which are 
responsible for a greater intensity (compared to that for a clear atmosphere) of the 
backscattered laser light. Thus a curve like that shown in Fig. 19.17b implies a 
haze which exists between the heights 4; and hz. It may be seen that corresponding 
to the heights hz the intensity is roughly the same as that from a pure molecu- 
lar atmosphere. Thus, beyond the height 42, one does not expect the presence of 
any aerosols. With the LIDAR one can also study the concentrations and sizes of 
various particles present in the atmosphere, which are of extreme importance in pol- 
lution studies. Small particles are difficult to detect with the microwave radar; the 
microwave radar can detect the presence of rain, hail, or snow in the atmosphere. 
This difference arises essentially due to the larger amount of scattering that occurs 
at optical wavelengths. In addition, a LIDAR can also be used to study the visibility 
of the atmosphere, the diffusion of particulate materials (or gases released at a point) 
in the atmosphere, and also the presence of clouds, fog, etc.; the study of turbulence 
and winds and the probing of the stratosphere have also been carried out by LIDAR 
systems. For further details on the use of laser systems for monitoring the environ- 
ment, the reader is referred to the review article by Hall (1974) and the references 
therein. 
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Perhaps the most important use of lasers in the field of medicine is in eye surgery. 
Hundreds of successful eye operations have already been performed using lasers. 
The tremendous use of the laser in eye surgery is primarily due to the fact that 
the outer transparent regions of the eye allow light at suitable wavelengths to pass 
through for subsequent absorption by the tissues at the back of the eye. 

As is well known, the eye is roughly spherical and consists of an outer transparent 
wall called the cornea, which is followed by the iris (which can adjust its opening 
to control the amount of light entering the eye), and a lens. Between the cornea and 
the lens is the aqueous humor. The back part of the eye contains the light-sensitive 
element, namely the retina. Light falling on the eye is focused by the lens on the 
retina, and the photosensitive pigment-containing cells present in the retina convert 
the light energy into electrical signals, which are carried by the optic nerve to the 
brain, resulting in the process of seeing. 

As a result of some disease or heavy impact, the retinal layer may get detached 
from the underlying tissue, creating a partial blindness in the affected area. Earlier, a 
xenon arc lamp was used for welding together the detached portion of the retina. But 
the long exposure times of this source required administering anesthesia for safety. 
Also it cannot be focused sharply. The unique advantages of using a laser beam for 
welding a detached retina are that since it can be focused to an extremely small 
spot, precise location of the weld can be made and also the welds are much smaller 
in size. The spot size of a typical xenon arc beam on the retina when focused by 
the eye lens is about 500—1000 jm in diameter; this is much larger than the typical 
diameter (about 50 j1m) obtainable using a laser beam. The time involved in laser 
beam welding is so short that the eye does not need any clamping. Pulses of light 
from a ruby laser lasting for about 300 \1s at levels below 1 J are used for retinal 
attachment. 

Lasers are also expected to be used extensively in the treatment of cancer. In 
an experiment reported in the USSR, amelanotic melanoma was inculcated from 
human beings on nine animals. These animals were irradiated with a ruby laser 
beam and it was reported that within 1 month the tumors completely disappeared. 
The power associated with the ruby laser beam was about 100 MW with a total 
energy of about 200 J. Successful skin cancer treatment with lasers has also been 
reported on human beings. 

Lasers can also be used for correction of focusing defects of the eye. In the 
method referred to as LASIK (/aser in situ keratomileusis), the cornea of the eye 
can be crafted to adjust the curvature so that the focusing by the eye lens takes place 
on the retina (see Fig. 19.18). This method can correct for eye defects requiring high 
lens powers and is a very popular technique. 

It is impossible to list all the applications of lasers in the field of medicine. 
Extensive use of lasers is anticipated in surgery, dentistry, and dermatology. For 
further details and other applications of lasers in medicine, the reader is referred to 
the recent article by Peng et al. (2008). 
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Fig. 19.18 Application of lasers in LASIK 


19.6 Precision Length Measurement 


The large coherence length and high output intensity coupled with a low diver- 
gence enables the laser to find applications in precision length measurements using 
interferometric techniques. The method essentially consists of dividing the beam 
from the laser by a beam splitter into two portions and then making them interfere 
after traversing two different paths (see Fig. 19.19). One of the beams emerging 
from the beam splitter is reflected by a fixed reflector and the other usually by a 
retroreflector? mounted on the surface whose position is to be monitored. The two 
reflected beams interfere to produce either constructive or destructive interference. 
Thus, as the reflecting surface is moved, one would obtain alternatively constructive 
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5As mentioned earlier, a retroreflector reflects an incident beam in a direction exactly opposite 
to that of an incident beam (see Fig. 19.11), and it is characterized by the property that minor 
misalignments of the moving surface do not cause any significant errors. 
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and destructive interferences, which can be detected with the help of a photodetec- 
tor. Since the change from a constructive to a destructive interference corresponds to 
a change of a distance of half a wavelength, one can measure the distance traversed 
by the surface on which the reflector is mounted by counting the number of fringes 
which have crossed the photodetector. Accuracies up to 0.1 {1m can be obtained by 
using such a technique. 

This technique is being used for accurate positioning of aircraft components on 
a machine tool, for calibration and testing of machine tools, for comparison with 
standards, and many other precision measurements; for further details, see, e.g., 
Harry (1974), Chapter 5 and the references therein. The conventional cadmium light 
source can be used only over path differences of about 20 cm. With the laser one 
can make very accurate measurements over very long distances because of the large 
coherence length. The most common type of laser used in such applications is the 
helium laser and since the distance measurement is being made in terms of wave- 
length, in these measurements, a high wavelength stability of the laser output must 
be maintained. 


19.7 Laser Interferometry and Speckle Metrology 


The phenomenon of interference, which was briefly discussed in Chapter 2, is a 
widely used technique for many extremely accurate measurements in science, tech- 
nology and engineering. The field which uses interference phenomena for such 
measurements is referred to as interferometry. To achieve interference between two 
beams of light, an interferometer divides a light beam into two or more parts, which 
are made to travel different paths after which they are united to produce an inter- 
ference pattern. The interference pattern exhibits the effect of the paths travelled 
by the beams. Since the wavelength of light is very small (~ 500 nm), interference 
principles are capable of resolving changes in distance to the order of a few tens of 
nanometers. 

As discussed in Chapter 2, good interference between waves requires the waves 
to be coherent and before the advent of the laser, such spatially and temporally 
coherent sources were realized by using a pinhole to have a point source leading 
to spatial coherence and a wavelength filter to achieve temporal coherence (see 
Chapter 10 for a detailed discussion on coherence). This led to a drastic reduc- 
tion in the intensity of the light that is available for the interference phenomena. 
The appearance of the laser provided interferometry with an intense spatially and 
temporally coherent source and laser interferometry has become a very important 
tool in the hands of the scientists and engineers for measurement purposes. Laser 
interferometers are used for high-precision measurements from a few nanometers to 
about 100 m for measuring distances, angles, flatness, straightness, velocity, accel- 
eration, vibrations, etc. Accurate measurement of displacement is very crucial in 
many industries such as machine tool industries. Some of the highest demands for 
accurate measurement come from integrated circuit manufacturing industries where 
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interferometers are used to control wafer steppers. Some of the more common lasers 
that are used in interferometry are the He-Ne laser, Argon ion laser, Nd: YAG laser, 
and diode laser. Among these, diode lasers are the most compact with low power 
consumption and are available over a very broad range of wavelengths. They are 
also tunable over a limited wavelength range. The beam from a diode laser is usu- 
ally highly divergent and does not have a circular cross section. Additional optics is 
usually used to produce a collimated beam. 

In Chapter 18 we also discussed about applications of laser in the detection of 
gravitational waves. Here we shall discuss some applications of laser interferome- 
try in detection of small displacements and vibrations. In Section 19.7.4 we shall 
discuss speckle metrology which has very important applications. 


19.7.1 Homodyne and Heterodyne Interferometry 


One of the most common interferometers used in laser interferometry is the 
Michelson interferometer arrangement shown in Fig. 19.20. Beam from a light 
source, here a laser, is directed toward a beam splitter which reflects half the incident 
light toward a fixed mirror and reflects the other half toward a movable mirror (see 
Fig. 19.20). The returning beams interfere after getting transmitted and reflected at 
the beam splitter. The intensity in the transmitted arm of the interferometer changes 
with the displacement of the mirror through the following expression: 


Id) =f +h +2hhcos(2Qrd/i) (19.4) 
where J; and J, are the intensities of the beams returning via paths | and 2, respec- 


tively, the last term is the interference term and 2d is the path difference between 
the two arms. As d changes, the intensity received in the transmitted arm changes. 
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Fig. 19.20 A schematic of the Michelson interferometer setup 
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Fig. 19.21 The fringe signal 
from the detector when the 
mirror is moved. For every 
movement by one half 
wavelength of the mirror, the 
intensity goes through one 
cycle. (Source: Teach Spin) 
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A change of d by half a wavelength would cause the intensity to go over one full 
period of interference (see Fig. 19.21). Thus a precise measurement of the intensity 
change can lead to precise measurement of the change in d. 

Movement of the mirror by half a wavelength changes the phase of the interfer- 
ing beams by one full wavelength resulting in passage through a full interference 
fringe. Thus starting from a minimum position, moving of the mirror by one half 
wavelength passes the interference to go from this minimum to the next minimum. 
Since a laser has a large coherence length, a measurement such as this can be made 
over a large distance and due to the monochromaticity, the measurements are very 
accurate. The intensity measurements are usually carried out by photodetectors to 
obtain an electronic signal for further processing. Although the principle looks very 
simple, there are many possible errors that can contribute to an inaccuracy in the 
measurement. For example, the laser wavelength needs to be known precisely and 
should not vary during the measurement, there could be problems due to varying 
atmospheric conditions etc. As an example it may be noted that a change of temper- 
ature of air by 1°C or pressure by 2.5 mmHg or 80% change in humidity will cause 
an error of one part in a million. 

In the above discussion, the laser is assumed to emit a single wavelength; thus 
the two interfering beams have the same frequency and the output intensity remains 
constant as long as the mirrors are stationary. This is also referred to as homodyne 
interferometry. In contrast, in heterodyne interferometry, the laser is made to emit 
two closely lying wavelengths or frequencies. The two frequencies from the laser 
can be generated, for example, using an acousto-optic modulator or by using exter- 
nal fields such as magnetic field across a He-Ne laser tube which creates two closely 
lying energy levels via the Zeeman effect. Using the Zeeman effect a maximum 
frequency difference of about 4 MHz can be generated, while using acousto-optic 
modulators, it is possible to generate frequency shits of 20 MHz or more. In such 
an interferometer instead of a polarization-independent beam splitter, one uses a 
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Fig. 19.22 A schematic of { 
the laser heterodyne 
interferometer 
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polarizing beam splitter (see Fig. 19.22). Assuming that the two frequencies f; and 
j2 are in orthogonal linear polarization states, light at these frequencies incident 
on the polarizing beam splitter splits and takes two different paths. In the interfer- 
ometer, a part of the light emitted by the laser is reflected to a photodetector and 
mixed producing a current that is modulated at the beat frequency f|—f/2. The beams 
reflected by the mirror in the reference arm and the mirror in the measurement arm 
return to the beam splitter and are made to interfere in another photodetector. When 
both the mirrors are stationary, the beat frequency measured is f;—/2. When the mov- 
able mirror on which the wave at frequency f2 is incident, moves, the reflected wave 
undergoes Doppler shift and thus the frequency that mixes with the other wave 
changes from f2 to fo + Af or f2a—Af depending on the direction of motion of the 
mirror; here the Af term is due to the Doppler shift. This signal is then electroni- 
cally “compared” with the reference signal f|-f2. A phase detector is then used to 
measure the phase between the reference and the measured signals, which is used to 
get precise information on the position and velocity of the movable interferometer 
arm. 
If the mirror moves with a velocity v, then the Doppler shift Afis given as 


_ 2vfo 
7 c 


Af (19.5) 
where c is the velocity of light in free space. The change of phase of the signal for a 
movement between times ¢; and f2 is given as 


t 
; mfr 
y= | 2xafdr= Al (19.6) 
Cc 


t 
where A/ is the distance moved by the movable mirror. The displacement is obtained 


by a measurement of the difference in phase between the reference beat signal and 
the measured signal. 
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A few aspects of the heterodyne interferometer make it superior to the homodyne 
interferometer. Since the displacement information is carried on an ac signal rather 
than a dc signal, it is less sensitive to laser power fluctuations and other noise-like 
ambient light, etc. It also requires only a single detector; however it requires a very 
highly stable dual-frequency laser source and the signal processing is also more 
complex. 


19.7.2 Holographic Interferometry 


In an earlier chapter we had discussed the basic principles of holography. Here we 
outline a very important application of holography, namely holographic interfer- 
ometry. The technique of holographic interferometry was first discovered in 1965 
and ever since has been widely used for many applications. Here we discuss in 
brief the following: double-exposure interferometry, real-time interferometry, and 
time-average interferometry. 


19.7.2.1 Double-Exposure Interferometry 


This technique is used to determine minute deformations (in the scale of wavelength 
of light) in an object from which information on the quality of the object can be 
obtained. Due to the basic nature of the holographic principle, rough surfaces can be 
studied with interferometric precision. The object is holographically recorded twice 
on the same photosensitive device, once before and once after introducing deforma- 
tion in the object. As discussed in Chapter 15, the hologram reconstructs the two 
object waves simultaneously and since the object has had distortions between the 
two exposures, the two reconstructions are not identical, leading to an interference 
between the two waves. The resulting interference pattern contains information on 
the deformation of the object. 

In order to analyze this, let the object wave emerging before the deformation be 
represented by O(x,y) and the object wave after the deformation be represented by 
O’ (x,y). If the deformation is small and if we assume that it leads only to changes in 
phase, then we can write 


O'(x, y) = O(x, y) exp(—ip(, y)) (19.7) 


where $(x,y) is the change of phase due to the deformation. During the reconstruc- 
tion after double exposure, the object waves O(x,y) and O’(x,y) are simultaneously 
generated and what we observe is the interference between the two waves. This 
leads to an intensity distribution given as 


I(x, y) = K(O(w, y) + O'(%, y))* = 2 K(O(x, y))° 1 + cos G(x, y)) (19.8) 


where K is a constant. The term within the brackets on the right-hand side describes 
the interference pattern that would be observed superimposed on the object intensity 
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Fig. 19.23 Double-exposure 
interferogram of a tire; the 
two exposures correspond 

to different levels of air 
filling. (Source: Ref. 
www.holophile.com/ 
history.htm) 


pattern defined by (O(x, y))*. The fringes will have the shape given by the curves 
y(x, y) = constant. 

This principle of double-exposure holographic interferometry is used in non- 
destructive testing of objects. Thus if the deformation corresponds to application 
of stress on the object or change of temperature between the two exposures, then 
the fringe pattern will be a direct indication of the deformation caused in the object 
due to the applied stress or the temperature change. Defects in the object become 
immediately visible due to the strain being different at points where the defect is 
present in the object as compared to other regions of the object. Figure 19.23 shows 
a typical example of a double-exposure interferogram showing clearly the fringes 
formed due to distortion of the object. The contours of the fringes clearly indicate 
the strain contours of the object. 


19.7.2.2 Real-Time Interferometry 


This is similar to double-exposure interferometry, except that the hologram is 
recorded only once and is placed exactly at the same position and illuminated with 
the reconstruction wave. Thus the hologram produces the object wave at the time 
of recording. Now any distortion in the object generates an object wave which will 
interfere with the reconstructed object wave to produce interference fringes. If the 
distortions vary with time, the interference pattern will vary with time, thus helping 
visualization of time variation of distortion of the object. 


19.7.2.3 Time-Average Interferometry 


This technique is used in the case of steady-state vibration problems. The technique 
gives information on the vibration modes, amplitude distribution, etc. Consider an 
object which is vibrating in one of its normal modes. If the period of vibration is 
much shorter than the recording time, then the recording is an overlap of several 
recordings. Thus when the hologram is reconstructed, the wave fronts stored in the 
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hologram corresponding to various positions of the object are reconstructed and they 
form an interference pattern. 

Let the vibration of the object be described as A cos wt. If we assume that the 
vibrations are of small amplitude, as the object vibrates, only the phase of the object 
wave can be assumed to change and if w is the frequency of vibration, we can assume 
that the phase of the object wave changes according to the following equation: 


A = Fcosat (19.9) 


where F is the maximum value of the phase change due to the vibration. If the 
recording time is large compared to the time period of vibration, then the holo- 
gram records a continuous distribution of images of the object corresponding to one 
cycle of vibration. During reconstruction, the total object wave reconstructed will 
be the sum of all the object waves recorded during the recording process. Hence the 
reconstruction process generates a reconstructed wave with an intensity given as 


2 
f=] ( / elif a) = nJé(F) (19.10) 


where Jp is a constant corresponding to the reconstruction when the object is sta- 
tionary (F = 0) and Jo is the Bessel function of first kind of order zero. Thus the 
intensity distribution in the reconstruction corresponds to the object image modu- 
lated by the Bessel function term. The brightest image point corresponds to F = 0, 
which corresponds to the nodal point of the vibration pattern. Zeroes of the Bessel 
function correspond to dark fringes and subsequent maxima of the Bessel function 
Jo correspond to bright fringes. The fringe pattern gives the vibration pattern of the 
object (see Fig. 19.24). Knowing the positions of maxima and minima of the Bessel 
function, it is possible to analyze the vibration characteristics of the object. 


19.7.3 Laser Interferometry Lithography 


In recent years, laser interferometry has been used for nanolithography to pro- 
duce periodic and quasi-periodic nanostructures for various applications. In this a 
periodic interference pattern is produced using two, three, or four laser beams prop- 
agating in appropriate directions. The periodic interference pattern is produced on 
photoresist and the pattern produced on the photoresist is then transferred using 
conventional photolithographic techniques to the underlying layer. Another recent 
technique involves using high-power laser beams for interference and directly writ- 
ing the pattern into recording materials to produce nanostructured surfaces and 
devices. The advantages of this technique vis-a-vis other lithography techniques 
such as electron beam lithography is its high efficiency and the lower cost. 

If we assume AN laser beams propagating in different directions and interfering, 
then the electric field distribution in the interference pattern is given as 
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Fig. 19.24 Time-average 

holograms of a vibrating : 
guitar. (Adapted from Jansson 

(1969)) 
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E= )) An exp(wt — kyr + on) (19.11) 


where Ay is the amplitude, ¢, the phase, and k, the corresponding propagation 
vector of the nth beam. By choosing appropriate values of the various param- 
eters, it is possible to generate various interference patterns which can then be 
transferred to the material. Lasers used for this purpose should have an appro- 
priate wavelength, high degree of spatial and temporal coherences, and enough 
power. Typical lasers used for this include excimer lasers and solid-state lasers. 
The lasers may require beam shaping before interfering in order to achieve a good 
uniform interference pattern. Since the fringe width in interference depends on the 
wavelength, the smaller the wavelength, the smaller the fringe width; short wave- 
length lasers are interesting to generate finer features. Thus using 157- or 193-nm 
UV lasers, pattern sizes of about 50 nm are possible. Figure 19.25 shows a typ- 
ical pattern on silicon surface obtained by using direct writing laser interference 
lithography. 


19.7.4 Speckle Metrology 


The granular pattern that is observed when a highly coherent beam of light such as 
the output from a laser undergoes diffuse reflection from a rough surface is referred 


19.7 Laser Interferometry and Speckle Metrology 495 


X.nm 

Point 1:0.59 
Point 2: 0.88 
Diff: 0.40 


Fig. 19.25 Nanolithography using interference among various laser beams 


Fig. 19.26 An arrangement 
to see speckles. When a 
coherent beam from a laser 
illuminates a rough surface, a 
speckle pattern is seen on a 
screen placed in front 


to as laser speckle. When a rough surface is illuminated by coherent light, then light 
gets scattered from different points and the light reaching any point on a screen 
consists of these various scattered waves (see Fig. 19.26). Due to the nature of the 
surface, the phases of the various waves reaching the given point on the screen may 
lie anywhere between 0 and z. When waves with these random phases are added, 
the resultant could lie anywhere between a maximum and a minimum value. At a 
nearby point, the waves may add to generate a different intensity value. In such 
a circumstance, what we observe on the screen is a speckle pattern; Figure 19.27 
shows a typical speckle pattern observed on a screen. The mean speckle diameter is 
approximately given as 


AL 
$2 1.22-— (19.12) 
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Fig. 19.27 A typical speckle 
pattern as observed on a 
screen 


where A is the wavelength of illumination, L is the distance between the screen and 
the rough surface, and d is the diameter of region of illumination of the object. Thus 
if we assume d = 2 cm, A = 500 nm, and L = 1 m, we obtain s ~ 30 um. 

Figure 19.28 shows another geometry where speckles are observed; this corre- 
sponds to an imaging geometry. In this case, the imaging system images each point 
on the object into a diffraction spot and the random interference among the various 
diffraction images leads to a speckle pattern. In this case the mean speckle diameter 
is approximately given by the following relation: 


s*1.22AF(0 + M) (19.13) 


Fig. 19.28 An imaging 
geometry in which a lens 
images the rough surface. 
Interference among the 
various diffraction spots gives 
rise to speckles 
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Fig. 19.29 The size of eat 
speckles depends on the ¢ Ue 
aperture size. The upper 45 one 
figure corresponds to a larger cs Le ody 


aperture than the lower figure. 
(Source: Bates et al. (1986)) 


where F is the F number of the lens (focal length divided by diameter of the lens) 
and M is the magnification. 

As an example if we are observing a rough surface and if we assume a pupil 
diameter of 4 mm, then we have an F number of 6 (assuming an eye lens having a 
focal length of 24 mm). If the object is at a distance of 25 cm from the eye, then we 
can assume M << | and we obtain for the approximate size of the speckle as formed 
on the retina as s ~ 3.6 pm. Note that the size of the observed speckles depends on 
the resolution of the optical system. Thus observing the speckles through a pinhole 
placed in front of the eye will lead to increase in size since this will lead to an 
increase in the F number which in turn leads to a reduction in the resolution of 
the eye. Thus if we put a pinhole of diameter 1 mm in front of the eye, then the 
speckle size would increase by a factor of 4 to about 14 jum. Figure 19.29 shows the 
speckles with two different apertures showing that the speckle size increases with 
the decrease in the aperture. 

The contrast of the speckles is zero for a perfectly reflecting surface and it 
increases as the surface roughness increases. However, even when the roughness 
is well within the wavelength of the light, the contrast becomes unity and remains 
so for any higher roughness. 
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It is interesting to note that when laser light is coupled into a multi-mode fiber, the 
output from the fiber also exhibits a speckle pattern due to interference among the 
various modes of propagation of the fiber. Any disturbance of the fiber in terms of 
vibration or change of temperature leads to a change in the phases of the interfering 
modes and this results in the movement of the speckle pattern. There are indeed 
some fiber-optic sensors based on this phenomenon to detect movement. 

Speckle contrast measurement has proved to be a powerful tool for the non- 
destructive testing of small surface roughness within the light wavelength. Other 
important applications include displacement or motion analysis and relevant non- 
destructive testing. To illustrate, we discuss the simple example of the well-known 
laser speckle photography for lateral (in-plane) displacement analysis. Historically, 
the method involving a single illuminating beam is called photography, whereas 
with two beams it is called interferometry, although both are interferometric meth- 
ods. For this, the surface to be studied is illuminated by a divergent laser beam 
(Fig. 19.28). Laser speckles are formed on the camera focused on the film plane. 
The smallest speckle size Sp on the object plane will thus be governed by the lens 
resolution, given by Eq. (19.13). Obviously we assume that the film resolution is 
capable of recording the pattern. 

If the object is displaced slightly from its original position, the speckle pattern 
would in general change. For a small lateral displacement of the object, the nature 
of the random structure on the image plane can be assumed to remain unchanged 
with only the position of the speckles suffering a displacement along the direction 
of the displacement of the object. If a second exposure of the speckles with object 
displaced from its original position is recorded on the same film, we get a double 
exposure of the same speckle structure but one of them laterally displaced with 
respect to the other. We will show that the analysis of the transparency thus formed 
will give the displacement of the object. 

Let the intensity distribution of the speckle during the first exposure be denoted 
by S(x,y), where x and y are measured on the plane of the recording medium. The 
second exposure of the speckle with the displaced position of the object would then 
be represented by S(x—x0,y), where x9 is the displacement of the object assumed to 
be along the x-direction. Thus the total exposure of the recording medium will be 
the sum of the two exposures and if we assume that the transmittance of the recorded 
negative is proportional to the total exposure, then we can write for the transmittance 
of the recorded negative as 


T(x, y) = A — B[S(x, y) + S@ — x0,y)] (19.14) 


where A and B are constants. Equation (19.14) can be written in an alternative 
form as 


T(x, y) =A — BS(x,y) ® [8(x,y) + 6 — x0,9)] (19.15) 


where © represents convolution operation. 
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We now place the negative on the front focal plane of a lens and illuminate it 
with a coherent beam of wavelength A. On the back focal plane of the lens we 
would observe the Fourier transform of the amplitude distribution on the front focal 
plane (see Chapter 15) and thus the amplitude distribution on the back focal plane 
would be proportional to 


T(u,v) = F.T.[T(x,y)] = Adu, v) — BS(u, v) [! + eres (19.16) 
where 
poe Gee (19.17) 
rf if 


with f representing the focal length of the lens and x and y refer here to the coordi- 
nates on the back focal plane of the lens and tilde representing the Fourier transform 
of the corresponding variables. 

The first term in Eq. (19.16) represents a bright spot on the axis, while the second 
term represents the pattern that would be observed on the screen. Concentrating on 
the second term, we note that it consists of the Fourier transform of the speckle 
pattern modulated by the interference term. The intensity pattern produced by the 
second term would be given as 


IT XOX 


= 2 5 2 = 2 
109) = |S,» ji + emia = 4|5(u,»)| cos? (=) (19.18) 


Equation (19.18) shows that on the back focal plane, we would have a dif- 


2 
, which is modulated by a fringe pattern 


fused illumination represented by Ista, v) 


4 (=) 
cos 
Af 

which is similar to Young’s interference fringes. The separation between two con- 
secutive bright or dark fringes would be Af / xo. Thus knowing the wavelength and 
the focal length of the lens, it is possible to estimate the lateral shift in the object. 
Figure 19.30 shows a typical fringe pattern observed on the back focal plane of a 
lens showing clearly the interference fringes and the direction of displacement. 

There is another method for the analysis of the double-exposure speckle pattern, 
namely by pointwise scanning of the photograph (see Fig. 19.31). This method is 
very convenient due to its simplicity. A point of the recorded transparency is sim- 
ply illuminated by a laser beam. A diffraction halo with a set of Young’s fringes 
is observed at a distance on the screen. The fringes are the measure of the object 
displacement D given as 


represented by the function 


oe! 


D=— 19.19 
oa ( ) 
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Fig. 19.30 Young’s type 
interference fringes produced 
on the focal plane of a lens 
when a double-exposure 
speckle photograph is placed 
on the front focal plane and 
illuminated by a laser beam. 
(Source: Bates et al. (1986)) 


Fig. 19.31 Young’s fringes 
(pointwise scanning) method 
of the analysis of speckle 


hotographs 
7 cas Laser beam 


—— L 


Transparency 


Observation 
screen 


where d is the fringe spacing, L is the distance from the screen to the transparency, 
and m is the magnification. The orientation of the fringes is perpendicular to the 
direction of the displacement. 

There is yet another method. This involves illuminating the object by two 
beams, particularly to reduce the measurement range and to observe the changes 
in real time. There are methods to process the image electronically (no photo- 
graphic recording) using a TV vidicon under the subject electronic speckle pattern 
interferometry. 

Attempts have also been made to eliminate the need for wet chemical processing 
and still use the conventional manner of analysis. These are replacing the usual pho- 
tographic film by instant films, thermoplastic photographic materials, liquid-crystal 
light valves, BSO crystals, photographic diffusers, real-time heterodyne approach, 
etc.; there is a method of magnifying the speckles using lenses and a TV camera— 
monitor system to observe these movements directly. However, a detailed discussion 
of these techniques is beyond the scope of this text. 
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It is well known that when a light beam gets scattered by a moving object, the 
frequency of the scattered wave is different from that of the incident wave; the shift 
in the frequency depends on the velocity of the object. Indeed, if v represents the 
light frequency and v represents the velocity of the moving object which is moving 
at an angle @ with respect to the incident light beam (see Fig. 19.32), then the change 
in frequency Av between the incident and the reflected beams is given as 


Av 2vu 
— = — cos 0 (19.20) 
v c 
where c represents the velocity of light in free space. Thus the change in frequency 
Av is directly proportional to the velocity u of the moving object; this is known as 
the Doppler shift. Thus, by measuring the change in frequency suffered by a beam 
when scattered by a moving object, one can determine the velocity of the object. 
This method has been successfully used for velocity determination of many types 
of materials from about 10 mm/min to about 150 m/min (Harry 1974). Further, 
using the above principle, portable velocity-measuring meters have been fabricated 
which measure speeds in the range of 10-80 miles/h; these have been used by 
traffic police. Laser Doppler velocimeters have also been used for measuring fluid 
flow rates. 

The basic arrangement for velocity measurements is the following: the beam 
from a CW laser (usually a helium—neon laser — see Section 9.4) is split by a beam 
splitter; one of the components is reflected back from a fixed mirror and the other 
component undergoes scattering from the moving object. The two beams are then 
combined and made to interfere as shown in Fig. 19.32, and because of the differ- 
ence in frequency between the two beams, beating occurs. The beat frequency is a 
direct measure of the velocity of motion of the object. 


Fig. 19.32 Schematic of an 
arrangement for measuring 
the velocity of a moving 
object using Doppler shift 


Photodetector 
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19.8.1 Lasers in Information Storage 


Lasers find widespread applications in the storage, transmission, and processing 
of information. As we have discussed earlier, combined with optical fibers, they 
have revolutionized the field of transmission of information. An extremely important 
application of lasers is in the field of information storage. We are all familiar with 
compact discs (CDs) storing data, music, pictures, videos, etc. With progress in 
lasers and materials, the capacity of information storage has been steadily rising 
and today CDs are used to routinely store gigabytes of information. 

Compact discs store information in digital form. Any form of information is first 
converted into digital form with just a sequence of Is and Os. In a CD these 1s and 
Os are recorded in the form of pits or depressions along a spiral track on a plastic 
material with a metal coating (see Fig. 19.33). The total length of the track would 
be about 6 km! The usual coding is such that any transition from pit to land (flat 
area) or land to pit is read as 1s, while the duration in the pit or in the land is read 
as Os (see Fig. 19.34). In CDs the radial distance between adjacent tracks, which is 
the track pitch, is 1.6 jzm, while the length of data marks is about 0.6 um. In order 
to write on the CD, the data stream is used to generate pulses of light corresponding 


0.6 um 
Fig. 19.33 In a compact disc 1.6m e 


(CD), information is stored in 
the form of pits along a spiral 


track 
| | 4 Oo Adjacent track 
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Focused laser spot 


Fig. 19.34 In a CD, transition from land to pit or pit to land is read as “1s,” while the duration 
within the pit or the land is read as “Os” 
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Fig. 19.35 Comparison 
between the pit sizes in a CD 
and a DVD 


£318 
a 
i 


Fig. 19.36 A laser beam is 
focused on the CD and the 
reflected intensity is read and 
converted into the signal 


Laser source 


Photodetector 


Beam splitter 


Electronic 
processing 


Rotating CD 


to the data stream. The laser which emits an intense beam of light is focused on 
the surface of the CD using an objective. As the CD rotates under the laser spot, a 
small region heats up whenever the laser beam hits and changes the reflectivity of 
the surface. Digital video discs (DVDs) use the same principle except that the track 
pitch is about 0.74 zm instead of 1.6 jm and the data marks are narrower and the 
focused laser spot is also smaller (see Fig. 19.35). The data are written on the CD 
along a spiral track on the surface. To read the information stored in the CD, a laser 
beam is focused through a beam splitter on the disc and the spot size of the focused 
laser is about the track width (see Fig. 19.36). As the CD moves under the focused 
laser spot, it leads to a modulation of the reflected intensity, which is then directed 
by the beam splitter to a photodetector which converts the intensity variations to 
electric current variations for further processing. 

It is clear that the smaller the data points and the smaller the track pitch, the 
larger the amount of data that can be stored per unit area in the disc and hence the 
larger the capacity of the disc. For writing and reading of the data, we use lasers 
and the minimum spot to which the laser can be focused will determine the size 
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Fig. 19.37 Reading of aCD 780 nm 650 nm 
at a wavelength of 780 nm 

and a DVD at a wavelength of 

650 nm 


a 


CD DVD 


Table 19.3. Comparison of various parameters of CD, DVD, and Blue Ray DVD 


Parameter CD DVD Blue Ray DVD 
Laser wavelength (j1m) 0.78 0.65 0.405 

Track to track spacing (j1m) 1.6 0.74 0.32 

Spot size of focused spot (1m) 1.6 1 0.48 

User capacity (Gb) 0.68 9 50 


Source: Milster (2005) 


of the data points so that the readout can be precise. The fundamental limitation to 
the size of the focused spot of a laser beam arises due to diffraction. Smaller spot 
sizes can be achieved using smaller wavelengths and smaller focal length lenses. 
Since the CD is covered by a protective layer, the focusing needs to be carried 
out through the protective layer and this determines the smallest focal length that 
can be used. A CD uses a 1.2-mm clear substrate and data are recorded on the 
recordable layer through the clear substrate. The substrate also acts as a protective 
layer for the data. The reading wavelength is typically 780 nm. In contrast, in a 
DVD, two clear substrates each of 0.6 mm thick are bonded together and data are 
recorded on the bond side of each substrate. The reading wavelength in DVDs is 
typically 650 nm (see Fig. 19.37). Thus DVDs can store much more data than do 
CDs. Recent developments of blue lasers emitting a wavelength of 405 nm have 
triggered development of DVDs with much higher capacities since they operate with 
smaller wavelength and hence can be focused to smaller spot sizes. Table 19.3 lists 
a comparison of CDs, DVDs, and Blue Ray DVDs with regard to some important 
characteristics. 

Further increases in data storage capacity are possible with new technologies 
such as holographic discs. In holographic storage, information is stored within the 
entire volume of the recording medium rather than on a surface. Thus holographic 
storage offers orders of magnitude increase of storage capacity. It is in principle 
possible to store | Tb of information per cubic centimeter of the medium using a 
wavelength of 500 nm. In holographic data storage, the required data are transferred 
to and from the storage medium as two-dimensional images composed of thousands 
of pixels (picture elements). The data which need to be stored are first presented 
to the recording system as pixels on a device called the spatial light modulator 
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(SLM). This is a planar device which encodes the data into small checkerboard 
pattern of light and dark pixels with the data arranged as an array on the page; each 
pixel is a small shutter which can either stop (corresponding to bit 0) or pass (cor- 
responding to bit 1) a light beam. Commercial devices containing 1000 = 1000 
pixels are available. Light from a laser is split into two parts and one part is used 
as a reference beam, while the other part illuminates the SLM. Interference occur- 
ring between the two beams is recorded in the storage medium as the data pattern. 
Multiple pages are recorded by recording the holograms with reference waves inci- 
dent along different directions. Readout is performed by using a laser beam at the 
appropriate angle when the entire page is read out as a single bit. The reconstructed 
beam is detected by a detector array and converted into electronic data. By chang- 
ing the angle of the beam, one can read one entire page at a time. Thus apart from 
the ability to store large amounts of data, holographic data storage also promises 
extremely fast readouts of about | Gb/s as compared to DVDs, wherein the readouts 
are about hundred-fold smaller. There is intense research activity to realize effi- 
cient recordable media and holographic data storage devices are expected to become 
commercially available within the next few years. 


19.8.2 Bar Code Scanner 


The technology associated with identification of all types of products using bar 
codes is one of the very important developments of the past century. The Universal 
Product Code (UPC) was introduced in the USA in 1973 and the European Article 
Numbering (EAN) system was developed in Europe in 1978 and is presently the 
most widely used bar code scheme used in the world. A special form of the EAN 
code is the International Standard Book Numbering (ISBN) system and is used for 
identification of books. A bar code consists of a series of strips of dark and white 
bands (see Fig. 19.38). Each strip has a width of about 0.3 mm and the total width of 
the bar code is about 3 cm. Information such as the country of origin, manufacturer 
of the product, the direction of scan, price, reading error checking, weight of the 
product, and expiry date can be stored in the pattern of dark and white strips. By a 
simple scanning, complete information regarding the product can be obtained. 


consisting of series of strips 


of dark and white bands 
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Fig. 19.39 A laser beam is Bar code 
td the setered ight A _ 
and the scattered light is Ht I ; 


focused on a detector which 
converts the code into 
information 


Light from 


laser Polygonal scanning 


mirror 


The primary purpose of the laser in this application is the optical reading of the 
bar code. In the bar code scanner, a low-power (~ 0.5 mW) laser beam is deflected 
by a rotating polygon mirror to scan along a line (see Fig. 19.39). Typical scanning 
speeds are about 200 m/s. Such high speeds are chosen to ensure that even if the 
product is moving while it is getting scanned, the scanned object does not move 
significantly while getting scanned. When the laser beam hits the bars, the amount 
of scattered light depends on whether the strip is black or white. As the laser beam 
scans across the black and white strips at a certain speed, the variation of scattering 
with time contains the information of the bar code. The scattered light is focused on 
a photodetector which converts the optical signal to an electrical signal for further 
processing. In order to be able to scan the product in any arbitrary direction for ease 
of scanning, the laser beam is made to scan in multiple directions by using multiple 
mirrors with the rotating polygon. 


Problems 


Problem 19.1 Consider a retroreflector shown in Fig. 19.13. Assuming the rays to be described by 
vectors, show that the three mirror system reflects any incident wave in exactly the reverse direction. 


Problem 19.2 In the Michelson interferometer shown in Fig. 19.20, by what distance would one have 
to move the mirror for the output on the photodetector to change from one interference maximum to the 
next one? 


Problem 19.3 Calculate the change in frequency of an incident light at 633 nm when it gets scattered by 
an object moving at the speed of 100 km/h away from it. 


Problem 19.4 In the interferometer shown in Fig. 19.20, if the polarization state of the light returning 
from the object is different from the one reflected by the fixed mirror, what would happen to the signal at 
the photodetector? 
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Problem 19.5 A laser operating at 450 nm is focused by a lens having an NA of 0.6. What would be the 
approximate area of the focused spot? 


Problem 19.6 A Gaussian beam is incident on a converging lens of focal length f with its waist at the 
front focal plane of the lens. What will be the intensity distribution on the back focal plane of the lens? 
Assume the lens diameter to be large. 


The Nobel Lectures 


CHARLES H.TOWNES 


Production of coherent radiation by atoms 
and molecules 


Nobel Lecture, December 11, 1964 


From the time when man first saw the sunlight until very recently, the light 
which he has used has come dominantly from spontaneous emission, like the 

random emission of incandescent sources. So have most other types of elec- 

tromagnetic radiation - infrared, ultraviolet, or gamma rays. The maximum 

radiation intensities, or specifically the power radiated per unit area per unit 

solid angle per unit frequency bandwidth, have been controlled by Planck’s 

black-body law for radiation from hot objects. This sets an upper limit on 

radiation intensity - a limit which increases with increasing temperature, but 

we have had available temperatures of only a few tens of thousands or possibly 
a few millions of degrees. 

Radio waves have been different. And, perhaps without our realizing it, 
even much of our thinking about radio waves has been different, in spite of 
Maxwell’s demonstration before their discovery that the equations governing 
radio waves are identical with those for light. The black-body law made radio 
waves so weak that emission from hot objects could not, for a long time, have 
been even detected. Hence their discovery by Hertz and the great use of radio 
waves depended on the availability of quite different types of sources - oscilla- 
tors and amplifiers for which the idea of temperature and black-body radia- 
tion even seems rather out of place. For example, if we express the radiation 
intensity of a modern electronic oscillator in terms of temperature, it will 
typically be in the range 10”to 10° degrees Kelvin. 

These two regimes, radio electronics and optics, have now come much clo- 
ser together in the field known as quantum electronics, and have lent each 
other interesting insights and powerful techniques. 

The development of radar stimulated many important applications of elec- 
tronics to scientific problems, and what occupied me in particular during the 
late 1940’s was microwave spectroscopy, the study of interactions between 
microwaves and molecules. From this research, considerable information 
could be obtained about molecular, atomic, and nuclear structure. For its 
success, coherent microwave oscillators were crucial in allowing a powerful 
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high-resolution technique. Consequently it was important for spectroscopy, 
as well as for some other purposes, to extend their range of operation to wave- 
lengths shorter than the known limit of electronic oscillators, which was near 
umillimeter. Harmonic generation and some special techniques allowed in- 
teresting, though rather slow, progress. The basic problem with electronic 
amplifiers or oscillators seemed to be that inevitably some part of the device 
which required careful and controlled construction had to be about as small 
as the wavelength generated. This set a limit to construction of operable de- 
vices’. It was this experimental difficulty which seemed inevitably to separate 
the techniques which were applicable in the radio region from those appli- 
cable to the shorter waves of infrared or optical radiation. 

Why not use the atomic and molecular oscillators already built for us by 
nature? This had been one recurring theme which was repeatedly rejected. 
Thermodynamic arguments tell us, in addition to the black-body law of ra- 
diation, that the interaction between electromagnetic waves and matter at 
any temperature* cannot produce amplification, for radiation at the tem- 
perature of matter cannot be made more intense by interaction of the two 
without violating the second law. But already by 1917, Einstein had fol- 
lowed thermodynamic arguments further to examine in some detail the na- 
ture of interactions between electromagnetic waves and a quantum-mechan- 
ical system. And a review of his conclusions almost immediately suggests a 
way in which atoms or molecules can in fact amplify. 

The rate of change of electromagnetic energy confined in a region where 
it interacts with a group of molecules must, from Einstein’s work, have the 
form 


ot _ ANy- BIN/+BIINy (1) 
where Nand N,are the numbers of molecules in the upper and lower of two 
quantum states, which we assume for simplicity to be nondegenerate (that 
is, single). A and B are constants, and thus the first and second terms represent 
spontaneous emission and absorption, respectively. The third term represents 
emission from the upper state produced by the presence of a radiation inten- 
sity /, and is hence called stimulated emission. 

At equilibrium, when 
dI ANb 
— =o, l= ———_—— 
BN, — B’ Nb 


* Strictly speaking, at any positive temperature. Negative absolute temperatures can 
be defined as will be noted below. 
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Rather simple further thermodynamic reasoning shows that B’= B and gives 
the ratio A/B. While Boltzmann’s law Np= Nye~ WIT requires Np< Ny, at any 
temperature 7, it is immediately clear from Eqn. 1 that ifNy > Na, dJ/d¢ will 
always be positive and thus the radiation amplified. This condition is of course 
one of nonequilibrium for the group of molecules, and it hence successfully 
obviates the limits set by black-body radiation. The condition Np> N, is also 
sometimes described as population inversion, or as a negative temperature’, 
since in Boltzmann’s law it may be obtained by assuming a negative absolute 
temperature. 

Thermodynamic equilibrium between two states of a group of atoms re- 
quires not only a Boltzmann relation Np = Nye-/kT but also a randomness of 
phases of the wave functions for the atoms. In classical terms, this means that, 
if the atomic electrons are oscillating in each atom, there must not be a corre- 
lation in their phases if the entire group can be described as in temperature 
equilibrium. Einstein’s relation (Eqn. 1) in fact assumed that the phases are 
random. And, if they are not, we have another condition which will allow the 
atoms to amplify electromagnetic waves, even when Np < Ng. This represents 
a second type of loophole in the limits set by the black-body law and thermo- 
dynamic equilibrium, and one which can also be used alone or in conjunction 
with the first in order to produce amplification. 

Thermodynamic arguments can be pushed further to show that stimulated 
emission (or absorption) is coherent with the stimulating radiation. That is, 
the energy delivered by the molecular systems has the same field distribution 
and frequency as the stimulating radiation and hence a constant (possibly zero) 
phase difference. This can also be shown somewhat more explicitly by a quan- 
tum-mechanical calculation of the transition process. 

Stimulated emission received little attention from experimentalists during 
the 1920’s and 1930’s when atomic and molecular spectroscopy were of central 
interest to many physicists. 

Later, in the 1940’s, experiments to demonstrate stimulated emission were 
at least discussed informally and were on the minds of several radio spectrosco- 
pists, including myself. But they seemed only rather difficult demonstrations 
and not quite worth while. In the beautiful 1950 paper of Lamb and Rether- 
ford on the fine structure of hydrogen’ there is a specific brief note about 
"negative absorption" with reversal of population. And a year later Purcell 
and Pound’ published their striking demonstration of population inversion 
and stimulated emission. As a matter of fact, population inversion and its ef- 
fects on radiation had already shown up in a somewhat less accented form in 
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the resonance experiments of Bloch’and others. But all these effects were so 
small that any amplification was swamped by losses due to other competing 
processes, and their use for amplification seems not to have been seriously con- 
sidered until the work of Basov and Prokhorov’, Weber’, and of Gordon, 
Zeiger, and Townes” in the early 1950's. 

My own particular interest came about from the realization that probably 
only through the use of molecular or atomic resonances could coherent oscil- 
lators for very short waves be made, and the sudden discovery in 1951 ofa 
particular scheme* which seemed to really offer the possibility of substantial 
generation of short waves by molecular amplification. 


Basic Maser Principles 


The crucial requirement for generation, which was also recognized by Basov 
and Prokhorov, was to produce positive feedback by some resonant circuit 
and to ensure that the gain in energy afforded the wave by stimulated molecu- 
lar transitions was greater than the circuit losses. Consider a resonant micro- 
wave cavity with conducting walls, a volume V, and a quality factor Q. The 
latter is defined by the fact that power lost because of resistance in the walls is 


E’ Vv 
4Q 


where E? is the electric field strength in the mode averaged over the volume 
and v is the frequency. If a molecule in an excited state is placed in a particular 
field of strength £, the rate of transfer of energy to the field is 


Eu\? hy 

hk} 3Ay 
when the field’s frequency coincides with the resonance frequency v between 
the two molecular states. Here is a dipole matrix element for the molecular 
transition and _is the width of the molecular resonance at half maximum (if 


a Lorentz line shape is assumed). Hence for V,molecules in the upper state 
and Nin the lower state the power given the field in the cavity is 


Eu\2 hy 
(Nb— Na} (=) 3Ay 
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If the molecules are distributed uniformly throughout the cavity, E’must be 
averaged over the volume. For the net power gain to be positive, then, 


Eu 2 hy E2Vv 
wny( FE) sa = Sa 
This gives the threshold condition for buildup of oscillations in the cavity 


3h VA» 


(Np— Na) = T6mOpe (2} 


There is by now an enormous variety of ways in which the threshold condi- 
tion can be met, and some of them are strikingly simple. But the system which 
first seemed to give an immediate hope of such an oscillator involved a beam 
of ammonia molecules entering a resonant cavity, as shown in Fig. 1. The 
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Fig.1. The ammonia (beam-type) maser. Molecules diffuse from the source into a fo- 

cusser where the excited molecules (open circles) are focused into a cavity and molecules 

in the ground state (solid circles) are rejected. A sufficient number of excited molecules 

will initiate an oscillating electromagnetic field in the cavity, which is emitted as the out- 

put microwaves. Because of energy given to the field, some molecules return to the 
ground state toward the end of their transit through the cavity. 


transition used was the well-known inversion transition of ammonia at 
23,870 Mc/sec. A "focuser", involving inhomogeneous electric fields, tends 
to remove molecules in the ground state from the beam and to focus molecules 
in the excited state along the axis of the beam and into the cavity, thus ensuring 
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that Np > > N,. J. P. Gordon played a crucial role in making operable the first 

such system in 1954, after 2,5 years of experimental work”", and H. J. Zeiger 
was a valuable colleague in the first year of work and early designs. We called 

this general type of system the maser, an acronym for microwave amplication 

by stimulated emission of radiation. The idea has been successfully extended 

to such a variety of devices and frequencies that it is probably well to generalize 

the name - perhaps to mean molecular amplification by stimulated emission of 
radiation. But in the radio-frequency range it is sometimes called the raser, 

and for light the term /aser is convenient and commonly used. Maser amplifi- 

cation is the key process in the new field known as quantum electronics - that 
is, electronics in which phenomena of a specifically quantum-mechanical 

nature play a prominent role. 

It is well known that an amplifier can usually be made into an oscillator, or 
vice versa, with relatively minor modifications. But it was only after experi- 
mental work on the maser was started that we realized this type of amplifier 
is exceedingly noise-free. The general reason for low noise can be stated sim- 
ply. The molecules themselves are uncharged so that their motions, in con- 
trast to motions of electrons through vacuum tube amplifiers, produce no 
unwanted electromagnetic signals. Hence a signal introduced into the reso- 
nant cavity competes only with whatever thermal noise is in the cavity as the 
result of thermal radiation from the cavity walls, and with spontaneous emis- 
sion from the excited molecules. Spontaneous emission can be regarded for 
this purpose as that stimulated by a fluctuating field of energy hv. Since 
kT = 200hv for microwaves in a cavity at room temperature, the thermal radia- 
tion kT in the cavity is much more important than spontaneous emission. It is 
then only the thermal radiation present which sets the limit to background 
noise, since it is amplified precisely as is the signal. 

The above discussion also shows that, if the cavity is at 0°K and no extrane- 
ous noise enters the cavity with the input signal, the limiting noise fluctuation 
is determined by the spontaneous emission, which is equivalent to only one 
quantum of energy in the cavity. It can be shown, in fact, that masers can 
yield the most perfect amplification allowed by the uncertainty principle. 

The motion of an electromagnetic wave is analogous to that of a mechan- 
ical harmonic oscillator, the electric and magnetic fields corresponding to 
position and momentum of the oscillator. Hence the quantum-mechanical 
uncertainty principle produces an uncertainty in the simultaneous determina- 
tion of the electric and magnetic fields in a wave, or equivalently in determi- 
nation of the total energy and phase of the wave. Thus one can show that, to 
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the extent that phase of an electromagnetic wave can be defined by a quan- 
tum- mechanical operator, there is an uncertainty relation" 


AnAg>="], (3) 


Here is the uncertainty in the number of photons in the wave, and _is the 
uncertainty in phase measured in radians. 

Any amplifier which gives some representation of the phase and energy of 
an input wave in its output must, then, necessarily involve uncertainties or 
fluctuations in intensity. Consider, for example, an ideal maser amplifier com- 
posed of a large number of molecules in the upper state interacting with an 
initial electromagnetic wave, which is considered the signal. After some pe- 
riod of time, the electromagnetic wave will have grown to such magnitude 
that it contains a very large number of quanta and hence its phase and energy 
can be measured by classical means. By using the expected or average gain and 
phase relation between the final eAeytpoumyvetty wave and the initial signal 
the maser amplifier thus allows a measurement of the initial wave. 

A calculation by well-established quantum-mechanical techniques of the 
relation between input and output waves shows that this measurement of the 
input wave leaves an uncertainty just equal to the minimum required by the 
uncertainty principle''. Furthermore, the product H of uncertainties in 
the electric and magnetic fields has the minimum value allowed while at the 
same time (4 E)?+(4 H)?is minimized. The uncertainty in number n of quanta 
in the initial wave is 


An= J/n+I 
and in phase it is 
I 
Ad= — 
: 2/n 


so that 


Jnti 


AnAg="), 7 


The phase has real meaning, however, only when there are as many as several 
quanta, in which cased n4 d- 4, the minimum allowed by Eqn. 3. The back- 
ground noise, which is present with no input signal (n = 0), is seen to be equiv- 
alent to a single quantum (4 n = 1) of input signal. 

A somewhat less ideal maser might be made of N, and Np molecules in the 
upper and lower states, respectively, all interacting with the input signal. In 
this case fluctuations are increased by the ratio Np/( Np— N,). If the amplifier 
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has a continuous input signal, a continuous amplified output, and a bandwidth 
for amplification ,the noise power output can be shown to be equivalent 
to that produced by an input signal” 


The noise power N is customarily described in terms of the noise temperature 
T,, of the amplifier, defined by N= kT,Av. Thus the minimum noise tempera- 
ture allowed by quantum mechanics is that for a maser with (N,/Np) < <1 
which is 


aay (4) 


This is equivalent to the minimum energy uncertainty indicated above of one 
quantum (An= 7. In the microwave region, T, given by Eqn.4 is approxi- 
mately 1°, whereas the best other microwave amplifiers when maser amplifiers 
were first being developed had noise fluctuations about 1000 times greater. 

It is interesting to compare an ideal maser as a detector with a perfect photo- 
detector, such as a y-ray counter. The y-ray counter can detect a single pho- 
ton with almost no false signals, whereas a maser must always have a possible 
false signal of about one photon. But the photodetector gives no information 
about the phase of the signal; it only counts quanta, which is why the uncer- 
tainty principle allows 4n-o. Unfortunately, there are no perfect photo- 
detectors in the microwave or radio regions, so that the maser is our best avail- 
able detector for these waves. 

The same freedom from noise which makes the maser a good amplifier 
helps make it a strikingly good source of monochromatic radiation since, 
when the threshold condition is fulfilled and the maser oscillates, the low noise 
implies a minimum of random frequency fluctuations. 

Consider now a maser oscillator consisting of a group of excited molecules 
in a resonant cavity. Let the molecular transition frequency be vp, its half 
width at half-maximum intensity Ay;,, and the resonant-cavity frequency be 
¥¢ with a half width Av,. If yy, and ¥, differ by much less than Av, + Ave, the 
radiation produced by the oscillation can be shown to occur at a frequency’ 


¥mQm +9Q 
oe Om + 2c (5) 
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where the quality factors Q,, and Q;, are 7/47, and »,/4r_ respectively. 
Thus if the molecular resonance is much sharper than that of the cavity, as 
in the ammonia-beam maser (Q,,> > Q,), the frequency of oscillation is’ 


= 9m + (em) (6) 


If the cavity is tuned so that y,—v,, is small, then the frequency of oscillation 
coincides very closely with the natural molecular frequency vy, and one has an 
almost constant frequency oscillator based on a molecular motion, a so-called 
atomic clock. 

The frequency v is not precisely defined or measurable because of noise fluc- 
tuations, which produce random phase fluctuations of the wave. In fact, the 
maser is essentially like a positive feedback amplifier which amplifies what- 
ever noise source happens to be present and thereby produces a more or less 
steady oscillation. If Qy, or Q, is high, and the amplifier gain is very large, then 
the bandwidth of the system becomes exceedingly small. But it is never zero, 
nor is the frequency ever precisely defined. The average deviation in frequency 
from Eqn. 5 which these phase fluctuations produce when averaged over a time 


tis” 
Wr\t 
c= An Pr (7) 
where 
Avy, Arm 
a= AyvetArm 


P is the power generated by the oscillator, and W,, is the effective energy in the 
source of fluctuations. Where kT > > hv in a cavity at temperature T and res- 
onant frequency v, the effective energy comes from thermal noise and W,= 
kT. If the noise fluctuations come from spontaneous emission, as they do when 
kT < <hy, thenW,= hy. 

It is also useful to state the spectral width of the radiation emitted from a 
maser oscillator, as well as the precision to which the frequency can be deter- 
mined. The half width of the spectral distribution is again determined by the 
same noise fluctuation and is given by'’*' 


b= (an) (8) 
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where ,W.,, and P are the same as in Eqn. 7. This widths is typically so small 
in maser oscillators that they provide by far the most monochromatic sources 
of radiation available at their frequencies. 


Maser Clocks and Amplifiers 


Although the ammonia beam-type maser was able to demonstrate the low- 
noise amplification which was predicted17, its extremely narrow band- width 
makes it and other beam-type masers more useful as a very monochromatic 
source of electromagnetic waves than as an amplifier. For the original maser, 
the power output P was about 10° Watt, and the resonance width about 
2 kilocycles, as determined by the length of time required for the beam of 
molecules to pass through the cavity. Since the frequency of oscillationv is 
23,874 megacylces, the fractional spectral width, according to Eqn. 8, is 
s , v1oz.In a time t= 100 seconds, Eqn. 7 shows that the frequency can be 
specified to a fractional precision / =210",and of course the precision 
increases for longer times proportionally to 1/#1/2, 

As a constant-frequency oscillator or precise atomic clock, however, the 
ammonia maser has an additional problem which is not so fundamental, but 
which sets a limit on long- term stability. This comes from long-term drifts, 
particularly of the cavity temperature, which vary v,. These variations can be 
seen, from Eqn. 6, to « pull» . Variations of this type have limited the long- 
term stability’* of ammonia masers to fractional variations of about 10-"; 
this still represents a remarkably good clock. 

A beam-type maser using the hyperfine structure transition in the ground 
state of hydrogen, which is at 1420 megacycles, has recently been developed 
by Goldenberg, Kleppner, and Ramsey'’. In this case, the excited atoms 
bounce many times from glass walls in the cavity, and thereby a resonance 
width as small as 1 cycle per second is achieved. Present designs of the hydro- 
gen maser yield an oscillator with long-term fractional variations no larger 
than about 10”. This system seems likely to produce our best available clock 
or time standard. 

Masers of reasonably wide utility as amplifiers came into view with the 
realization that certain solids containing paramagnetic impurities allowed at- 
tainment of the maser threshold condition”. Microwave resonances of para- 
magnetic atoms in solids, or in liquids, had been studied for some time, and 
many of their properties were already well known. The widths of these re- 
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sonances vary with materials and with impurity concentration from a small 
fraction of a megacycle to many hundreds of megacycles, and their frequen- 
cies depend on applied magnetic field strengths, so that they are easily tunable. 
Thus they offer for maser amplifiers a choice of a considerable range of band- 
width, and a continuous range of frequencies. 

A paramagnetic atom of spin % has two energy levels which, when placed 
in a magnetic field, are separated by an amount usually of about v = 2.8 H Mc. 
Here /7 1s the field in gauss, and from this it is clear that most of the microwave 
frequency range can be covered by magnetic fields of normal magnitudes. 
The first paramagnetic masers suggested involved impurity atoms of this type 
in crystals of silicon or germanium. Relaxation between the two states was 
slow enough in these cases that a sufficient population inversion could be 
achieved”. However, before very long a very much more convenient scheme 
for using paramagnetic resonances was proposed by Bloembergen”, the so- 
called three-level solid-state maser. This system allowed continuous inver- 
sion of population, and hence continuous amplification, which was very awk- 
ward to obtain in the previous two-level system. 

Paramagnetic atoms with an angular momentum due to electron spin S 
greater than 1/2 have 2S + 1 levels which are degenerate when the atom is in 
free space. But these levels may be split by "crystalline fields", or interaction 


23.1 kMc 


Fig. 2. Energy levels of Cr” in ruby with a particular crystalline orientation in a magnetic 
field of 3900 oersteds. For a three-level maser, 23.1 kMc (23.110°Mc) is the frequency 
of the pumping field and 9.4 kMc is the frequency of amplification or oscillation. 
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with neighboring atoms if the atoms are imbedded in a solid, and frequently 

the splittings lie in the microwave range. The energy levels of such a system, 

involving a spin of 3/2 and four levels, can be as indicated in Fig. 2 when the 
system is in a magnetic field. If a sufficiently large electromagnetic wave of 
frequency v ,,(the transition frequency between levels 1 and 3) is applied, the 
population of these two levels can be equalized or « saturated ». In this case, the 

ratio of the population of level 2 to that of level Lor 3 under steady conditions 
1S 


it —hyv,, I 
We Ty, a Ty; 
ny I i -hry,; 
a es 6 


Here T is the temperature of the crystal containing the impurities, and T,, and 
T23 are the times for relaxation between the states I and 2 or 2 and 3, respec- 
tively. For hv, ,>>kT and hv,;>> kT, as occurs at very low temperatures or 
at ordinary temperatures if the levels are separated by optical frequencies, 


When hv y,<<kT and hv ,;<<kT, which is more commonly the case for 
microwaves, 


Pra _ Yay 
Ee t+ Ah 12 123 
Ay kT 1 Es (9) 
Ty T23 
Thus if 
Vi2 Y23 
Ty2 T23 
there is an inversion of population between levels 2 and 1 or if, 
Ty,  T23 


there is an inversion of population between levels 3 and 2, since the popula- 
tions n,and n have been equalized by the « pumping » radiation. Equation 9 
is essentially the result obtained by Bloembergen’, who also suggested several 
promising paramagnetic materials which might be used. Basov and Prok- 
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horov had already proposed a rather similar three-level « pumping » scheme 
for application to a molecular beam system”. 

The first successful paramagnetic maser of this general type was obtained 
by Scovil et al.”, using a rare-earth ion in a water-soluble crystal. But, be- 
fore long, other more suitable crystals such as ruby” (chromium ions in 
A1,O,) became more or less standard and have provided amplifiers of re- 
markable sensitivity for radio astronomy, for satellite communication, and 
for communication with space probes’’’ They have considerably improved 
the potentialities of radio astronomy, and have already led to some new dis- 
coveries””’. These systems generally require cooling with liquid helium, 
which is a technological difficulty that some day may be obviated. But other- 
wise they represent rather serviceable and convenient amplifiers. 

A maser amplifier of microwaves can rather easily be built which has a 
theoretical noise temperature as low as 1° or 2°K, and experimental measure- 
ments have confirmed this figure’’. However, such a low noise level is not 
easy to measure because almost any measurement involves attachment of 
input and output circuits which are at temperatures much higher than 1°K, 
and which radiate some additional noise into the amplifier. The lowest overall 
noise temperature so far reported for an entire receiving system” using a maser 
amplifier is about 10°K. This represents about 100 times the sensitivity of 
microwave amplifiers built before invention of the maser. But masers have 
stimulated other amplifier work, and some parametric amplifiers, using more 
or less classical properties of materials rather than quantum electronics, now 
have sensitivities within a factor of about 5 of this figure. 


Optical ad Infrared Masers, or Lasers 


Until about 1957, the coherent generation of frequencies higher than those 
which could be obtained from electronic oscillators still had not been directly 
attacked, although several schemes using molecular-beam masers for the far- 
infrared were examined from time to time. This lack of attention to what had 
been an original goal of the maser came about partly because the preliminary 
stages, including microwave oscillators, low-noise amplifiers, and their use 
in various scientific experiments, had proved so interesting that they dis- 
tracted attention from the high-frequency possibilities. 

But joint work with A. L. Schawlow ”, beginning at about this time, helped 
open the way for fairly rapid and interesting development of maser oscillators 
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in the far-infrared, optical, and ultraviolet regions - as much as 1000 times 
higher in frequency than any coherent sources of radiation previously avail- 
able. It is masers in these regions of the spectrum, frequently called lasers (light 
amplification by stimulated emission of radiation), which have perhaps pro- 
vided the most striking new scientific tools and results. Important aspects of 
this work were clear demonstrations that there are practical systems which 
can meet the threshold condition of oscillation, and that particular resonator 
designs allow the oscillations to be confined to certain specific and desirable 
modes. The resonator analyzed was composed simply of two parallel mir- 
rors-the well-known Fabry-Perot interferometer, but ofspecial dimensions. 

For light waves, the wavelength is so short that any macroscopic resonator 
constructed must have dimensions that are large compared with the wave- 
length. In this case, the electromagnetic field may to some reasonable ap- 
proximation be considered to travel in straight lines and be reflected from the 
walls of the resonator. The threshold condition may be written 


BE\? hy (Nb— Na) HV 
( h 12x Ay = 8x t me) 


where t is the decay time for the light in a cavity ofreflecting walls and volume 
V. If the light has a random path in the cavity, the decay time can be expressed 
generally in terms of the reflection coefficient r of the walls, the volume V, the 
wall area A, and the velocity of light c, 

6V 


= (1-1) Ac 


Hence Eqn. 10 becomes” 


» = 

It can be seen that this critical condition is almost independent of frequency 
if the fractional line width dy/» does not change with frequency (as, for ex- 
ample, in the Doppler effect). The reflection coefficient and dipole moment 
matrix element are not particularly dependent on frequency over the range 
in question. Hence, if the critical condition can be met for one frequency, It 
can probably be met over the entire range from the far-infrared to the ultra- 
violet. 

There is a problem with a resonator which is large compared to a wave- 
length in that there are many modes. Hence, unless the modes in which oscilla- 


Production of coherent radiation by atoms and molecules 525 


tions occur are successfully controlled, the electromagnetic field may build up 
simultaneously in many modes and at many frequencies. The total number 
of modes in a cavity with frequencies which lie within the line width — of the 
atomic molecular resonance is 


822 V2 Ay 
= —— ys 


P 


or about 10’ for a cavity volume of 1cm’, a frequency in the optical region, 
and ordinary atomic line widths. But fortunately the possibility of oscillation 
can be eliminated for most of these modes. 

Two small parallel mirrors separated by a distance much larger than their 
diameter will allow a beam of light traveling along the axis joining them to 
travel back and forth many times. For such a beam, the decay time ¢ is L/c 
(1-7), where L is the mirror separation and r the reflectivity. Hence the thres- 
hold condition is 


34y he a—r) 


No“ Ni gm) aL 


This assumes that diffraction losses are negligible. A beam of light which is not 
traveling in a direction parallel to the axis will disappear from the volume 
between the mirrors much more rapidly. Hence the threshold condition for 
off-axis beams will require appreciably more excited atoms than that for axial 
beams, and the condition for oscillation can be met for the latter without a 
build-up of energy in off-axis light waves. 

Many features of the modes for the electromagnetic wave between two 
square, plane, parallel mirrors of dimension D and separation L can be ap- 
proximately described as those in a rectangular box of these dimensions, al- 
though the boundary conditions on the enclosed sides of the « box » are of 
course somewhat different. The resonant wavelengths of such a region for 
waves traveling back and forth in a nearly axial direction are” 


a 


where q, r, and s are integers, and r< <q, s<<q. More precise examination of 
the modes requires detailed numerical calculation”. For a precisely axial di- 
rection, r= s= 0, and the modes are separated by a frequency c/2L. If this 
frequency is somewhat greater than the atomic line width _, then only one 
axial mode can oscillate at a time. The axial wave has an angular width due to 
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diffraction of about 4/D, and, if this is comparable with the angle D/L, then 
all off-axis modes (r or s # 0) are appreciably more lossy than are the axial 
ones, and their oscillations are suppressed. 

If one of the mirrors is partially transparent, some of the light escapes from 
the axial mode in an approximately plane wave and with an angular diver- 
gence, approximately AD, determined by diffraction. 

A number of modified resonator designs have been popular and useful 
in optical masers, in particular ones based on the confocal Fabry-Perot in- 
terferometer. However, the plane-parallel case seems to offer the simplest 
means of selecting an individual mode. 

Although a number of types of atomic systems and excitation seemed 
promising in 1958 as bases for optical masers, optical excitation of the alkali 
vapors lent itself to the most complete analysis and planning for an operable 
oscillator. One such system has been shown to oscillate as expected”; but the 
alkali vapors are no longer of great interest, because other systems which were 
at the time much less predictable have turned out to be considerably more 
useful. 

The first operating laser, a system involving optical excitation of the chro- 
mium ions in ruby and yielding red light, was demonstrated by Maiman in 
1960”. He took what seemed at first a rather difficult route of inverting the 
population between the ground state and excited states of the chromium ion. 
This technique requires that at least half of the very large number of atoms in 
the ground state must be excited in order to have the possibility of a popula- 
tion inversion. In the case of two normally unpopulated atomic states, the 
total amount of excitation required is much less. However, Maiman succeeded 
handsomely in exciting more than half the chromium ions in a ruby with 
chromium concentration of about 1/2000 by applying a very intense pulse of 
light from a flash tube. This type of system is illustrated schematically in Fig. 3. 
Success immediately yielded a very-high-energy maser oscillation because, 
to get population inversion at all, a large amount of energy must be stored in 
the excited atomic states. Surfaces of the ruby served as the reflecting mirrors. 
Collins @ al.” quickly demonstrated that the ruby laser showed many of the 
characteristics predicted for such an oscillator. 

The ruby laser is operated normally only in pulses, because of the high 
power required to reach threshold, and emits intense bursts of red light at 
power levels between about 1 kilowatt and 100 megawatts. It has given rise 
to a whole family of lasers involving impurities in various crystals of glasses, 
and covering frequencies from the near infrared into the optical region. 
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Fig. 3. Schematic diagram of a ruby (optically excited solid-state) laser. When the gas 
flash tube is activated, electromagnetic oscillations occur within the ruby rod, and some 
of these light waves are emitted in a beam through one partially reflecting end of the rod. 


Not very long after the ruby laser was developed, Javan, Bennett and Her- 
riott’ obtained maser oscillations from neon atoms excited by collisions of 
the second kind with metastable helium, in accordance with an idea previous- 
ly put forward by Javan”. This system, illustrated in Fig. 4, requires only a 
gaseous discharge through a tube containing a mixture of helium and neon 
at low pressure, and two reflectors at the ends of the tube. It oscillates at the 
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Fig.4. Schematic diagram of a helium-neon (gas discharge) laser. Electrical excitation 
can initiate a steady maser oscillation, resulting in an emitted light beam from either end 
of the gas discharge, where there are reflecting mirrors. 
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relatively low power of about 1 milliwatt, but approaches ideal conditions 
much more closely than the ruby system, and affords a continuous source of 
infrared radiation of great purity and directivity. 

The technique of gaseous excitation by electrical discharge has also led to 
a large family of lasers, producing hundreds of different frequencies from 
many different gases which range from wavelengths as long as a few tenths of 
1 millimeter down into the ultraviolet. For some systems, a heavy discharge 
pulse in the gas is needed. Others, particularly some of the infrared frequencies 
in rare gases, oscillate so readily that it seems probable that we have had lasers 
accidentally all along. Very likely some neon or other rare-gas electric signs 
have been producing maser oscillations at infrared wavelengths, which have 
gone unnoticed because the infrared could not escape from the glass neon 
tubes. Some of these oscillation frequencies represent atomic transitions which 
were previously undetected; for others, the transition has not yet even been 
identified. 

Another class of lasers was initiated through the discovery” that a p-n junc- 
tion of the semiconductor gallium arsenide through which a current is passed 
can emit near-infrared light from recombination processes with very high 
efficiency. Hall er al.” obtained the first maser oscillations with such a system, 
with light traveling parallel to the junction and reflected back and forth be- 
tween the faces of the small gallium arsenide crystal. His results were paralleled 
or followed immediately, however, by similar work in two other laborato- 
ries *". This type of laser, illustrated in Fig. 5, is of the general size and cost of 
a transistor. It can be made to oscillate simply by passage of an electric current, 
and in some cases the radiation emitted represents more than 50 percent of the 
input electrical energy - an efficiency greater than that of other man-made 
light sources. 

There quickly developed a large family of semiconductor lasers, some in- 
volving junctions and, recently, some using excitation by an external beam 
of electrons". They range in wavelength from about 10 microns, in the infra- 
red, to the center of the visible region. 

Normal! Raman scattering can be regarded as spontaneous emission from a 
virtual state, as indicated in Fig. 6. Associated with any such spontaneous emis- 
sion there must be, in accordance with Einstein’s relations, a stimulated emis- 
sion. Javan showed’ ’ the principles involved in using this stimulated emission 
for a Raman maser. What is required is simply a large enough number of 
molecular systems which are sufficiently strongly excited by radiation of 
frequency greater than some Raman-allowed transition. 
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Fig. 5. Schematic diagram of a gallium arsenide (injection, or semiconductor) laser. A 
small voltage applied between the silver ribbon and the molybdenum disc can produce 
maser oscillations with resulting emission of coherent infrared radiation. 


One might consider the population of the virtual level in a Raman maser 
(see Fig. 6) to be greater than that of the first excited state, so that there is no 
population inversion. On the other hand the initial state, which is the ground 
state, needs to be more populated than the first excited state. One can quite 
properly consider the amplification process as a parametric one with the 
molecular frequency as idler, or as due to a mixture of ground and excited 
states in which there is phase coherence between the various molecules. This 
is the second type of loophole through the black-body radiation law men- 
tioned earlier. The ammonia-beam maser itself illustrates the case of amplifi- 
cation without the necessity of population inversion. As the ammonia mole- 
cules progress through the cavity and become predominantly in the ground 
state rather than the excited state, they continue to amplify because their oscil- 
lations are correlated in phase with each other, and have the appropriate phase 
with respect to the electromagnetic wave. 

Raman masers were first demonstrated by Woodbury and Ng’ as the re- 
sult of excitation of various liquid molecules with a very intense beam from a 
pulsed laser. They too have now many versions, giving frequencies which 
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Fig. 6. Representation of energy levels in a Raman maser. This system resembles qual- 
itatively a three-level maser, one of the levels being « virtually », or not characteristic of 
the molecule when no field is present. 


differ from the original driving maser beam by some small integer times a 
molecular-vibrational frequency. Their action has been considerably extend- 


4245 


ed by Terhune" and treated in a number of theoretical papers”””. 


Present Performance of Lasers 


Where now do we stand in achieving the various theoretical expectations for 
performance of masers? 

First, consider the general extension of the frequency range where we have 
coherent amplifiers and oscillators. This has been increased by a factor of 
somewhat more than 1000; there are still additional spectral regions where 
such techniques need to be developed, but the pace has been quite rapid in the 
last few years. Maser oscillations in the infrared, optical, and ultraviolet re- 
gions have now been obtained in many ways and appear easy; new excitation 
mechanisms and systems are continually turning up. There are still two fre- 
quency regions, however, where such sources of radiation are rare or non- 
existent. One is in the submillimeter region or far-infrared. The region has, in 
a sense, now been crossed and conquered by maser oscillators. But techniques 
in this spectral region are still rudimentary, and the frequency coverage with 
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masers is spotty. Presumably further work will allow interesting explorations 
in this region and a very fruitful, high-resolution spectroscopy. 

Another region where coherent oscillators have not yet been developed is 
that of still shorter wavelengths stretching indefinitely beyond the near-ultra- 
violet, where the first such oscillators are now available. It can be shown that a 
rather severe and fundamental limitation exists as one proceeds to shorter 
wavelengths because of the continually increasing number of electromagnetic 
modes in a given volume and the faster and faster dissipation of energy into 
them by spontaneous emission. 

Consider a cavity resonator of fixed volume, fixed-wall reflectivity, and 
fixed-fractional frequency-width Av’. Meeting the threshold condition (Eqn. 
II) in such a resonator requires that there is power which increases as v’, 
radiated by spontaneous emission into all modes of the system’”. In the optical 
region this dissipated power for typical conditions, whereas at 50 angstréms, 
in the soft X-ray region, it would be about 10° watts. The threshold condition 
would then be very difficult to maintain. But, by the same token, if it is 
maintained, the coherent X-ray beam produced would contain many kilowatts 
of power. It seems reasonable to expect, on this basis, that masers will be 
developed to wavelengths somewhat below 1 000 angstréms, but that maser 
oscillations in the X-ray region will be very much more difficult. 

Secondly, let us examine the monochromaticity which has been achieved. 
For the ammonia-beam maser, the variation of microwave oscillations was 
shown experimentally to agree with the theoretical expression (Eqn. 7) within 
the experimental precision of about 50 percent. This was done by beating two 
independent ammonia oscillators together and examining their relative phase 
variations*®. A similar procedure can be carried out for two optical oscillators by 
mixing their two light beams together in a photocell and detecting the beat 
frequency. However, the technical difficulties in obtaining theoretical 
performance are rather more demanding than in the case of the ammonia 
maser. Equation 8 for a typical helium-neon laser predicts a frequency spread of 
about 10° cycle per second, ora fraction 3-10°'” of the oscillation frequency of 
3-10'* cycles per second. 

Almost all masers so far oscillating in the optical or near-infrared region re- 
quire a sharper resonance, or higher Q, of the cavity than of the atomic res- 
onance. Hence the frequency of oscillation is primarily determined, from 
Eqn. 5 by the cavity resonance. The frequency of oscillation thus depends on 
the separation L between mirrors, since from Eqn. 12 v=qc/2L, where q is 
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some integer. If, then, the radiated frequencies are to have a fractional band- 
width of about 3 10°”, such as would come from fundamental noise accord- 
ing to Eqn. 8, the mirror separation must not vary by more than this fractional 
amount. For a mirror separation of Imeter, the motion allowed would be less 
than 3 10” centimeter - a demanding requirement! 

If the mirror separation is held constant by cylindrical rods, L must still vary 
as a result of thermal excitation of the lowest frequency-stretching modes of 
the rods. This gives an additional fluctuation which is usually larger than that 
from spontaneous emission. It produces a fractional motion” 

2kT\4 
("7) 
where Tis the temperature, V the volume of the separators, and Y their 
Young’s modulus. 

In order to examine the monochromaticity of lasers, two helium-neon sys- 
tems were carefully shock-mounted in an acoustically insulated wine cellar 
of an unoccupied and isolated house so that acoustic vibrations would be mini- 
mized”. Their pairs of mirrors were separated by heavy invar rods about 60 
centimeters long. For this case, the limiting theoretical fluctuations set by 
thermal motions of the rods corresponded to fractional frequency variations 
of 510”, or a frequency fluctuation of 2 cycles per second. Light from each 
laser was sent into a photodetector, and the beat frequency examined electron- 
ically. Under good conditions free from acoustic disturbances or thermal 
transients in the invar spacers, this experiment showed that variations in the 
laser frequencies over periods of a few seconds were less than 20 cycles per 
second, or about one part in 10'*. This was ten times the limit of thermal 
fluctuations, but corresponded to detection of motions of the two mirrors as 
small as 5 10” centimeter, a dimension comparable with nuclear diameters. 
Presumably, with great care, one can obtain results still nearer to the theo- 
retical values. 

The narrowest atomic spectral lines have widths of the order of 10*cycles 
per second, so that the laser measured was more monochromatic than earlier 
light sources by a factor of about 10°. Light of this type can interfere with 
itself after traveling a distance of about 10 000 kilometers. Hence it could in 
principle measure changes in such a large distance to a precision of one wave- 
length of light, if there were any optical path so constant. Interference work 
has been done in several laboratories with laser light over distances of a few 
hundred meters, which does not require quite such special elimination of 
acoustic or other disturbances. 
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A third property of laser light which is of interest is its directivity, or the 
spacial coherence across the beam. As indicated above, certain modes of oscil- 
lation should represent approximately a plane wave of cross section compara- 
ble with the mirror diameter D. The helium-neon maser seems to easily allow 
adjustment so that such a mode of oscillation occurs, and its beam has been 
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shown” to have nearly the expected divergence 4/D due to diffraction. 

The spacial coherence or planarity of a laser beam implies that the entire 
beam can be focused by a microscope to a region as small as about 4/2, or the 
resolving power of the microscope. Similarly, it may be transmitted through 
a telescope in a beam whose angular width is simply determined by the angular 
resolution of the telescope, and hence much less than the angular divergence 
4|D as the beam emerges from a small laser. The entire energy is originally 
created in the ideal laser in a single mode; it can be transmitted into other 
single modes by optical systems without violating the well-known bright- 
ness laws of optics. 

This brings us to a fourth important property, the intensity or brightness 
which can be achieved by maser techniques. As indicated initially, once one 
has the possibility of coherent amplification, there is no firm limit to intensity 
because equilibrium thermodynamics and Planck’s law no longer are con- 
trolling. The only limit is set by the available energy input, heat dissipation, 
and size of the apparatus used. 

If only the 1 milliwatt of power emitted by a helium-neon laser is focused 
by a good lens, the power density becomes high because the cross-sectional 
area of the focused spot would be only about 42/4. This gives a power density 
of 410° Watt/cm’. The effective temperature of such a beam, because of its 
monochromaticity, is also rather high - about 10”°K for the light of 20-cycle 
per-second bandwidth. 

The pulsed systems, such as ruby lasers in particular, emit much greater 
power, although they do not quite approach the limits of coherence which 
the gaseous systems do. Ruby lasers emit a few tenths of a joule to a few hun- 
dred joules of energy in pulses from about 10°second to 10°second in 
length. The power can thus be as great as 10° Watts or more. Effective tem- 
peratures of the radiation are of the order 10”°K. The actual limit of power 
density will generally be set by the limit of light intensity optical materials can 
stand without breakage or ionization. Power of 10° Watts focused to a spot 
10° millimeter in diameter produces an electric field strength in the optical 
wave of about 10’ Volt/cm, which is in the range of fields by which valence 
electrons are held in atoms. Hence this power ionizes and disrupts all material. 
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The radiation pressure also becomes large, being about 10° dyne/cm’, or 
10°atmospheres, at such a focal point. 


Some Applications of Lasers 


It is clear that light in more ideal and in more intense form, which maser tech- 
niques have produced, can be expected to find application in wide and nu- 
merous areas of technology and of science simply because we find our present 
techniques of producing and controlling light already so widely applied. 
Most of these applications are still ahead of us, and there is not time to treat 
here even those which are already beginning to develop. I shall only mention 
that in technology lasers have been put to work in such diverse areas as radar, 
surgery, welding, surveying, and microscopy. A little more space will be 
devoted here to discussing three broad areas of science to which optical, in- 
frared, and ultraviolet masers are expected to contribute. 

Masers seem to provide the most precise techniques for measurement of the 
two fundamental dimensions of time and length. Over short periods of time 
maser oscillators clearly give the most oscillations; for longer times the hy- 
drogen maser also seems to provide the most precise clock yet available. Light 
from optical masers allows new precision in the measurement of distance, and 
already seems capable of improving our standard of length. This new preci- 
sion suggests interesting experiments on certain fundamental properties of 
our space, as well as the application of higher precision to a variety of physical 
effects. So far, experiments have been done to improve the precision with 
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which the Lorentz transformation can be experimentally verified”. It ap- 
pears that improved precision in measurement of the speed of light can also be 
expected. If we look some distance in the future, it seems clear that the tech- 
niques of quantum electronics will allow direct measurement of the frequency 
of light, rather than only its wavelength. This can be accomplished by genera- 
tion of harmonics of a radio frequency, amplification of the new frequency, 
and further generation of harmonics until the radio region is linked with op- 
tical frequencies. This should eventually allow measurement of the velocity 
of light, c, to whatever precision we define time and length. Or, it will allow 
the elimination of separate standards of time and of length because c times a 
standard time will define a standard length with more precision than we can 
now achieve. 


The power of spectroscopy should be considerably increased by use of 


Production of coherent radiation by atoms and molecules 535 


masers. In particular, these very monochromatic sources can very much im- 
prove spectroscopic resolution and thus allow more detailed examination of 
the structure of atoms, molecules, or solids. This advance can be particularly 
striking in the infrared and far-infrared, where present resolution is far less 
than the widths of atomic or molecular lines. Already some high-resolution 
spectroscopy has been done with lasers” “and still more interesting work of 
this general type can be expected before long. 

A third interesting field for which lasers are important has emerged as a 
field almost entirely because of the existence of lasers, and is the area where 
scientific research has so far been most active. This is what is usually called 
nonlinear optics”, “although it includes some phenomena which might not 
previously have been described in this way. We have been accustomed in the 
past to discussing the progress of light through a passive optical material of 
more-ore-less fixed properties. But, in the intense laser beams now available, 
interactions between the light and the optical medium are sufficiently large 
that properties of the medium can no longer be regarded as fixed. The medi- 
um distorts, it molecules vibrate, and polarization of electrons in its atoms no 
longer responds linearly to the applied field. One must now also consider the 
dynamics medium, and interactions between their two motions. Some of the 
new phenomena observed are multiple-quanta absorption, which makes ab- 
sorption depend on intensity” ”, harmonic generation in optical materials 
and mixing of light frequencies”®, excitation of coherent molecular vibra- 
tions and stimulated Raman effects’, and stimulated Brillouin scatter- 
ing” “. Only the last two of these will be discussed, partly because they bear 


on still another kind of maser, one which generates phonons. 


The Phonon Maser 


Acoustic waves follow equations that are of the same general form as the 
equations of light and manifest many of the same phenomena. An acoustic 
wave can produce an atomic or molecular excitation, or receive energy from 
it by either spontaneous or stimulated emission. Hence, one may expect maser 
action for acoustic waves if a system can be found in which molecules are 
sufficiently coupled to an acoustic field and appropriate excitation can be ob- 
tained to meet the threshold condition. The first such systems suggested in- 
volved inversion of the spin states of impurities in a crystal in ways similar to 
those used for solid-state electromagnetic masers”. A system of this type has 
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been shown to operate as expected**. However, a more generally applicable 
technique seems to be Brillouin scattering and its close associate Raman scatter- 
ing, which utilize phase correlation rather than population inversion to pro- 
duce amplification. This process can also be viewed as parametric amplifica- 
tion. 

Light may be scattered by the train of crests and troughs in an acoustic wave 
much as by a grating. Since the wave is moving, the scattering involves a 
Doppler shift. The net result, first analyzed by Brillouin”, is that the scattered 
light is shifted in frequency from the frequency ¥, of the original beam by an 
amount 


v= 2 %ov/esin 6/2 (13) 


where v and ¢ are the phase velocities of sound and of light, respectively, in the 
medium, and @ is the scattering angle. The energy lost, hv, is given to the 
scattering acoustic wave of frequency v. If the light is of sufficient intensity, it 
can thus give energy to the acoustic field faster than it is lost and fulfill a thresh- 
old condition which allows the acoustic energy to build up steadily. 

For the very high acoustic frequencies (10’to 10"c/ sec) implied by Eqn.13 
when @ is not very small, the losses are usually so large that interesting amplifi- 
cation cannot be achieved with ordinary light. But, with laser beams of hun- 
dreds of megawatts per square centimeter, it is quite feasible to produce an 
intense build-up of acoustic waves by this process of stimulated Brillouin 
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scattering’ “- so intense, in fact, that the acoustic energy can crack glass or 
quartz. This gives a method of producing and studying the behavior of very- 
high-frequency acoustic waves in almost any material which will transmit 
light - a possibility which was previously not so clearly available. 

Brillouin scattering by spontaneous emission has been studied for some 
time. But the intense monochromatic light of lasers allows now much greater 
precision in work with this technique” and it too is yielding interesting infor- 
mation on the propagation of hypersonic waves in materials. 

There is no firm limit to the acoustic frequencies which can be produced by 
stimulated emission, even though Egn.13 indicates a kind of limit, for 6 =n, 
of 2¥9v/ c. But in the optical branch of acoustic waves the phase velocity v can 
be very high. In fact, stimulated Raman scattering, or the Raman maser men- 
tioned briefly above, represents excitation of the optical branches of acoustic 
spectra, and generates coherent molecular oscillations. Quantum-electronic 
techniques can thus allow interesting new ways to generate and explore most 
of the acoustic spectrum as well as much of the electromagnetic domain. 
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Concluding Remarks 


In a few years this brief report will no longer be of much interest because it 
will be outdated and superseded, except for some matters of general principle 
or of historical interest. But, happily, it will be replaced by further striking 
progress and improved results. We can look forward to another decade of rapid 
development in the field of quantum electronics - new devices and unsuspected 
facets of the field, improved range and performance of masers, and extensive 
application to science and to technology. It seems about time now for masers 
and lasers to become everyday tools of science, and for the exploratory work 
which has demonstrated so many new possibilities to be increasingly repla- 
ced by much more finished, more systematic, and more penetrating appli- 
cations. It is this stage of quantum electronics which should yield the real 
benefits made available by the new methods of dealing with radiation. 
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A.M. PROCHOROV 


Quantum electronics 


Nobel Lecture, December 11, 1964 


One may assume as generally accepted that quantum electronics started to 
exist at the end of 1954 - beginning of 1955". Just by that time theoretical 
grounds had been created, and the first device, - a molecular oscillator - had 
been designed, and constructed. A basis for quantum electronics as a whole is 
the phenomenon of an induced radiation, predicted by A. Einstein in 1917. 
However, quantum electronics was developed considerably later. And it is 
quite natural to ask the questions: why did it happen so? What reasons put 
obstacles for the creation of quantum devices considerably earlier, for instance, 
in the period of 1930-1940? 

In order to try to answer these questions I should like to say some words 
about the bases on which quantum electronics is founded. 

As I have already noted, the phenomenon of an induced radiation was pre- 
dicted by Einstein. It is well-known that an atom being in an excited state 
may give off its energy in the form of emission of radiation (quantum) in two 
ways. The first way is a spontaneous emission of radiation, i.e. when an atom 
emits energy without any external causation. All usual light sources (filament 
lamps, gas-discharge tubes, etc.) produce light by way of such spontaneous 
radiation. It means that scientist engaged in the field of optical spectroscopy 
were well acquainted with that type of emission many years ago. 

The second way for an atom to give off its energy is through stimulated 
emission of radiation. That phenomenon was noted by Einstein to be neces- 
sary in order to describe thermodynamic equilibrium between an electro- 
magnetic field and atoms. The phenomenon of stimulated emission occurs 
when an excited atom emits due to interaction with an external field (quan- 
tum). Then two quanta are involved: one is the external one, the other is 
emitted by the atom itself. Those two quanta are indistinguishable, i.e. their 
frequency and directivity coincide. This very significant characteristic of an 
induced radiation (which was, apparently, first pointed at by Dirac in 1927) 
made it possible to build quantum electronic devices. 

In order to observe a stimulated emission, it is necessary, firstly, to have 
excited atoms and, secondly, that the probability of an induced radiation must 
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be greater than that of a spontaneous emission. If atoms are in a thermal equilib- 
rium, optical levels are not populated. If the atoms became excited they make 
a transition to the lower level due to spontaneous emission. This happens be- 
cause the probability of a stimulated emission radiation is small at usual den- 
sities of the light energy. Therefore scientists engaged in the field of spectros- 
copy did not take into account the stimulated radiation and some of them, 
apparently, considered that phenomenon as a « Kunststtick » of a theorist 
necessary only for the theory. 

It is absolutely clear that if all atoms are in an excited state, such a system of 
atoms will amplify the radiation, and many scientists understood this already 
before 1940, but none of them pointed to the possibility of creating light os- 
cillators in this way. It may seem strange because, in principle, optical quan- 
tum oscillators (lasers) could have been made even before 1940. But definite 
fundamental results were necessary. They appeared after Second World War, 
when radiospectroscopy started to develop rapidly. And just the scientists 
engaged in the field of radiospectroscopy laid down foundations for quantum 
electronics”. 

How should one explain this? There were some favourable circumstances 
which had not been available to the scientists working in the field of optical 
spectroscopy. 

First of all, since for systems in a thermal equilibrium, the excited levels in 
the radio range, contrary to the optical ones may have a large population and 
of course one should then take into account induced radiation. Indeed, if the 
concentration of particles on the lower level equals n, and on the excited level 
n,, one may write down a net absorption coefficient for an electromagnetic 
wave in the form 


I 
c= fn hy (n;By2—- B21) (1) 
the value of B,, characterizes the probability of an absorption act, and B, 


characterizes the probability of an induced radiation act. If the levels are not 
degenerated, B,,= By, then will take the form 


I 
a= 7 hv (ny—n2) Byz (2) 


For a frequency as in the optical range, under usual conditions of thermal 
equilibrium, one may put with a high accuracy n,equal to zero, and then the 
absorption coefficient will become 
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a= = hy 0, By, (3) 


Therefore, for the optical range the absorption coefficient depends only on the 
population of the lower level. For as in the radio range, as a rule, hv<< kT. 
In that case 


Then the value of will be 


I ho 
eet ho ny Bi EF (4) 


As is seen from Eqn. 4, due to stimulated emission, the value of the absorption 
coefficient becomes reduced by a factor kT/ hv compared to what it would be 
without the presence of induced emission. Therefore, all scientists engaged in 
radiospectroscopy have to take into account the effect of induced radiation. 
Moreover, for increasing an absorption coefficient one has to lower the tem- 
perature in order to decrease the population of the upper level and to weaken, 
in this way, the influence of stimulated radiation. It follows from Eqn. 2 that 
for systems that are not in thermal equilibrium, but have n,>n,, the net ab- 
sorption coefficient becomes negative, i.e. such a system will amplify radia- 
tion. In principle, such systems were known to physicists long time ago for 
the radio range. If we pass molecular or atomic beams through inhomoge- 
neous magnetic or electric fields, we can separate out molecules in definite 
state. In particular, one may obtain molecular beams containing molecules in 
the upper state only. Actually physicists engaged in the field of a micro-wave 
radiospectroscopy started to think about application of molecular beams for 
increasing the resolving power of radio spectroscopes. In order to gain a 
maximum absorption in such beams, one must have molecules either in the 
lower state only or in the upper states only, i.e. one must separate them using 
inhomogeneous electric or magnetic fields. If molecules are in the upper state, 
they will amplify a radiation. 

As is well-known from radio engineering, any system able to amplify can 
be made to oscillate. For this purpose a feedback coupling is necessary. A 
theory for ordinary tube oscillators is well developed in the radio range. For 
description of those oscillators, the idea of a negative resistance or conductance 
is introduced, i.e. an element in which so-called negative losses take place. In 
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the case of a quantum oscillator the medium with a negative absorption factor 
is that « element ». Therefore the condition of self-excitation for the quantum 
oscillator should be written in the similar way as for a tube oscillator. Ac- 
cording to the analogy with usual tube oscillators, it is quite natural to expect 
that for a quantum oscillator the oscillations will also be quite monochromatic. 

Finally, the resonator system is a very significant element of a quantum 
oscillator (maser or laser) as well as in any other oscillator with sinusoidal oscil- 
lations. However, resonator systems were well worked out for the radio 
range, and just those resonators operating in the radio range were used for 
masers. Thus, a very important element - a cavity - was also well-known to 
the scientists engaged in radiospectroscopy. Therefore all elements of masers 
really existed separately but it was necessary to do a very important step of 
synthesis in order to construct the maser. First two papers - one of which was 
published in the U.S.S.R. and the other in the U.S.A. - appeared indepen- 
dently; and they both were connected directly with the construction of radio 
spectroscopes with a high resolving power, using molecular beams. As is easily 
seen from the aforesaid, this result is quite natural. 

Those two papers initiated the development of quantum electronics, and the 
first successes in this new field of physics stimulated its further progress. Al- 
ready in 1955, there was proposed a new method - the method of pumping 
for gaining a negative absorption®. That method was further developed and 
applied for the construction of new types of quantum devices. In particular, 
the method of pumping was developed and applied for designing and building 
quantum amplifiers for the radio range on the basis of an electronic paramag- 
netic resonance”. Quantum devices according to the suggestion of Prof. 
Townes were called masers. One might think that after the successful con- 
struction of masers in the radio range, there would soon be made quantum 
oscillators (lasers) in the optical range as well. However, this did not occur. 
Those oscillators were constructed only 5-6 years later. What caused such a 
delay? 

There were two difficulties. One of them was as follows: at that time no 
resonators for the optical wavelength range were available. The second diffi- 
culty was that no methods were immediately available for gaining an inverse 
population in the optical wavelength range. 

Let us consider firstly the question of resonators. It is well-known that radio 
engineering started its development from the region of long waves where 
resonators were used in the form of self-inductance coils combined with con- 
densers. In that case the size of the resonator is much less than one wavelength. 
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With development towards short waves the cavity resonators were used. They 
are closed volume cavities. The size of those cavities was comparable with a 
wavelength. It is quite clear that with the help of such cavities it is impossible 
to advance into the region of very short waves. In particular, it would be im- 
possible to reach the optical range. 

In 1958 there was proposed the so-called open type of cavities for masers 
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and lasers in the region of very short waves’’’. Practically speaking this is 
Fabry-Perot’s interferometer; however, a « radio engineering » approach 
made it possible to suggest using such a system as a resonator. Afterwards, 
spherical mirrors were used together with plane mirrors. The size of these 
resonators is much more than that wavelength. 

At present open cavities are widely utilized for lasers. 

There were also systems suggested for the production of a negative ab- 
sorption in the submillimeter (far-infrared) wavelength range’, the infrared 
and optical wave ranges”. Those works stimulated a further advancement 
in the region of shorter waves and, in particular, into the optical range. How- 
ever, the first quantum-optical oscillator was made as late as 1960". It was a 
ruby laser. After carrying out investigations in the optical range, many scien- 
tists started to think about further extension into the X-ray field. In that wave- 
length range the same difficulties arise as in the optical wavelength range. It 
was necessary to suggest new types of resonators and to find also the proper 
system. that would produce negative absorption. As is known X-ray quan- 
tum oscillators have not yet been constructed. We have also considered this 
problem* and we have found that there are essential difficulties. 

Indeed in the X-ray region the lifetime of an excited level state is small and 
one may assume that the line width is determined by that lifetime only. Then 
the absorption coefficient may be written in a very simple form 

2 
a = (m—m,) (s) 


where dis the wavelength and n,and n,are the densities of particles in the 
lower and upper level stated respectively. As seen from Eqn. 5 the absorption 
coefficient decreases sharply as the wavelength becomes shorter. This is an 
extremely unpleasant circumstance. Indeed for the laser operation the value 
of «should be of the order of one inverse cm. IfA =1A, the density of particles 
on the upper level must be not less than 10”cm™. The lifetime in the upper 


* This problem was also considered in ref. 1. 
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level tis of the order of 10“sec. Therefore, 10*particles/cm’ per second 
must be excited. In order to fulfil this condition one has to overcome essential 
experimental difficulties. 

Nevertheless, the successes of quantum electronics are enormous even with- 
out the construction of laser in the X-ray region. 

At present the range in which lasers and masers operate is extremely wide. 
Recently a far-infrared range had not been available but now investigations in 
this region are carried out with a great success. In practice with the help of 
masers and lasers one may produce emission from the the lowest radio fre- 
quencies to the ultraviolet region. 

Operation of all masers and lasers is based on the fact that in media with a 
negative absorption the processes of induced emission dominate due to a large 
field intensity over spontaneous or non-radiative transitions. Moreover, at 
present, for instance, one may produce with the help of a ruby laser such ra- 
diation energy densities at which the probability of multiquantum processes 
becomes comparable with the probability of one quantum process or even 
exceeds it. This is a new qualitative jump which leads to interesting results of 
several kinds. 

First of all one may estimate“ the maximum power which a ruby laser is 
able to give per cm’. That power equals 10"Watt/cm’ that is one hundred 
gigaWatts / cm’. At that power the probability of a simultaneous absorption 
of three quanta of red light with transition of an electron to the conduction 
band is so great that a further growth of the field stops. For three-quantum 
processes the losses grow in proportion to the cube of the energy density, i.e. 
a very strong dependence on the field takes place. 

Large electric fields available in a laser beam may carry out ionization and 
dissociation of molecules and breakdown in a solid as well. 

Multiquantum processes do not always have a bad effect (for instance, re- 
striction of the maximum density given by laser) but they open up new possi- 
bilities for a further development of quantum electronics. This interesting and 
principally new direction is connected with the construction of lasers which 
utilize two-quantum transitions. It was pointed out in 1963 in the U.S. S. R.” 
and somewhat later but independently in the U. S. A." that construction 
of these oscillators should be possible. The idea of this laser is that if there is an 
inverse population between two levels with the energy difference E,—E, = hy, 
generation of two frequencies v ; and v 2 is possible in such a way that 


ver, +P, (6) 


Quantum electronics 547 


In particular, frequencies »; and ¥z may coincide. However, frequencies ¥; 
and v , may have any value as long as only condition 6 is fulfilled. 

Operation of such an oscillator, as it was mentioned above, is connected 
with two-quantum transitions, the probability of which is rather great, if the 
field density is considerable. For self-excitation of these oscillators it is neces- 
sary to have another oscillator of a sufficiently large initial energy density with 
frequencies ¥; or ¥,, and one may remove the external field only after self- 
excitation of the two quantum oscillator. Such two quantum oscillators have 
two possibilities : (1) Faster growth of the field density than in the case of usual 
lasers. (2) Possibility of producing any frequency within the framework of 
the relation 6. 

Construction of an oscillator for any given radiation frequency will greatly 
extend the region of application of lasers. It is clear that if we make a laser with 
a sweep frequency, we apparently shall be able to influence a molecule in such 
a way that definite bonds will be excited and, thus, chemical reactions will 
take place in certain directions. 

However, this problem will not be simple even after design of the appro- 
priate lasers. But one thing is clear: the problem is extremely interesting and 
perhaps its solution will be able to make a revolution in a series of branches of 
chemical industry. 


1. N.G. Basov and A.M. Prochorov, Zh. Eksperim. i Teor. Fiz., 27 (1954) 431. 

2. J.P. Gordon, H. J. Zeiger and C. H. Townes, Phys. Rev., 95 (1954) 282. 

3. N.G. Basov and A. M. Prochorov, Zh. Eksperim, i Teor. Fiz., 28 (1955) 249. 

4. N. Bloembergen, Phys. Rev., 104 (1956) 324. 

5. H.E.D. Scovil, G. Fether and H. Seidel, Phys. Rev., 105 (1957) 762. 

6. A.M. Prochorov, Zh. Eksperim. i Teor. Fiz., 34 (1958) 1658. 

7. ALL. Schawlow and C.H. Townes, Phys. Rev., 112 (1958) 1940. 

8. N.G. Basov, B.M. Vul and Yu. M. Popov, Zh. Eksperim. i Teor. Fiz., 37 (1959) 587. 

9. A. Javan, Phys. Rev. Letters, 3 (1959) 87. 

0. F. A. Butaeva and V. A. Fabrikant, O srede s otritsatelnym koeffitsentom pogloshcheniya. 
Issledovaniya po eksperimentalnoy i teoreticheskoy fizike. Sbornik pamyati G. S. Lands- 
berga, Izdatelstvo Akad. Nauk S. S. S.R., 1959, p.62. 

11. T.H. Maiman, Brit. Commun. Electron., 1(1960) 674. 

12. F. V. Bunkin and A. M. Prochorov, in preparation. 

13. A.M. Prochorov and A.C. Selivanenko, U.S.S.R. Patent Application No. 872, 303, 

priority 24 Dec. 1963. 

14. P.P. Sorokin and N. Braslau, IBM ]. Res. Develop., 8 (1964) 177. 

15. R.Z. Gorwin, IBM J. Res. Develop., 8 (1964) 338. 


NiIKOLAI G.BASOv 


Semiconductor lasers 


Nobel Lecture, December 11, 1964 


In modern physics, and perhaps this was true earlier, there are two different 
trends. One group of physicists has the aim of investigating new regularities 
and solving existing contradictions. They believe the result of their work to be 
a theory; in particular, the creation of the mathematical apparatus of modern 
physics. As a by-product there appear new principles for constructing devices, 
physical devices. 

The other group, on the contrary, seeks to create physical devices using 
new physical principles. They try to avoid the inevitable difficulties and con- 
tradictions on the way to achieving that purpose. This group considers various 
hypotheses and theories to be the by-product of their activity. 

Both groups have made outstanding achievements. Each group creates a 
nutrient medium for the other and therefore they are unable to exist without 
one another; although, their attitude towards each other is often rather critical. 
The first group calls the second « inventors », while the second group accuses 
the first of abstractness or sometimes of aimlessness. One may think at first 
sight that we are speaking about experimentors and theoreticians. However, 
this is not so, because both groups include these two kinds of physicists. 

At present this division into two groups has become so pronounced that one 
may easily attribute whole branches of science to the first or to the second 
group, although there are some fields of physics where both groups work 
together. 

Included in the first group are most research workers in such fields as quan- 
tum electrodynamics, the theory of elementary particles, many branches of 
nuclear physics, gravitation, cosmology, and solid-state physics. 

Striking examples of the second group are physicists engaged in thermo- 
nuclear research, and in the fields of quantum and semiconductor electronics. 

Despite the fact that the second group of physicists strives to create a phys- 
ical device, their work is usually characterized by preliminary theoretical 
analysis. Thus, in quantum electronics, there was predicted theoretically the 
possibility of creating quantum oscillators: in general, also, there were pre- 
dicted the high monochromaticity and stability of the frequency of masers, 
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the high sensitivity of quantum amplifiers, and there was investigated the 
possibility of the creation of various types of lasers. 

This lecture is devoted to the youngest branch of quantum electronics - 
semiconductor lasers, which was created only two years ago, although a 
theoretical analysis started already in 1957 preceded the creation of lasers’. 

However, before starting to discuss the principles of operation of semicon- 
ductor lasers we would like to make some remarks of the theoretical « by- 
products » of quantum electronics. There are many of them but we shall con- 
sider only three: 

(1) The creation of quantum frequency oscillators of high stability and the 
transition to atomic standards of time made it possible to raise the question of 
solving the problem of the properties of atomic time. 

Dicke’in his paper at the first conference on quantum electronics pointed 
out the possibility of an experimental check of the hypothesis on the variation 
of fundamental physical constants with time on the basis of studying changes 
in frequencies of different quantum standards with time. There arises the 
question about the maximum accuracy of atomic and molecular clocks de- 
pending on the nature of quantum of emission, especially about the accuracy 
of the measurement of short time intervals. 

(2) Due to quantum electronics there was started an intensive investigation of 
a new « super non-equilibrium state of matter » - the state with negative 
temperature, which in its extreme state of negative zero is close in its proper- 
ties to the absolute ordering intrinsic for the temperature of absolute zero. It 
is just this property of high ordering of a system with negative temperature 
which makes it possible to produce high-coherent emission in quantum 
oscillators, to produce high sensitive quantum amplifiers, and to separate the 
energy stored in the state with negative temperature in a very short time, of 
the order of the reciprocal of the emission frequency. 

(3) Quantum electronics gives examples of systems in which there occurs 
radiation with a very small value of entropy. For instance, spontaneous low 
temperature radiation from flash tubes, distributed through very large num- 
ber of degrees of freedom is converted with the help of a system in a state of 
negative temperature (quantum oscillators) into high-coherent laser emission, 
the temperature of which in present experiments already attains a value of 10” 
degrees. 

Apparently, the regularities established by quantum electronics for radia- 
tion may be generalized for other natural phenomena. The possibility of ob- 
taining a high degree of organization with the help of feed-back systems may 
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be of interest for chemical and biological research, and for cosmology. The 
question arises as to whether or not the maser principle is used in Nature. 

We believe that the above questions need attention from physicists of the 
first group, because these questions go beyond the limits of the theory of oscil- 
lations, the theory of radiation and usual optics which form the basis of 
modern quantum electronics. 


I. Conditions for the Production of Negative Temperature in Semiconductors 


Investigations of semiconductor quantum oscillators were a direct continua- 
tion of research on molecular oscillators and paramagnetic amplifiers. One 
should note that at the beginning of research on semiconductor lasers, due to 
investigations in the field of semiconductor electronics, there became known 
the physical characteristics of semiconductors, which were essential in the 
development and practical realization of lasers; such as, optical and electric 
characteristics, structure of energy bands, and relaxation time. 

Various pure and alloyed semiconductors were made, and the technique of 
measurements of their various properties and the technology of making p-n 
junctions were worked out. All of this considerably simplified investigations 
of semiconductor lasers. Semiconductors were very intriguing because of the 
possibility of using them for making oscillators with a frequency range from 
the far-infrared region to the optical or even to the ultraviolet range, as well as 
because of the variety of methods by means of which states with negative 
temperatures may be obtained within them and because of their large factor 
of absorption (amplification). As the following studies have shown, semicon- 
ductor lasers may have extremely high efficiency, in some cases approxi- 
mating 100 percent. 

In contrast to an isolated atom, in semiconductors there do not exist separate 
energy levels, but rather there exist groups of energy levels arranged very 
close to one another, which are called bands (Fig. 1). The upper group of levels, 
called the conduction band, and a lower group of excited levels, called the 
valent band, are divided by a band of forbidden energy (Fig. 1). 

The distribution of electrons on energy levels is described by the Fermi 
function: each level is occupied by two electrons, the electrons being distrib- 
uted in the energy range of the order of the energy of kT thermal motion; 
and, the probability of finding an electron beyond the kT interval sharply 
decreases when the energy level increases. If the energy of thermal motion is 
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Fig.1. Energy-level diagram. (a) For atoms with two energy levels; (b) for semicon- 
ductors. 


significantly less than the energy difference between the conduction and valent 
bands, then practically all electrons will be found in the valent band, filling its 
levels, while practically all levels of the conduction band remain free (Fig. 2a). 
In such a state the semiconductor cannot conduct electric current and becomes 
an insulator, since the electric field applied to the semiconductor is unable to 
change the motion of the electrons in the valent band (all energy levels are 
occupied). 

If the energy of thermal motion is sufficient, then a part of the electrons are 
thrown into the conduction band. Such a system may serve as a conductor of 
electric current. Current is able to flow both due to variation of the electron 
energy under the action of the external field, as well as due to changes in the 
electron distribution within the valent and conduction bands. Current with- 
in the valent band behaves as if those places free from electrons (holes) moved 
in a direction opposite to that of the electrons. A vacant place or « hole » is 
entirely equivalent to a positively charged particle (Fig. 2b). 
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Fig. 2. Distribution of the electrons on energy levels. 


Semiconductor lasers 553 


During interaction with light, a semiconductor, similar to an isolated atom, 
may undergo three processes: 
(1) A light quantum may be absorbed by the semiconductor: and, in this 
case an electron-hole pair is produced. The difference in energy between the 
electron and the hole is equal to the quantum energy. This process is connected 
with the decrease in energy of the electromagnetic field and is called resonance 
absorption (Fig. 3a). 
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Fig. 3. Processes of the interaction with light. (a) Resonance absorption; (b) stimulated 
emission. 


(2) Under the influence of a quantum, an electron may be transferred from 
the conduction band to a vacant place (hole) on the valent band. Such a trans- 
fer will be accompanied by the emission of a light quantum identical in fre- 
quency, direction of propagation and polarization to the quantum which 
produced the emission. This process is connected with an increase of the field 
energy and is called stimulated emission (Fig. 3b). We recall that stimulated 
emission was discovered by A. Einstein in 1917 during an investigation of 
thermodynamical equilibrium. between the radiation field and atoms. 
(3) Besides resonance absorption and stimulated emission, a third process 
may take place - spontaneous emission. An electron may move over to a vacant 
place-hole (recombine with the hole) in the absence of any radiation quanta. 
Since the probabilities of stimulated radiation and resonance absorption are 
exactly equal to one another, a semiconductor in an equilibrium state at any 
temperature may only absorb light quanta, because the probability of finding 
electrons at high levels decreases as the energy increases. In order to make the 
semiconductor amplify electromagnetic radiation, one must disturb the equi- 
librium of the distribution of electrons within the levels and artificially pro- 
duce a distribution where the probability of finding electrons on higher energy 
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levels is greater than that of finding them on the lower levels” ’. It is very 
difficult to disturb the distribution inside a band because of the strong inter- 
action between the electrons and the lattice of the semiconductor: it is re- 
stored in 10“to 10”sec. It is much simpler to disturb the equilibrium be- 
tween the bands, since the lifetime of electrons and holes is considerably 
greater in the bands. It depends on the semiconductor material and lies in the 
interval of 10°°to 10°sec. 

Due to the fact that electrons and holes move in semiconductors, in addition 
to the law of the conservation of energy, the law of the conservation of mo- 
mentum should be fulfilled during emission. Since the photon impulse is 
extremely small, the law of the conservation of momentum, approximately 
speaking, requires that the electrons and holes must have the same velocity 
during the emission (or absorption) of a light quantum. Fig. 4 shows graphi- 
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Fig. 4. Diagram of the electron-hole energy dependence on the quasi-momentum. (a) 
Direct transitions; (b) indirect transitions. 


cally the dependence of energy on momentum. There are two types of semi- 
conductors. For one group of semiconductors, the minimum of electron 
energy in the conduction band is exactly equal to the maximum of hole 
energy in the valent band. In such semiconductors there may take place so 
called « direct transitions ». An electron having minimum energy may re- 
combine with a hole having maximum energy. For another group of semi- 
conductors, the minimum energy in the conduction band does not coincide 
with the maximum energy in the valent band. In this case the process of emis- 
sion or absorption of a light quantum should be accompanied by a change in 
the amplitude of the oscillatory state of the crystal lattice, that is by the emis- 
sion or absorption of a phonon which should compensate for the change in 
momentum. Such processes are called indirect transitions. The probability 
of indirect transitions is usually less than that of direct transitions. 
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In order to make a semiconductor amplify incident radiation under inter- 
band transitions, one should distinguish two cases: 


(a) In the case of direct transitions 


It is necessary to fill more than half of the levels in the band of the order of kT 
near the band’s edge with electrons and holes. Such states, both for atoms and 
molecules, came to be called states with inverse populations, or states with 
negative temperature. The distribution of electrons when all levels in the kT 
zone of the conduction band are occupied by electrons, and in the valent band 
- by holes, corresponds to the temperature minus zero degrees. In this state 

{in contrast to the state of plus zero degrees), the semiconductor is only able 
to emit (stimulated and spontaneous) light quanta and is unable to absorb 
emissions. 

The state of a semiconductor when most levels in a certain energy band are 
occupied by electrons or holes was named the degenerated state. 

Thus, for the creation of negative temperature there must occur degenera- 
tion of electrons and holes in the semiconductor. With a given number of 
electrons and holes it is always possible to produce degeneration by means of 
lowering the semiconductor’s temperature; since, as the temperature decreases 
the energy band width occupied by the electrons also decreases. At the tem- 
perature of liquid nitrogen for degeneration to take place it is necessary to 
have an electron concentration’ of 10”-10"1/cm’. 


(b) In the case of indirect transitions 


Degeneration is not necessary for the creation of negative temperature. This 
is connected with the fact that when indirect transitions occur, the probability 
of quantum-stimulated emission may not be equal to the probability of 
resonance absorption, 

Consider, for instance, an indirect transition in which a quantum and a 
phonon are emitted simultaneously. The process of the simultaneous absorp- 
tion of a quantum and a phonon is the inverse of that process. 

The probability of absorption is proportional to the number of phonons in 
the crystal lattice. The number of phonons decreases with a lowering of 
temperature. At low temperature phonons are absent. Therefore, by means 
of lowering the temperature of the sample one may make the probability of 
emission much greater than the probability of absorption. This means that 


556 Nikolai G. Basov 


with indirect transitions negative temperature may be attained with a consider- 
ably lower concentration of electrons and holes’. 

One should note that the absorption and emission of quanta during transi- 
tions within a band also takes place due to indirect transitions. When negative 
temperature is created between bands, the distribution of electrons (and holes) 
within a band corresponds to a positive temperature and leads to the absorp- 
tion of emission. 

In the case of direct transitions, when the probability of interband transitions 
is much greater than that of innerband transitions, one may neglect the inner- 
band transitions; that is, states with negative temperature can be used for the 
amplification of emission. 

In the case of indirect transitions for amplification to take place it is not 
sufficient to attain negative temperature. It is necessary that the probability 
of interband transitions be greater than that of innerband transitions. The 
necessity of fulfilling this condition makes it difficult to utilize indirect transi- 
tions. According to Dumke’s estimate, this condition cannot be fulfilled for 
germanium’. However, it may be fulfilled for other semiconductors’. 

In a number of cases in semiconductors, an electron and a hole form an 
interconnected state something like an atom-exciton. The excitons may re- 
combine, producing an emission. They may be also used to obtain quantum 
amplifiers, but we shall not consider this in detail. 

We have studied conditions for the production of negative temperature 
in semiconductors possessing an ideal lattice. In a non-ideal crystal there occur 
additional energy levels connected with various disturbances in the crystalline 
lattice (impurities, vacancies, dislocations, etc.). As a rule, these states are 
localized near the corresponding centre (for instance, near an impurity atom) 
and in this they differ from those states in the valent and conduction bands 
which belong to the crystal as a whole. 

In an ideal crystal the number of electrons in the conduction band is exactly 
equal to the number of holes in the valent band. However, in an actual crystal 
the number of current carriers - electrons and holes - is determined, mainly, 
by the existence of impurities (Fig. 5). 

There are two kinds of impurities: one type has energy levels arranged near 
the conduction band and creates excess electrons due to thermal ionization. 
These are called « donor » impurities. Other impurities having energy levels 
near the valent band are able of removing electrons from the valent band and 
thus producing an excess number of holes in it. These impurities are called 
« acceptors ». 
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Fig. §. Donor and acceptor levels. 


One should note that a semiconductor with an equal number of donor and 
acceptor impurities behaves as if it were a pure semiconductor, since the holes 
produced by acceptors recombine with the electrons produced by donors. 

In a number of cases, transitions of electrons between bands, between im- 
purity atoms or between other levels may also be accompanied by emission 
of photons. One may likewise use these transitions for the creation of negative 
temperature. However, because of time limitations, we shall not discuss this 
question. 


II. Methods of Obtaining States with Negative Temperature 
in Semiconductors 


(a) The method of optical pumping 


In the case of semiconductors one may utilize the « three-level » scheme’ 
which has been used successfully for paramagnetic quantum amplifiers* and 
optical generators based on luminescent crystals and glasses? (Fig. 6). 

Since the relaxation time of electrons and holes in the band levels” is much 
less than the lifetime of electrons and holes in the corresponding bands, one 
may obtain an inverse population by means of optical pumping. 

Semiconductors have a very large absorption index which sharply increases 
as the radiation frequency increases. Therefore, to obtain an inverse population 
in samples of relatively large thickness, it is reasonable to use monochromatic 
radiation with a frequency close to that of the interband transitions". In the 
case when the frequency of the exciting radiation is greater than the width of 
the forbidden band, a state with negative temperature is produced in a narrow 
band, several microns deep (on the order of the electrons’ diffusion length) 
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Fig. 6. Optical pumping. (a) Three levels diagram for atoms; (b) for semiconductors. 


near the surface of the sample. As a source of radiation one may use the light 


from other types of lasers: gas lasers, lasers based on luminescent crystals or 
lasers based on p-n junctions”. 


(b) The excitation of semiconductors by a beam of fast electrons 


If a beam of fast electrons is directed into the surface of a semiconductor, the 
electrons easily penetrate into the semiconductor. On their way the electrons 
collide with the atoms of the crystal and create electron-hole pairs. Calcula- 
tions and experiments” have shown that an amount of energy approxi- 
mately three times greater than the minimum energy difference between the 
bands is spent on the production of one electron-hole pair (Fig. 7a). The elec- 
trons and holes obtained give their excess energy to the atoms of the lattice 
and accumulate in the levels near the edges of the corresponding bands. In this 
case a state with negative temperature may be created”. The higher the 
electron energy, the deeper they will penetrate. However, there exists a 
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Fig. 7. (a) p-n junctional equilibrium; (b) p-n junction in the external electrical field. 
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certain threshold energy, beginning with which the electrons will produce 
defects in the crystal; that is, will destroy the crystalline lattice. This threshold 
energy depends upon the binding energy of the atoms in the crystals and is 
usually equal to about several hundred KeV. Experiments have shown that 
electrons with energy in the range of 200-500 KeV are not yet capable of 
noticeably harming the lattice. 

The current density of fast electrons at which negative temperature is pro- 
duced strongly depends upon the lifetime of electrons and holes. For semi- 
conductors with a lifetime of 10’sec at the temperature of liquid nitrogen, the 
threshold of the current density has the order of one Ampere per cm’. Since 
in the presence of such large currents it is difficult to remove the energy releas- 
ed in the semiconductor, the impulse method of excitation with a short im- 
pulse duration is usually employed. 


(c) The injection of electrons and holes through p-n junctions 


As it was noted above, a specific characteristic of semiconductors is that their 
energy levels may be filled with electrons or holes by introducing into the 
crystals special types of impurity atoms. However, the simultaneous intro- 
duction of donor and acceptor impurities does not result in the production of 
states with negative temperature. Therefore, in order to obtain an inverse pop- 
ulation one does as follows: take two pieces of a semiconductor, inject donor 
impurities into one of them, and inject acceptor impurities into the other. If 
one then connects one piece to the other, a p-n junction will be created. On the 
boundary between the semiconductors there arises a potential difference 
which does not allow electrons to penetrate into the crystal having holes and 
likewise does not allow holes to penetrate into the crystal having electrons 
(Fig. 7a). As it was pointed out above, a large concentration of electrons and 
holes is necessary for the production of an inverse population (more than half 
of the levels in a certain energy band should be occupied), that is the semi- 
conductor must have a large number of impurities. 

If one applies an external voltage to a p-1 junction, removing the potential 
difference between the two pieces of the semiconductor, the equilibrium of 
the distribution of electrons will be disturbed, and current will flow through 
the semiconductor. In this case electrons appear to flow into the region with a 
large concentration of holes, and holes - into the region with a large concentra- 
tion of electrons. An inverse population arises in a narrow region near the 
p-n junction at a distance of several microns. Thus, there is obtained a layer of 
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the semiconductor which is able to amplify electromagnetic waves by means 
of the stimulated emission of quanta during the transition of electrons from 
the conduction band to the valent band” (Fig. 7b). 

Many methods for the production. of p-n junctions were worked out during 
research on semiconductors. At the present time two methods of making p-n 
junctions are used for the creation of lasers: the diffusion method” and the 
method of dopping with different impurities during the process of growing a 
crystal”. 


Ill. Semiconductor Lasers 


In order to carry out generation on the basis of systems with negative tem- 
perature, one must introduce feedback coupling into the system. This feed- 
back coupling is carried out with the aid of cavities. The simpliest type of 
cavity in the optical range is a cavity with plane-parallel mirrors”. Light 
quanta reflecting from the mirrors will pass many times through the ampli- 
fying medium. If a light quantum, before its absorption by the mirrors or 
inside the sample, has time to cause stimulated emission of more than one 
quantum (that is, if the condition of self-excitation is fulfilled in the system), 
that system will operate as a laser (Fig. 8). If one maintains a certain negative 
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Fig. 8. Diagram of semiconductor lasers. (a) Usual; (b) with radiative mirrors. 


temperature in the sample with the help of an external energy source, the 
number of quanta in the cavity will increase until the quantity of electrons 
excited per time unit becomes equal to the number of emitted quanta. 

It should be especially noted, that when a quantum system with feed-back 
coupling operates as a laser, its emission has a very narrow frequency band. 
This characteristic makes laser emission different from all other light sources: 
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filament lamps, luminescent lamps and light sources with very narrow atomic 
and molecular spectral lines. 

The monochromatic emission of lasers is a result of the properties of stimu- 
lated radiation: the quantum frequency of the stimulated radiation equals the 
frequency of the quantum which produced the radiation. The initial line 
width in semiconductors is usually about several hundred angstroms. At the 
present time it has been shown that the line width in lasers which use a p-n 
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junction in GaAs is less than fifty megacycles™”. The minimum value of the 
line width in lasers is connected with the phenomenon of spontaneous emis- 
sion. 

Spatial directivity of the emission arises together with change in the spectral 
composition of the oscillation regime. It is connected also with the nature of 
stimulated radiation: during stimulated radiation, a light quantum has the 
same direction of propagation as the quantum which produced it. 

Usually in semiconductor lasers, the sample itself serves as a cavity; since 
semiconductor crystals have a large dielectric constant, and, since the polished 
boundary of the division between the air and the dielectric is able of reflecting 
about 30% of the radiation. 

The first semiconductor lasers were made utilizing p-n junctions in crystals 
of GaAs”. Some time later, lasers were made under excitation by an elec- 
tron beam’, and, recently, under excitation by a light beam”. In Table 1 
different semiconducting materials are shown with which lasers have been 
made, and the methods of excitation are given. 

With the help of semiconductors it has already become possible to cover a 
large frequency range from 0.5u to 8.5u. In a number of cases it is possible to 
continuously overlap a very large frequency range, since the variation of the 
concentration of components in three-component semiconductors units re- 
sults in changes in the distances between the bands, that is, allows one to con- 
tinuously change the emission frequency. For instance, variation of composi- 
tion in the system In As-In P results’ ’ in frequency changes from 0.9 to 3.2uUL. 

At present, the highest degree of development has been obtained with lasers 
utilizing p-n junctions in GaAs. Impulse and continuous regimes were ob- 
tained with an average power of several Watts, and peak power of up to 100 
Watts, with an efficiency” of about 30%. 

The most interesting characteristic of semiconductor lasers is their high 
efficiency. 

Since a direct transformation of electric current into coherent emission 
takes place in lasers utilizing p-n junctions, their efficiency may approach uni- 
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Table I 
Semiconductor lasers 
The semi - The wave range o 
conductor the radiation — Te fiethod aan References 
: . : excitation 
material (in microns) 
CdS 0.5 high speed electron beam 15 
CdTe 0.8 high speed electron beam 30 
GaAs 0.85 p-n junction 17,18 
high speed electron beam 99 
optical excitation 23 
InP 0.9 p-n junction 31 
GaSb 1.6 p-n junction 32 
high speed electron beam 33 
InAs 32 p-n junction 34 
high speed electron beam 35 
InSb 53 p-n Junction 36 
high speed electron beam 6 
PbTe 6.5 p-n junction 24 
PbSe 8.5 p-n junction 24 
GaAs-GaP 0.65-0.9 p-n junction 37 
InAs-InP 0.9-3.2 p-n junction 25 
GaAs-InAs 0.85-3.2 p-" junction 38 


ty. Even now it has become possible to make diodes with an efficiency” of 
70-80%. 

Lasers with monochromatic optical pumping should also have a very high 
efficiency, since the pumping frequency may be made close to the emission 
frequency”. 

The efficiency of lasers with electron excitation cannot be higher” than 
about 30%, since two thirds of the energy is spent on heating of the lattice 
during the production of electron-hole pairs. However, such lasers may be 
rather powerful. This type of excitation will evidently make it possible to 
create sources of coherent emission working in the far ultraviolet range. 

Another characteristic of semiconductors is a high coefficient of amplifica- 
tion, attaining a value of several thousands of reverse centimeters, which 
makes possible to construct lasers with dimensions measured in microns, that 
is, with cavity dimensions close to the length of the emission wave. Such cavi- 
ties should have a very short setup time, of the order of 10°-10”sec, which 
opens the way for the control of high frequencies by using the oscillations in 
semiconductor lasers, and for the creation of superfast-operating circuits on 
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the basis of lasers, such as components for superfast-operating electronic 
computers. Q-switch lasers giving very short light pulses may be built out 
of semiconducting materials. 

The small dimensions of semiconductor lasers make it possible to construct 
quantum amplifiers with an extremely high sensitivity, since sensitivity in- 
creases with a decrease in the number of modes of oscillation which may be 
excited in the cavity. For the first time light amplifiers with an amplification 
index of about 2000 cm*have been produced”. 

The high amplification index in semiconductor lasers makes it possible to 
create for them a new type of cavity - the cavity with emitting mirrors 
(Fig. 8)”. 

A silver mirror is covered by a thin semiconductor film which is then 
covered by a transparent film. If one produces in the semiconducting film a 
state with negative temperature which can compensate for the mirror losses, 
such a mirror may be used in the construction of a laser. As in the case of a gas 
laser, one may expect to observe very high monochromaticity and spatial 
coherence in the emission. A significant advantage of such a system is the 
simplicity of removing heat from the thin semiconducting film, which in- 
dicates that it should be possible to obtain considerable power. 

In order to produce negative temperature in a semiconducting film, one 
may use electronic excitation or optical pumping. The utilization of semi- 
conductor lasers with p-n junctions for optical pumping makes it possible to 
attain high efficiency in the system as a whole. 

The question as to the maximum power which may be obtained using 
semiconductor lasers is not quite clear at present. However, the employment 
of emitting mirrors of sufficiently large area will make it possible, apparently, 
to utilize a considerable quantity of semiconducting material. The maximum 
value of a mirror’s cross-section is determined by such factors as the precision 
of its manufacture and the homogeneity of its semiconducting layer. Various 
deviations from optical homogeneity will produce the highest modes of os- 
cillations. 

Among the disadvantages of semiconductor lasers are their relatively small 
power, their large spatial divergence and their insufficiently high monochro- 
maticity. 

However, in speaking about those disadvantages one should keep in mind 
that the field of semiconductor quantum electronics is still in its infancy. 
Furthermore, the means of overcoming these disadvantages are already in 
sight. It is quite clear in what directions to proceed in order to develop semi- 
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conductor quantum electronics, and to increase the sphere of application of 
semiconductor lasers. All of this gives reason to hope that semiconductor 
quantum electronics will continue to play a fundamental role in the develop- 
ment of lasers. 
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ABSTRACT 


Optical frequency combs from mode-locked femtosecond lasers have revolu- 
tionized the art of counting the frequency of light. They can link optical and 
microwave frequencies in a single step, and they provide the long missing 
clockwork for optical atomic clocks. By extending the limits of time and fre- 
quency metrology, they enable new tests of fundamental physics laws. Precise 
comparisons of optical resonance frequencies of atomic hydrogen and other 
atoms with the microwave frequency of a cesium atomic clock are establish- 
ing sensitive limits for possible slow variations of fundamental constants. 
Optical high harmonic generation is extending frequency comb techniques 
into the extreme ultraviolet, opening a new spectral territory to precision 
laser spectroscopy. Frequency comb techniques are also providing a key to 
attosecond science by offering control of the electric field of ultrafast laser 
pulses. In our laboratories at Stanford and Garching, the development of new 
instruments and techniques for precision laser spectroscopy has long been 
motivated by the goal of ever higher resolution and measurement accuracy in 
optical spectroscopy of the simple hydrogen atom which permits unique con- 
frontations between experiment and fundamental theory. This lecture re- 
counts these adventures and the evolution of laser frequency comb tech- 
niques from my personal perspective. 


INTRODUCTION 


In our highly complex and ever changing world it is reassuring to know that 
certain physical quantities can be measured and predicted with very high pre- 
cision. Precision measurements have always appealed to me as one of the 
most beautiful aspects of physics. With better measuring tools, one can look 
where no one has looked before. More than once, seemingly minute differ- 
ences between measurement and theory have led to major advances in funda- 
mental knowledge. The birth of modern science itself is intimately linked to 
the art of accurate measurements. 

Since Galileo Galilei and Christiaan Huygens invented the pendulum 
clock, time and frequency have been the quantities that we can measure with 
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the highest precision. Today, it is often a good strategy to transform other 
quantities such as length or voltage into a frequency in order to make accur- 
ate measurement. This is what my friend and mentor Arthur Schawlow at 
Stanford University had in mind when he advised his students: “Never mea- 
sure anything but frequency!” Measuring a frequency, i.e. counting the num- 
ber of cycles during a given time interval, is intrinsically a digital procedure 
that is immune to many sources of noise. Electronic counters that work up to 
microwave frequencies have long been available. In 1967, the Conference 
Generale des Poids et Mesures (CGPM) has defined the second, our unit of 
time, as the period during which a cesium-133 atom oscillates 9 192 631 770 
times on a hyperfine clock transition in the atomic ground state. Today, after 
50 years of continuous refinement, microwave cesium atomic clocks reach a 
precision of 15 decimal digits [1]. 

Even much higher precision is expected from future optical atomic clocks 
which use atoms or ions oscillating at the frequency of light as the “pendu- 
lum”. By slicing time into a hundred thousand times finer intervals, such 
clocks will greatly extend the frontiers of time and frequency metrology. The 
long missing clockwork mechanism can now be realized with a femtosecond 
laser frequency comb, an ultra-precise measuring tool that can link and com- 
pare optical frequencies and microwave frequencies phase coherently in a 
single step. Laser frequency combs provide powerful tools for new tests of 
fundamental physics laws. Precise comparisons of optical resonance frequen- 
cies of atomic hydrogen and other atoms with the microwave frequency of a 
cesium atomic clock are already establishing sensitive limits for possible slow 
variations of fundamental constants. Optical high harmonic generation is ex- 
tending frequency comb techniques into the extreme ultraviolet, opening a 
new spectral territory to precision laser spectroscopy. Frequency comb tech- 
niques are also providing a key to attosecond science by offering control of 
the electric field of ultrafast laser pulses. 

Femtosecond laser frequency combs have been highlighted in the citation 
for the 2005 Nobel Prize in Physics. Although perfected only about seven 
years ago, they have already become standard tools for precision spectroscopy 
and optical frequency metrology in laboratories around the world. 
Commercial instruments have quickly moved to the market, and extensive re- 
view articles and books have been written on frequency comb techniques [2 - 
4]. In this lecture I will try to give my personal perspective on the evolution of 
these intriguing measuring tools for time and frequency. Far from attempting 
a comprehensive review, I have selected references that helped guide my own 
insights along a winding path. 


THE DAWN OF DOPPLER-FREE LASER SPECTROSCOPY 


High resolution laser spectroscopy and precise spectroscopic measurements 
have appealed to me since I was a graduate student at the University of 
Heidelberg. For my diploma and thesis research I worked with helium-neon 
gas lasers in the group of Peter Toschek at the Institute of Applied Physics, 
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headed by Christoph Schmelzer. J was intrigued by the central narrow Lamb 
dip that Abraham Szoke and Ali Javan had first observed while scanning the 
frequency of a single-mode gas laser across the Doppler-broadenced gain pro- 
file [5]. Such a dip had been predicted by Willis Lamb in his semiclassical 
laser theory [6]. Bill Bennett was the first to give a simple explanation in 
terms of saturation and spectral hole burning the two counter propagating 
waves inside the standing wave laser cavity [7]. Other researchers such as 
John Hall, Veniamin Chebotaev, or Christian Bordé soon explored “inverted 
Lamb dips” by placing some absorbing molecular gas inside the laser cavity 
[8]. With resonances of unprecedented spectral resolution, one could almost 
smell the revolution in laser spectroscopy that would unfold within the next 
few years. At that time, however, such Doppler free spectroscopy remained 
limited to the study of gas laser transitions or of a few molecular absorption 
lines in accidental coincidence. In my own work with Peter Toschek, I studied 
quantum interference effects in coupled atomic three-level systems [9, 10], 
demonstrating phenomena which have recently been recognized as impor- 
tant, such as lasing without inversion or electromagnetically induced trans- 
parency. They are also essential to understand slow light. 

In 1970, I joined Arthur L.. Schawlow at Stanford University as a postdoc. 
Collaborating in separate experiments with Peter Smith, then at Berkeley 
[11], and with Marc Levenson at Stanford [12], I perfected a new method of 
Doppler-frec saturation spectroscopy that did not require the sample to be 
placed inside a laser cavity. Soon afterwards, I succeeded in making a nitro- 
gen-laser-pumped widely tunable pulsed dye laser so highly monochromatic 
that we could apply Doppler-free saturation spectroscopy to arbitrarily cho- 
sen atomic resonance lines [13, 14]. Broadly tunable laser action in liquid so- 
lutions of organic dyes had been discovered in 1966, independently by Fritz 
Schafer [15] and Peter Sorokin [16]. 


LASER SPECTROSCOPY OF ATOMIC HYDROGEN 


Arthur Schawlow at Stanford suggested to apply our technique to the red 
Balmcr-a line of atomic hydrogen that had been at the center of attention of 
atomic spectroscopists in the 1930s because of suspected discrepancics be- 
tween the observed line profile and the predictions of Dirac’s relativistic 
quantum theory [17]. In those days, spectroscopists could only observe a 
blend of unresolved fine structure components because Doppler broadening 
is particularly large for the light hydrogen atoms. Spectroscopy of the simple 
hydrogen atom has long played a central role in the history of atomic physics. 
The visible Balmer spectrum was the Rosetta stone that allowed us to de- 
cipher the laws of quantum physics. It has inspired the path breaking discover- 
ies of Niels Bohr, Arnold Sommerfeld, Louis De Broglie, Erwin Schrodinger, 
Paul Dirac, and even Willis Lamb at the origin of modern quantum electrody- 
namics. 

In 1972, graduate student Issa Shahin and myself were proud to present to 
Arthur Schawlow a Doppler-free saturation spectrum of the red hydrogen 


570 Theodor W. Hénsch 


Balmer-e line, recorded with our pulsed tunable dye laser [18]. The 2S Lamb 
shift, i.e. the splitting between the 2S, ,. and 2P, ,s states that should be degen- 
erate according to the Dirac theory, appeared clearly resolved in the optical 
spectrum. This was the beginning of a long adventure in precision spec- 
troscopy of the simple hydrogen atom, which permits unique confrontations 
between experiment and theory. This quest continues today. It has inspired 
many advances in spectroscopic techniques, including the first proposal for 
laser cooling of atomic gases [19], and, most recently, the femtosecond laser 
frequency comb. 

Fig. | illustrates how the accuracy of optical spectroscopy of atomic hydro- 
gen has advanced over time [20]. Classical spectroscopists remained limited 
to about six or seven digits of precision by the large Doppler broadening of 
hydrogen spectral lines. In 1971, our group at Stanford overcame this barrier 
by nonlinear spectroscopy with a tunable dye laser. Other groups, notably in 
New Haven, Oxford, and Paris, soon joined in to improve the accuracy by 
three orders of magnitude over the next two decades. Around 1990, a new 
barrier appeared: the limits of optical wavelength metrology due to unavoid- 
able geometric wave front errors. Progress beyond a few parts in 10!° has 
been achieved only because we have learned increasingly well how to mea- 
sure the frequency of light rather than its wavelength. In 2003, the accuracy 
has reached 1.4 parts in 10'*[21]. Further progress is becoming difficult, be- 
cause we are again approaching a barrier: the limits of how well we know our 
unit of time, the second. Cesium atomic clocks have been continually refined 
over the past 50 years [1], as shown by the dashed line in Fig. 1, but the po- 
tential for further improvements seems almost exhausted. However, our opti- 
cal frequency counting techniques make it now feasible to develop optical 
atomic clocks, based on sharp optical resonances in laser-cooled trapped 
ions, neutral atoms or molecules. With such clocks future spectroscopic mea- 
surements may reach accuracies of parts in 10'* and beyond. 

In atomic hydrogen, the highest resolution can be achieved on the ultra- 
violet 1S-2S two-photon resonance with a natural line width of only | Hz. First 
order Doppler shifts cancel if this transition is excited with two counter- 
propagating laser waves, as was first pointed out by Veniamin Chebotaev [22]. 
The first Doppler-free spectra have been recorded in our laboratory at 
Stanford in 1975 [23]. At Garching, we observe this resonance by collinear 
excitation of a cold hydrogen atomic beam [21]. Starting in 1986, many gen- 
erations of graduate students and postdocs have made important contribu- 
tions to advance the state of the art. 

Today, the hydrogen atoms are produced by microwave dissociation of 
molecules and cooled to a temperature of about 6 K by collisions with the 
walls of a nozzle mounted to a helium cryostat. A collinear standing wave 
field at 243 nm for Doppler-free two-photon excitation is produced by coup- 
ling the frequency-doubled output of a dye laser into a buildup cavity inside 
the vacuum chamber. Atoms excited to the 2S metastable state after traveling 
along a path of about 10 cm are detected by applying a quenching electric 
field and counting the emitted vacuum ultraviolet Lyman-a photons. The 
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Figure 1. The relative accuracy in optical spectroscopy of atomic hydrogen is charted over 
eight decades. Major barriers have been overcome in the early 1970s with the advent of 
Doppler-free laser spectroscopy and in the early 1990s with the introduction of optical fre- 
quency measurements. The accuracy of such measurement will soon be limited by the per- 


formance of cesium atomic clocks. Dramatic future advances are expected from the devel- 
opment optical atomic clocks. 


laser light is periodically blocked by a chopper, and the photon counts are 
sorted into bins corresponding to different delay times. With slow atoms se- 
lected by a delay time of 1.3 ms, the line width is now reduced to about 530 
Hz at 243 nm corresponding to a resolution of 4.3 parts in 10'*. We would 
have to reach an accuracy of 5 parts in 10'° in order to measure the line posi- 
tion to 1% of this width. 


MEASURING OPTICAL FREQUENCIES 


The observation of sharp optical resonances by nonlinear laser spectroscopy 
with a resolution much beyond the measurement limits of wavelength inter- 
ferometry had long created a strong need for methods to measure the fre- 
quency rather than the wavelength of light. The quest for an optical frequency 
counter is almost as old as the laser itself. Ali Javan, the co-inventor of the he- 
lium-neon laser, was the first to superimpose the beams from two different 
lasers with a beam splitter on a photo detector to observe a beat note, similar 
to the interference of the sound waves from two tuning forks [24]. This was 
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an extraordinary result, because it proved that laser light can behave like a 
classical radio wave. A coherent laser wave can have a well defined phase and 
amplitude, so that it must be possible to count the ripples of such a light 
wave. However, at a frequency near 500 000 billion oscillations per second, 
there are no electronic detectors and circuits fast enough to build an optical 
frequency counter. 

At MIT in the early 1960s, Ali Javan started a research project, aimed at ex- 
tending microwave frequency counting techniques into the optical spectral 
region. He experimented with whisker-like metal-insulator-metal point con- 
tacts as antennas, detectors and mixers for infrared laser waves. Such ele- 
ments were later used by John Hall and Ken Evenson at NBS (now NIST) in 
Boulder to realize the first harmonic laser frequency chain, that was used to 
determine the speed of light by measuring both the wavelength and the fre- 
quency of a methane-stabilized 3.39 wm helium-neon gas lasers [25]. 
Harmonic laser frequency chains were highly complex systems, engineered 
to measure just one particular optical frequency, and only a handful of these 
chains have ever been constructed at a number of well-equipped national 
metrology laboratories. In the early 1980s, a chain at NBS in Boulder had 
been perfected so that it could measure the frequencies of some iodine-stabi- 
lized visible helium-neon lasers to 10 decimal digits. This demonstration led 
the Conference Generale des Poids et Mesures in 1983, to redefine the meter 
by defining the speed of light in vacuum c as exactly 299 792 458 meters per 
second. One meter is then the distance traveled by light during the time of 
1/299 792 458 seconds. From now on, one could determine the precise 
wavelength of a laser in vacuum, A, by simply measuring the frequency f, since 
feNeC. 

Unfortunately, the complex NBS frequency chain had to be abandoned 
soon after this definition was in the books, and for the next decade there was 
not a single laboratory in the U.S. that could have followed this prescription. 
A number of European laboratories did better, notably the Observatoire in 
Paris (now BNM SYRTE) and the Physikalisch-Technische Bundesanstalt 
(PTB) in Braunschweig. In an article published in early 1996 [26], a team 
from the PTB laid claim to the first phase coherent frequency measurement 
of visible radiation. An claborate frequency chain filling three large laborato- 
ries spread over two separate buildings was assembled to compare the fre- 
quency of the red intercombination line of atomic calcium with the micro- 
wave frequency of a cesium atomic clock. To reach sufficient phase stability, 
the clock frequency was first reduced to the 100 MHz ofa stable quartz oscil- 
lator. From here, the chain traversed the entire electromagnetic spectrum in 
discrete steps, always generating some harmonic frequency in a suitable non- 
linear element and producing enough power for the next step with a phase- 
locked transfer oscillator. A tricky puzzle had to be solved to reach the de- 
sired final frequency with the help of several auxiliary oscillators. 

It was obvious that we could not afford to assemble such a harmonic laser fre- 
quency chain for our hydrogen experiments at Garching. As a simpler alterna- 
tive, I proposed a frequency interval divider chain in 1988, that worked with 
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frequency differences rather than the frequencies themselves so that one could 
stay in a convenicnt region of the clectromagnctic spectrum such as the near 
infrared where compact diode laser sources are available [27]. The basic build- 
ing block is an interval divider stage with a laser that is servo-controlled to oscil- 
late at the precise mid-point of two input frequencies. To this end, the second 
harmonic frequency of the central laser is compared to the sum of the two in- 
put frequencies, as generated in a nonlinear optical crystal. With a cascaded 
chain of n such interval dividers, a large frequency interval can be divided by 
2°, To measure an absolute laser frequency f, one could start with the interval 
between f and its second harmonic 2f, which is just equal to the frequency f. 
After repeatedly cutting this interval in half with perhaps 15 stages, the remain- 
ing frequency gap is small enough that it can be observed as a beat note with a 
fast photo-detector and measured with a microwave frequency counter. With 
Harald Telle, who had joined us from the PTB, and Dieter Meschede, we 
demonstrated the first working interval divider in 1990 [28]. 

We never assembled a complete optical frequency counter, but we con- 
structed a chain of four interval dividers to measure a frequency interval of 1 
THz that we encountered when comparing our hydrogen 1S-2S frequency 
with the infrared frequency of a methane-stabilized infrared helium-neon 
laser at 3.39 wm as the starting point of our own short harmonic laser fre- 
quency chain [29]. This intermediate frequency reference had to be repeat- 
edly shuttled to Braunschweig to be calibrated with the PTB frequency chain 
against a cesium clock. In 1997, we established a new record in optical [re- 
quency metrology [29] by determining the ultraviolet 15-25 frequency to 
within 3.7 parts in 10'*. From this and other spectroscopic measurement in 
hydrogen, we were able to derive a new value of the Rydberg constant, the 
scaling factor for any spectroscopic transition, and the most precisely known 
of the fundamental constants. We could also derive the Lamb shift of the 1S 
ground state accurately enough to provide a stringent new test of bound-state 
QED. Assuming that QED is correct we could, moreover, determine new 
values for the rms charge radius of the proton and the structure radius of the 
deuteron [29, 30]. We were rather proud that the accuracy achieved with our 
table-top experiments exceeded that of electron scattering experiments with 
large accelerators by an order of magnitude. 

Soon, a number of metrology laboratories set out to build optical fre- 
quency counters based on optical interval division. At Garching, we were also 
experimenting with electro-optic frequency comb generators kindly provided 
by Motonobu Kourogi, that could produce an evenly spaced comb of modu- 
lation sidebands extending over several THz [31]. A frequency counter could 
have been realized with only six or seven interval divider stages, if the final 
frequency gap was bridged with such an electro-optic comb generator. 
During an extended visit to Garching, Motonobu Kourogi showed us how to 
observe even feeble comb lines by heterodyne detection, improving the sig- 
nal to noise ratio with optical balanced receivers and variable beam splitters. 
We soon verified the accuracy of his frequency comb gencrator and our fre- 
quency interval divider chain in a direct comparison [32]. 
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Figure 2. Scheme of a femtosecond laser frequency comb synthesizer. 


Many other alternatives have been explored in the long quest for precise 
optical frequency measurements, including interferometry with modulated 
laser waves [33, 34] or frequency division with phase-locked optical para- 
metric oscillators [35]. David Wineland has proposed to synchronize the 
cyclotron motion of a single electron to a laser wave [36]. In the meantime, 
all these approaches have become obsolete. Since 1998, optical frequency 
measurements have been enormously simplified with the advent of femtosec- 
ond laser optical frequency comb synthesizers [2,3]. 


FEMTOSECOND LASER OPTICAL FREQUENCY COMBS 


The scheme of a frequency comb synthesizer is rather simple, as illustrated in 
Fig. 2. At the heart is a single mode-locked femtosecond laser which main- 
tains a soliton-like short pulse circulating inside the optical cavity. This laser 
can be compared to Einstein’s Gedanken light clock. With each roundtrip, 
an attenuated copy of the light pulse escapes so that the laser emits a regular 
train of ultrashort pulses. To measure the unknown frequency of a laser wave, 
the beam and the pulse train are superimposed with a beam splitter, and a 
photo detector registers an interference signal. In the idealized case of a per- 
fectly periodic pulse train, we would expect a low frequency beat note when- 
ever the laser frequency comes close to a value where an integer number of 
oscillations fits in the time interval between two pulses. To give an example, if 
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we know that the laser emits precisely one billion pulses per second and if we 
can. be sure that the laser wave oscillates preciscly 500 000 times during the 
pulse repetition period, then we know that the optical frequency must be 
500 000 billion cycles per second. 

In the frequency domain, we can argue that the coupled longitudinal 
modes of the pulsed laser form an evenly spaced comb of spectral lines. A low 
frequency beat note is expected whenever the unknown laser frequency ap- 
proaches one of these comb lines. The origin of the comb spectrum is well 
explained by Antony E. Siegman in his classic textbook [37]. Consider an ar- 
bitrary optical waveform circulating inside an optical cavity. During each 
roundtrip, an attenuated copy escapes through a partly transmitting mirror. 
A single copy will have a broad and more or less complicated spectrum. 
However, two identical copies end-to-end will produce interference fringes in 
the spectrum, somewhat reminiscent of Young’s double slit experiment. 
Three copies produce a spectrum that resembles the interference pattern of 
a triple-slit, and an infinite series of copies produces sharp lines which can be 
identified with the modes of the cavity. Mathematically, an ideal periodic 
pulse train can be described in terms of a Fourier series, and the comb lines 
correspond to the elements of this series. 

The separation between two modes or comb lines is just equal to the repe- 
tition frequency f,. This remains true even if the pulses are not identical repli- 
cas but if we allow for a (reproducible) slip of the phase of the clectromagnet- 
ic “carricr”-wave relative to the pulse envelope from pulse to pulse [38, 2, 3]. 
Such phase slips are unavoidable in a real laser because of dispersion in the 
cavity. The entire comb will then be shifted relative to the integer harmonics 
of the repetition frequency f, by a carrier-envelope offset frequency foz, that 
equals the net phase slip modulo 27 per pulse interval. The frequency of a 
comb line with integer mode number m is then given by 

fy =m f+ Loy. 

Such a comb acts like a ruler in frequency space that can be used to measure 
a large separation between two different optical frequencies in terms of the 
pulse repetition rate f,. If these two frequencics are known multiples or frac- 
tions of the same laser frequency f, such a measurement reveals the optical 
frequency f itself. With a known repetition frequency f,, the beat signal be- 
tween a known optical frequency f and the nearest comb line reveals the pre- 
viously unknown offset frequency f(, The frequency of any comb line can be 
calculated {rom the two radio-frequencies [, and [,, together with the integer 
mode number. 

It has been surprising to most experts how far this [requency comb ap- 
proach can be pushed. The frequency spectrum of a femtosecond laser oscil- 
lator can be broadencd in a nonlinear optical medium to span more than an 
optical octave without destroying the integrity of the comb lincs. In a now 
common implementation, the pulse train from a Kerr-lens mode-locked 
Ti:sapphire laser is sent through a micro structured silica fiber, with a small 
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solid fiber core surrounded by air-filled holes [39, 40]. The large change in re- 
fractive index at the silica-air interface permits guiding by total internal reflec- 
tion even if the incoming beam is tightly focused to a high intensity. Since part 
of the light travels as an evanescent wave in air, an additional engineering pa- 
rameter is available in such a fiber to reduce the spreading of an injected 
pulse due to group velocity dispersion. Inside the fiber, the pulse spectrum is 
broadened by self-phase modulation due to the intensity dependent refractive 
index, soliton splitting, shock wave formation, and other nonlinear optical 
processes. The emerging white light can be dispersed with a grating to form a 
rainbow of colors. However, this is not ordinary white light. Remarkably, the 
processes generating the white light can be so highly reproducible that succes- 
sive pulses are still correlated in their phases and can interfere in the spec- 
trum to form a comb of several hundred thousand sharp spectral lines. 

By now, it has been confirmed in many experiments that the line spacing is 
very precisely equal to the repetition frequency f,. With a comb spanning 
more than an octave, it is particularly simple to measure the carrier envelope 
offset frequency f,;. One can simply select a few thousand comb lines from 
the red end of the spectrum and send the light pulses through a frequency 
doubling crystal, so that new comb lines are generated which are now dis- 
placed by twice the offset frequency f(,. A collective beat note with the corres- 
ponding original comb lines near the blue end of the spectrum directly re- 
veals the shift f(,. Once this frequency can be measured, it can be controlled, 
for instance by adjusting the dispersion in the laser cavity or simply by chang- 
ing the pump power. One can even set fcg to zero so that the frequencies of 
the comb lines become precise integer multiples of the laser repetition fre- 
quency f,. 

So far, we have treated all light waves as classical electromagnetic waves. 
The quantum optical aspects of frequency combs, i.e. expected correlations 
in the noise due to photons and their entanglement, have not yet been ex- 
plored. Such studies may lead to a rich new field of research. 

A laser frequency comb provides a direct link between optical frequencies 
and microwave frequencies. This link can be used in either direction. We can 
measure or control the repetition frequency f, with a cesium atomic clock to 
synthesize several hundred thousand sharp optical reference frequencies 
which are precisely known in terms of the primary standard of time. Any un- 
known frequency can then be determined by first making a wavelength mea- 
surement with a conventional wave meter that is sufficiently accurate to deter- 
mine the integer order number m of the nearest comb line. The precise 
distance from this reference line is then measured by feeding a beat signal to 
a microwave counter. In the reverse direction, we can start with a sharp opti- 
cal reference line in some cold trapped ion, cold atoms, or slow molecules, 
and lock a nearby comb line to this optical reference. All the other comb line 
frequencies are then rational multiples of the optical reference frequency, 
and the repetition frequency becomes a preciscly known fraction. 

Frequency comb synthesizers act as if we had several hundred thousand 
ultra-stable and precisely tuned lasers operating at once. With the help of 
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nonlinear sum and difference frequency generation, they can precisely mea- 
sure any frequency from radio waves to the near ultraviolet. They provide the 
long-missing clockwork for optical atomic clocks. They can even generate 
microwaves with extreme phase stability [41]. As sources of phase-stabilized 
femtosecond pulses they have even given us a key to the intriguing field of 
attosecond science [42]. With their electronic servo controls, frequency- 
comb synthesizers can be relatively simple, robust, and increasingly user- 
friendly devices. 


THIS IS A SIMPLE IDEA! WHAT TOOK SO LONG? 


In hindsight, the ideas behind the optical frequency comb look rather simple 
and almost obvious. Why did all the experts, including our own laboratory, 
struggle for so long with much more cumbersome harmonic laser frequency 
chains? 

The main reason may be that nobody believed seriously that such an ap- 
proach could actually work. There were good arguments why it should be im- 
possible to bridge the gap between radio frequencies and optical frequencies 
in a single step. The phase noise of even the best quartz oscillator is so large 
that any comb structure would be completely washed out if one could some- 
how multiply its frequency up into the visible region. In a harmonic fre- 
quency chain, the intermediate transfer oscillators act as phase noise filters 
and electromagnetic “flywheels” to overcome this “coherence collapse” [43]. 

Another reason may be that two separate scientific communities have 
evolved since the early days of laser science. People interested in precise high 
resolution spectroscopy used their ingenuity to perfect the frequency stabili- 
ty of continuous wave lasers. On the other side, there were people who in- 
vented clever techniques to produce ever shorter pulses with mode-locked 
lasers. They applied their spectrally broad light flashes to the study of ultra- 
fast phenomena in semiconductors, liquids, or in chemical reaction dynamics 
or to generate ever higher peak intensities for experiments in plasma physics. 
These two communities went to their own separate conferences, and neither 
side felt a strong need to keep track of the other frontier. 

For our own work, I cannot hide behind this latter excuse. I knew since the 
early experiments with multi-mode helium-neon lasers [44] that the longitu- 
dinal modes of a laser are well defined and their phases can be coupled so as 
to produce a short light pulse circulating inside the cavity [45, 46]. Much 
shorter pulses were produced some years later with broadband dye lasers by 
locking their axial modes with the help of a saturable absorber or by syn- 
chronous pumping with a modulated argon laser [47]. At Stanford in the 
mid-seventies, I became intrigued by the idea of high resolution spectroscopy 
of atomic resonance lines by Ramsey-like excitation with a coherent train of 
multiple light pulses [48]. Resonant excitation with separated light pulses has 
also been explored at the ime by Michael Salour at MIT [49] and by Venia- 
min Chebotacv at Novosibirsk [50]. After initial encouraging cxperiments 
with a dye laser pulse injected into a passive cavity [48], our group at Stanford 
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with graduate student Jim Eckstein and visiting Lindemann Fellow Allister 
Ferguson demonstrated that a synchronously pumped mode-locked picosec- 
ond dye laser could produce a stable phase coherent pulse train which we 
used for Doppler-free two-photon excitation of atomic sodium [51]. The 
comb lines served as a frequency ruler to measure some atomic fine structure 
intervals. To improve the precision, we replaced the original radio frequency 
driver for the modulator of our argon pump laser with a high quality fre- 
quency synthesizer. Much to our delight, the performance of the dye laser im- 
proved so much that we were the first to generate sub-picosecond pulses di- 
rectly from a synchronously pumped dye laser [52]. At that time we should 
have learned an important lesson: what is good for frequency stability is also 
good for the generation of ultrashort light pulses! We later explored 
Doppler-free polarization spectroscopy with our frequency comb [53], as well 
as two-photon spectroscopy with the frequency comb of an FM mode-locked 
laser where the phases of the modes adjust so that the intensity remains con- 
stant but the frequency is sweeping back and forth periodically [54]. 

During the Stanford experiments, we were painfully aware that we could 
not know the absolute positions of our comb lines because the dispersion in- 
side the laser resonator would lead to unknown phase slips of the carrier 
wave relative to the pulse envelope. Such phase slips shift the entire comb 
spectrum by an unknown amount f., as worked out in considerable detail in 
the 1978 Stanford Ph.D. thesis of Jim Eckstein [38]. With a comb spectrum 
spanning only 800 GHz, we had no means to observe and measure the offset 
frequency f,.,. Therefore, we did not know how to measure absolute optical 
frequencies with our laser frequency combs in the late seventies. 

The idea of somehow generating much broader frequency combs surfaced 
again in my mind after I had moved back to Germany in 1986. In 1990, I pub- 
lished a proposal for a synthesizer of sub-femtosecond pulses that would 
superimpose the frequencies from separate phase-locked cw laser oscillators 
to form a very wide comb [55]. In the early 1990s, the technology of ultrafast 
lasers advanced dramatically with the discovery of Kerr-lens mode locking by 
Wilson Sibbett at the University of St. Andrews [56]. Soon, commercial 
Ti:sapphire femtosecond lasers became available, that made the generation 
of ultrashort light pulses much easier. Intrigued by these new sources I dis- 
cussed with Peter Lambropoulos at Garching the possibility of finding some 
highly nonlinear effect, such as above-threshold-ionization (ATI) , that would 
depend on the phase of the electric field relative to the pulse envelope and 
could reveal the offset frequency fc; of the laser comb lines. Calculations 
soon showed that such effects would be observable only for pulses lasting at 
most a few optical cycles [57]. Today, such sources have become available, 
and the phase dependence of ATI has since been demonstrated by Gerhard 
Paulus and Herbert Walther [58]. In 1994, I also discussed the problem of 
the carrier-envelope phase slips with Ferenc Krausz at the Technical 
University of Vienna. His group was the first to observe such pulse-to-pulse 
phase slips in an interferometric correlation experiment in 1996 [59]. 

I remember a trade show in 1994, when I was captivated by an exhibit of a 
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(Coherent Mira) mode-locked Ti:sapphire femtosecond laser with regenera- 
tive amplifier. The laser beam was focused into a glass slide to produce a 
white light continuum which a prism dispersed into a rainbow of colors. Such 
white light pulses are produced by a combination of self-focusing, self phase 
modulation, and other nonlinear processes, and they have been used for a 
long time in ultrafast pump-probe experiments [60]. A striking feature was 
the laser-like speckle pattern in the rainbow colors which indicated a high de- 
gree of spatial coherence. It occurred to me that such a system might pro- 
duce an octave-spanning frequency comb if the phases of successive pulses 
were sufficiently correlated. Such a wide comb could then be used as a ruler 
to measure the large interval between a laser frequency and its second har- 
monic, which must be equal to the laser frequency itself. Even though the 
pulse repetition frequency of a few hundred kHz remained inconveniently 
low for frequency comb experiments, I felt sufficiently intrigued to acquire 
such a system for our frequency metrology laboratory at Garching in 1994, In 
the back of my mind I had the hope that it might somehow be possible to 
produce white light directly with the pulses from the laser oscillator, without 
the regenerative amplifier with its much lower pulse rate, by sending the 
pulse train into a small waveguide made from some highly nonlinear optical 
material, so that it would not be necessary to reach the threshold power for 
self-focusing. 

We did not pursue the femtosecond laser approach seriously right away, be- 
cause we had come quite far in perfecting our alternative scheme of optical 
interval division. An accurate measurement of the 1S-2S frequency seemed al- 
most within reach. We also felt that we would need an independent tool to 
verify any measurement with a femtosecond laser frequency comb, since the 
frequency metrology community would otherwise distrust our results. The 
hydrogen measurements were finally completed in 1997 [29, 30]. 

In February 1997, I visited the European Laboratory for Nonlinear 
Spectroscopy, LENS, in Florence, Italy. There, Marco Bellini was working with 
an amplified Ti:sapphire femtosecond laser producing pulses of 1 mJ energy 
at a rate of 1 kHz. As is common in many ultrafast laboratories, he produced 
a white light continuum for pump-probe experiments by focusing part of the 
laser beam into a thin plate of CaF,. I asked what would happen if we split the 
laser beam in two parts and focus these beams at two spatially separate spots. 
Would the two white light pulses interfere? 

In an earlier joint experiment at the Lund Laser Center, we had investigat- 
ed the same question for the generation of high harmonic radiation in a gas 
jet [61]. From that time, Marco Bellini still had a Michelson interferometer 
on his shelve that we could quickly place into the laser beam, somewhat mis- 
aligned so that two beams would escape in two slightly different directions. By 
adjusting the length of one arm we could make sure that the two focused 
pulses arrived on the CaF, plate at precisely the same time. I felt electrified 
when we observed stable interference fringes of high contrast for all the 
colors that I could record with my handheld camcorder electronic notebook, 
as shown in Fig. 3 [62]. The white light pulses had to be phase-locked to the 
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Figure 3. Interference fringes between two white light pulses [Ref. 62]. 


driving laser field! No matter how complicated the process of white light con- 
tinuum generation might be, the process was reproducible. If such pulses 
were separated in time rather than in space, they would interfere in the spec- 
trum to produce a very broad frequency comb. 

By March 30, 1997, I had written a confidential 6-page proposal for a uni- 
versal optical frequency comb synthesizer “... which produces a wide comb of abso- 
lutely known equidistant marker frequencies throughout the infrared, visible, and ultra- 
violet spectral range. To this end, a while light continuum with a pulse repetition rate 
f, is produced by focusing the output of a mode-locked femtosecond laser into an optical 
Jiber or bulk medium with a third order nonlinear susceptibility. The rate of phase slip- 
page of the laser carrier relative to the pulse envelope, f-., is monitored by observing a 
beat signal between the white light continuum and the second harmonic of the laser.” 
The envisioned self-referencing scheme could find the carrier-envelope off- 
set frequency f.; without any auxiliary laser. I asked Thomas Udem and 
Martin Weitz in our laboratory to witness and sign every page on April 4, 
1997, since this might become important for later patent applications. 

At Garching, we soon started a serious experimental effort towards optical 
frequency measurements with femtosecond laser frequency combs. Even if 
we did not yet know how to broaden the spectrum of our Mira laser oscillator 
to more than an optical octave, we could always follow the 1988 proposal [27] 
and measure the frequency of the dye laser in our hydrogen spectrometer by 
implementing a short chain of two or three interval divider stages, using 
small semiconductor lasers, to arrive at a frequency gap that could be bridged 
with our laser comb. Propelled by such visions, Thomas Udem and Jorg 
Reichert investigated the frequency comb spectrum of the Mira femtosecond 
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laser. They were later joined by Ronald Holzwarth. By that time, hundreds of 
such lasers were in use in laboratories around the world, but they were most- 
ly used to study ultrafast phenomena. Nobody had ever looked for any comb 
lines, as far as we could tell. With a repetition frequency of 76.5 MHz, the 
comb spectrum of our femtosecond laser was so densely spaced that no spec- 
trometer in our laboratory could resolve the comb lines. Therefore, we re- 
sorted to heterodyne detection, employing a cw diode laser as a local oscilla- 
tor. The diode laser beam and the pulse train were superimposed with a 
beam splitter, and a beat signal was detected with an avalanche photodiode 
after some spectral filtering. After paying attention to the mechanical stabili- 
ty of the femtosecond laser, we could observe stable comb lines. Next, we in- 
vestigated the spacing of these lines. We phase-locked two diode lasers to two 
arbitrarily chosen comb lines and used an optical interval divider stage to 
produce a new frequency precisely at the center. A beat note with the nearest 
comb line confirmed, much to our delight, that the comb lines were perfect- 
ly evenly spaced, way out into the wings of the emission spectrum, within a 
few parts in 10" [63]. 

It was now certain that the frequency comb of such a mode-locked femto- 
second laser did not suffer from “coherence collapse” and could serve as a 
ruler in frequency space to measure large optical frequency intervals. In a 
first demonstration of an optical frequency measurement with a femtosecond 
laser comb, we determined the frequency interval between the cesium D1 
resonance line and the fourth harmonic of a transportable CH,-stabilized 
3.39 jam He-Ne-laser, which had been calibrated with a harmonic laser fre- 
quency chain at the PTB Braunschweig [64]. The optical cesium frequency 
was needed for a determination of the fine structure constant a from the 
atomic recoil energy as measured by atom interferometry in the group of 
Steve Chu at Stanford. Soon these experiments found a considerable reso- 
nance in newspapers and journals. They demonstrated to the optical fre- 
quency metrology community that femtosecond laser frequency combs could 
be powerful tools to measure the frequency of light. 

We next turned to the more ambitious goal of measuring the absolute op- 
tical frequency of our 486 nm dye laser in the hydrogen 1$-2S spectrometer. 
At that time, we had broadened the frequency comb of our mode-locked 
laser oscillator by selfphase-modulation in a short length of ordinary optical 
fiber to span 60 or 70 THz. Rather than building a few new interval divider 
stages, we recognized a more expedient approach for a first proof-of princip- 
le experiment. Our hydrogen spectrometer [29] required only minor modi- 
fications to produce two different fractional subharmonics, 4/7 and 1/2, of 
the dye laser frequency, which we could bridge with our femtosecond laser 
comb [65, 66]. The CH,-stabilized helium neon laser served now as part of an 
interval divider and no longer as an intermediate reference standard. The 
primary reference for our first absolute frequency measurements was a com- 
mercial HP cesium atomic beam clock which we used to determine the pulse 
repetition rate f, and the carrier-envelope offset frequency fo; [65]. Once the 
optical frequency gap was measured, we knew the absolute frequency of the 
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dye laser as well as the absolute frequencies of all the comb lines. To control 
the position of the comb lines, we learned how to change the frequency f¢x of 
our Mira Ti:sapphire laser by tilting an end mirror where the spectrum is 
slightly dispersed by a prism pair inside the cavity. In this way, we were the first 
to generate femtosecond laser pulses with controlled slips of the carrier-enve- 
lope phase. 

In October 1998 we proudly showed our experiment to Norman Ramsey, 
who had come to the Max-Planck-Institute as a member of the Scientific 
Advisory Board. For the first time, we could compare the hydrogen 18-25 fre- 
quency directly with a cesium atomic clock in our own laboratory, without in- 
volving any large harmonic laser frequency chain. Later in the same year, we 
demonstrated our experiment to John Hall who had come to Munich to at- 
tend a mecting commemorating our mutual friend Veniamin Chebotacv. 
John soon became an ardent evangelist for “this goofy technique, that makes 
everything obsolete that we have worked on for so long.” He started to assem- 
ble a powerful professional team in Boulder to advance research on femto- 
second laser frequency combs, and he persuaded his colleague Steve Cundiff 
at JILA, an expert on femtosecond lasers from Bell Laboratories, to visit our 
laboratory in the spring of 1999. An increasingly heated competition did 
much to accelerate the development of the new tools in the coming months 
and to ignite a firework of novel applications in the years to follow [3]. 

Until the summer of 1999, we had felt as if the new femto-comb playing 
ground belonged just to us. Thomas Udem had reported on our experiments 
at a conference in Perth, Australia, in late 1998 [43]. But we had delayed pub- 
lications such as a first article on “measuring the frequency of light with 
mode-locked lasers” [67] to appear after the filing of our first patent applica- 
tion in March 1999 because, according to German law, an invention can no 
longer be patented once it has been published. 

In June 1999, we could directly compare the hydrogen frequency with a 
highly accurate transportable cesium fountain clock (PHARAO), built at the 
LPTF (now BNM SYRTE) in Paris [66]. This measurement yielded a new value 
of the hydrogen 1S-2S frequency accurate to 1.8 parts in 10'*, surpassing all 
earlier optical frequency measurements by more than an order of magnitude. 
By now, the compelling advantages of laser frequency combs had been clear- 
ly demonstrated. A number of different possible approaches for carrier-envel- 
ope offset phase control were soon proposed [68]. 

As a next step in our own work, we wanted to drastically simplify our setup. 
Around that time, a new tool had appeared on the horizon that made it like- 
ly that we would no longer need any optical interval dividers. At the CLEO 
conference at Baltimore, MD, held in May 1999, researchers from Bell 
Laboratories had reported on a novel micro-structured “rainbow fiber” that 
could broaden the spectrum of pulses of a Ti:sapphire femtosecond laser os- 
cillator without further amplification to a rainbow of colors [40]. After the 
white light interference experiments in Florence [62], I felt rather confident 
that this magic fiber would preserve the phase coherence of successive pulses 
and produce comb lines with a desirable large frequency spacing. 
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In June 1999, John Hall came to Germany to participate in the annual re- 
treat of our research group at the Ringberg Castle near the Tegernsee south 
of Munich. Together, we phoned many of our old friends at Bell 
Laboratories, to try and obtain a sample of the magic fiber. We were hoping 
that we could demonstrate an octave-spanning frequency comb while John 
Hall was still in Germany. Unfortunately, this plan was foiled by the lawyers at 
Lucent Technologies who did not allow the fiber to leave Bell Laboratories. 
Ronald Holzwarth traveled to Bell Laboratories at Holmdel, NJ, during his 
1999 summer vacation, but he had to leave without a piece of the fiber. John 
Hall’s team in Boulder experienced similar difficulties at first, but in October 
1999, they could demonstrate the first octave-spanning self-referencing laser 
frequency comb after finally securing some of the holey fiber [69, 70]. At 
Garching we realized a similar comb system a few weeks later [71], after we 
had received some “photonic crystal fiber” from the group of Philip Russell at 
the University of Bath in the UK. We had found out too late that these British 
researchers had actually pioneered micro-structured silica fibers some years 
earlier [39]. Both laboratories submitted their first short publications on oc- 
tave-spanning frequency combs on the same day (Nov. 12, 1999) to the 
CLEO/QELS 2000 conference in San Francisco. 

Similar to the Boulder experiments, we used a commercial small Ti:sap- 
phire ring laser for our first octave-spanning frequency comb, producing 
pulses of about 25 fs duration at a repetition frequency of 625 MHz. 
Launching about 170 mW into a 30 cm length of photonic crystal fiber, we 
immediately produced a frequency comb spanning more than an octave. 
The spectrum showed a complicated structure, with valleys and peaks, but it 
offered useable comb lines everywhere. Together with a nonlinear interfero- 
meter for control of the offset frequency f,,, the entire optical setup did eas- 
ily fit on a single breadboard. While the traditional harmonic frequency 
chains with their factory halls full of lasers could measure just one single op- 
tical frequency, our new system was ready to measure any frequency through- 
out the visible and near infrared. 

Since then, Ti:sapphire femtosecond lasers have been developed that pro- 
duce an octave-spanning spectrum directly from the oscillator, without any 
need for external spectral broadening [72]. Octave spanning combs can also 
be generated with erbium-doped fiber lasers [73], pumped by very reliable 
and robust laser diodes developed for telecommunications. As turn-key in- 
struments, such fiber comb generators can run for months without human 
attention. 

In a first stringent test, Ronald Holzwarth has compared an octave span- 
ning frequency comb synthesizer with the more complex frequency synthe- 
sizer used in the 1999 hydrogen frequency measurement [71]. By starting 
with a common 10 MHz radiofrequency reference and comparing comb lines 
near 350 THz, he could verify agreement within a few parts in 10'°, limited by 
Doppler shifts due to air pressure changes or therinal expansion of the opti- 
cal tables. In 2002, a group at the PTB in Braunschweig demonstrated how a 
femtosecond laser frequency comb generator can be used as a transfer oscil- 
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lator to precisely measure optical frequency ratios [74]. As a test case, they 
measured the frequency ratio between the second harmonic of a Nd:YAG 
laser and the fundamental frequency, verifying the expected value of 2 with 
an uncertainty of 7 parts in 101°. More recently, Marcus Zimmermann in our 
laboratory has pushed a related experiment to an uncertainty of 6 parts in 
10?! [75]. In 2004, researchers in Boulder compared four different frequency 
combs from different laboratories, finding agreement between neighboring 
comb lines at an uncertainty level of 10! [76]. So far, no systematic error has 
been identified which would limit the potential accuracy of future precision 
spectroscopy or optical atomic clocks. 


NEW FREQUENCY MEASUREMENT OF HYDROGEN 158-2S IN 2003: 
ARE THE FUNDAMENTAL CONSTANTS CONSTANT? 


In February 2003, we used an octave spanning comb synthesizer in a new 
measurement of the hydrogen 1S-2S transition frequency [21]. Marc Fischer 
and Nikolai Kolachevsky had implemented many improvements in the hydro- 
gen spectrometer. Light from the dye laser was sent through a fiber into the 
frequency metrology laboratory, where an octave-spanning Ti:sapphire 
femtosecond laser frequency comb synthesizer was used to compare the opti- 
cal frequency to the radio frequency of the Paris PHARAO atomic fountain 
clock, which had again been brought to Garching. 

With such immediate absolute frequency calibration, the hydrogen spec- 
troscopy could be performed with much confidence. Compared to the 1999 
measurements, the statistical error of the data recorded on a given day was 
much reduced. Nonetheless, the day-to-day fluctuations of our measurements 
remained of similar magnitude as before. They indicate some uncontrolled 
systematic errors. After careful further experiments probing for possible causes 
of systematic line shifts and after a thorough statistical analysis of all record- 
ed data, we believe that the fluctuations are caused by some residual small first 
order Doppler shifts. Such shifts are expected if the two counter-propagating 
wave fronts of the exciting 243 nm radiation do not match perfectly. A mis- 
match may be caused by imperfect mode-matching of the frequency-doubled 
dye laser beam that enters the build-up cavity inside the atomic beam appara- 
tus through a 2% input coupling mirror. Another cause may be the accumula- 
tion of frozen molecular hydrogen on the walls of the cold copper nozzle for 
the hydrogen atomic beam, which can grow until it distorts the optical wave 
fronts by vignetting and diffraction. A second cause of systematic line shifts in 
two-photon spectroscopy with frequency-doubled laser light may be unwanted 
correlations between amplitude noise and phase noise that could be caused by 
imperfect servo-locks of the enhancement cavities. For the future, we are 
preparing an ultraviolet build-up cavity of higher finesse, and we are working 
towards an all-solid-state laser source with a line width of only a few Hz. 

From the 2003 measurement, we find a frequency of 2 466 061 102 474 851 
+ 34 Hz for the F=1 to F’=1 hyperfine component of the hydrogen [S-2S fre- 
quency, with a relative uncertainty of 1.4 parts in 10!*. The new results agrees 
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within the error limits with the 1999 measurement of 2 466 061 102 474 880 
+ 46 Hz. A difference of 29 + 57 Hz in 44 months corresponds to a relative 
drift of the 1S-2S transition frequency of (3.2 + 6.3) X 101° per year, ie. it is 
compatible with zero drift. 

This experiment has attracted some attention because it can be considered 
as a test for a possible slow variation of the electromagnetic fine structure 
constant a. During the 2003 experiment, theorist Harald Fritzsch called fre- 
quently to get some preliminary results, because he had predicted an observ- 
able drift of the microwave frequency of the cesium clock relative to the hy- 
drogen frequency [77]. Starting point for his arguments were astronomical 
observations of spectral lines in the light of distant quasars performed at the 
Keck Observatory [78]. Differential red shifts seemed to suggest that the elec- 
tromagnetic fine structure constant @ in the early universe was somewhat 
smaller than today. Making the simplest assumption of a linear drift, the data 
would indicate a drift of (6.4 + 1.35) x 10!° per year, too small to be observ- 
able in our laboratory experiment. However, Fritzsch had argued with ideas 
from grand unification and quantum chromodynamics that a cannot change 
simply by itself. If all known forces are to remain unified at very high ener- 
gies, other coupling constants must change as well. As a result, the masses 
and magnetic moments of hadrons (in units of the Bohr magneton) should 
change relative to those of the electron. Fritzsch pointed out a possible mag- 
nifying effect, that could change the hyperfine transition frequency of the ce- 
sium atomic clock about 20 times faster than the optical hydrogen frequency. 
So far, we have not found any evidence for such a drift. There are also other 
more recent observations of quasar spectra that do not support the evidence 
for a changing fine structure constant [79]. 

Regardless of such speculations, we have to admit that the hydrogen mea- 
surements of 1999 and 2003 do not strictly rule out a changing fine structure 
constant a. It is conceivable that the magnetic moment of the cesium nucle- 
us also changes at just the right rate to give a null result in our experiment. 
Fortunately, such measurements are not limited to hydrogen. One can also 
measure transition frequencies in heavier atoms with stronger relativistic ef- 
fects that respond in a different way to changes in a. One such candidate is 
the clock transition in a single cold Hg* ion, that has been compared by Jim 
Bergquist and his team at Boulder with a cesium atomic clock in 2000 and 
2002, also using a laser frequency comb [80]. In addition, Eckhard Peik and 
his team at the PTB have made two separate measurements of the clock tran- 
sition in a single Yb* ion [81]. Together, these laboratory experiments give 
now some upper limits for the possible rates of change of the fine structure 
constant a and the cesium nuclear magnetic moment pi, on the order of 
(-0.3 + 2.0) X 10) per year and (2.4 + 6.8) X 107° per year, respectively. 

Within the next few years we can expect much more stringent experimen- 
tal limits on possible variations of physical constants from such laboratory ex- 
periments. If we found such changes it would not have any consequences for 
our everyday lives, but it would give reason for fascinating speculations about 
the nature of the universe. 
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OPTICAL ATOMIC CLOCKS 


Sensitive limits for the variations of fundamental constants will be established 
in the comparison of different types of optical atomic clocks that are now be- 
ing developed by strong professional teams in many industrialized countries. 
The perfection of optical frequency standards has been progressing at a 
much more rapid pace than that of microwave cesium clocks [82]. With the 
femtosecond laser comb now available as a perfect clockwork mechanism, 
the efforts must concentrate on ever more perfect laser frequency stabiliza- 
tion and on the management of systematic line shifts in precision spec- 
troscopy of narrow optical resonances that serve as the “pendulum” of optical 
clocks. Much progress has already been made in experiments with cold 
trapped ions, notably Hg”, Yb*, In*, and Sr*. Cold neutral atoms such as H, 
Ca, or Sr are also appealing candidates because many atoms can be observed 
simultaneously without disturbing Coulomb repulsion, improving the signal- 
to-noise ratio and the speed with which a resonance frequency can be estab- 
lished. A particularly promising approach has been proposed by Hidetoshi 
Katori [83]. In his neutral atom clock, many cold neutral Sr atoms are cap- 
tured in the microscopic dipole force potential wells of an optical lattice. 
Light shifts are minimized by choosing a proper “magic” wavelength of the 
lattice field. In 2005, the accuracy of the best optical frequency standards has 
become comparable to that of the best cesium fountain clocks. But even if 
they are not yet more accurate, optical frequency standards offer one impor- 
tant advantage already. It takes hours or days to compare two cesium clocks to 
a part in 10'°. Two optical frequencies can be compared to this level within 
just seconds. 

It is interesting to look at the historical evolution of the accuracy of clocks. 
The clocks in medieval church towers were only good to about 20 minutes 
per day. In the 18" century, the nautical clock H4 of the legendary watch- 
maker John Harrison reached an accuracy of some 100 msec per day. The 
best primary cesium fountain clocks of today can be accurate to within 100 
psec per day. Some experts hope that optical atomic clocks will reach a hun- 
dred or thousand fold higher accuracy within the next decade. 

Better atomic clocks will be enabling tools for many scientific and technical 
applications, so that this pursuit will be worthwhile even if we do not discover 
any changes of fundamental constants. They can extend the frontiers of pre- 
cision spectroscopy and of time and frequency metrology. They will make it 
possible to precisely synchronize clocks over large distances. In astronomy, 
such synchronized clocks may allow an extension of large baseline interfero- 
metry to infrared and optical wavelengths. Better clocks can improve the per- 
formance of satellite navigation systems and the tracking of probes in deep 
space. Accurate clocks are also needed to synchronize optical telecommuni- 
cation networks. In fundamental physics, more accurate clocks will permit 
more stringent tests of special and general relativity, as well as other funda- 
mental laws. 
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TOWARDS FREQUENCY COMBS IN THE EXTREME ULTRAVIOLET 


So far, we have not discovered any fundamental limits for the potential accur- 
acy of future clocks. It should even be possible to extend frequency comb 
techniques into the extreme ultraviolet and soft X-ray spectral regions, so 
that we would be able to slice time into still much finer intervals. High har- 
monic radiation that is generated when an intense femtosecond laser pulse is 
focused into a gas jet can be harnessed to produce coherent pulse trains at 
such wavelengths. 

Since the pioneering work of Charlie Rhodes [84] and Anne L’Huiller 
[85] in the late 1980s, high harmonic generation has been studied in many 
laboratories. In a simple model first proposed by Paul Corkum [86], gas 
atoms are field ionized and the electrons are accelerated by the strong laser 
field until the light field reverses direction. Dependent on the time of escape, 
such electrons can return to the ion core with substantial kinetic energy 
which they can radiate in the form of energetic photons, with one burst emit- 
ted during each half cycle of the driving laser wave. 

The mutual phase coherence of short pulses was much on my mind when 
I visited the high harmonic experiments of Anne L’Huiller and Claes Goran 
Wahistrém at the Lund Laser Center in 1995. I wondered if two successive 
high harmonic pulses would be mutually phase coherent. As a test I proposed 
to split the driving laser beam into two parts that could be focused into the 
gas jet at separate spots, and to look for interference fringes in the high har- 
monic radiation, similar to the later white light experiments at Florence [62]. 
At first, there seemed to be good reasons why this was not to be expected, be- 
cause the phase of the harmonic radiation should depend strongly on the 
varying intensity of the driving laser pulse. But after I left, graduate student 
Raoul Zerne tried the experiment and observed some fleeting interference 
fringes. With much excitement, we scheduled some serious joint experiments 
at Lund. Marco Bellini from LENS agreed to participate and to construct a 
stable Michelson interferometer so that the timing of the two laser pulses 
could be finely adjusted. We soon observed clean interference fringes of high 
contrast up to the 15" harmonic and beyond [61]. In a subsequent experi- 
ment we even discovered a regime where the harmonic beam was surround- 
ed by a divergent halo beam of very short coherence length. This behavior 
could be explained in terms of two different electron trajectories that can 
contribute to a given harmonic photon energy [87]. 

These results demonstrate that high harmonic pulses can be mutually 
phase coherent so that a regular train of such pulses could form a frequency 
comb in the extreme ultraviolet. However, the necessary peak intensities of 
the order of 10!* W/cm? could only be produced with amplified femtosecond 
laser systems of low repetition frequency. Very recently, Christoph Gohle and 
Thomas Udem at Garching have succeeded in producing high harmonic ra- 
diation down to wavelengths of 60 nm at a repetition frequency of 112 MHz 
[88]. To this end, they stacked the pulses from a mode-locked Ti:sapphire 
laser oscillator in a dispersion-compensated passive build-up cavity and 
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placed a xenon gas jet at an intra-cavity focus. The high harmonic radiation is 
coupled out by external reflection from a thin sapphire Brewster plate, that 
has a refractive index smaller than 1 in the extreme ultraviolet. Similar ex- 
periments have also been reported by Jun Ye in Boulder [89]. 

In a future ambitious project, we plan to apply frequency combs in the 
XUV directly to precision spectroscopy of sharp resonances in laser-cooled 
trapped ions. The hydrogen-like helium ion with a 1S-2S two-photon transi- 
tion near 60 nm is a particularly interesting candidate. In one envisioned sce- 
nario, helium ions will be sympathetically cooled by laser-cooled magnesium 
ions in the same trap, and the signal might be detected via the production of 
doubly charged helium ions due to photo ionization. 


CONCLUSIONS 


Spectroscopy of the simple hydrogen atom has sparked off the cross fertiliza- 
tion of two seemingly unrelated frontiers, precise optical spectroscopy and 
the study of ultrafast phenomena. Femtosecond frequency combs are revolu- 
tionizing precision measurements of time and frequency. Future optical 
atomic clocks will find important applications in many areas of science and 
technology. Ultraprecise optical spectroscopy can be harnessed for new tests 
of fundamental physics laws. However, many other spectroscopic applica- 
tions of laser frequency combs can be envisioned, such as massively parallel 
ultra-sensitive cavity ring-down spectroscopy [90] or broadband spectral in- 
terferometry. At the same time, frequency comb techniques are also offering 
powerful new tools for ultrafast physics. By controlling the phase of the elec- 
tric field of intense light pulses lasting for only a few cycles, they make it pos- 
sible to study ultrafast electronic processes in light matter interactions, such 
as the production of single sub-femtosecond pulses of soft X-rays in high har- 
monic generation [42]. Only the future can show what we will discover with 
such exquisite new instruments. 
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Appendix A 
Solution for the Harmonic Oscillator Equation 


In this appendix we will show that for the solution of the following equation 


ey 4 
gz t|4-#]¥@=0 (A.1) 
to be well behaved we must have A = 1,3,5,7, ....; i.e., A must be an odd integer. 


These are the eigenvalues of Eq. (A.1). We introduce the variable 
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Substituting in Eq. (A.1), we obtain 
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In order to determine the asymptotic form, we let 7 — oo so that the above 
equation takes the form 
ry 1 
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the solution of which would be e*2”. This suggests that we try out the following 
solution 
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Thus 
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and 
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Substituting Eqs. (A.7) and (A.8) in Eq. (A.5) we get 
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Now the confluent hypergeometric equation is given by (see, e.g., Refs. Alfano 
and Shapiro (1975), Arditty et al. (1980)) 
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where a and c are constants. Forc ~# 0,+1,+2,+3,+4, the two independent 
solutions of the above equation are 


yi(x) = 1F1(a,c, x) (A.11) 
and 
ya(x) = x'~° Fy (a—c+1,2—c,x) (A.12) 


where 1 F}(a, c, x) is known as the confluent hypergeometric function and is defined 
by the following equation: 


ax aati”  e@+ ilies 2 
Fiieew=1 - A.13 
PEC TT ead Ol Mee DED) (ane) 


Obviously, for a = c we will have 


XxX x x 


+—+—+....=e& (A.14) 


1Fi(4,4,x) =1+ 7 at 3 


Thus although the series given by Eqs. (A.13) and (A.14) is convergent for all val- 
ues of x, they would blow up at infinity. Indeed the asymptotic form of 1 F) (a, c, x) 
is given as 


Tr : 
1F\(a,c,x) > TO ac e* 
x: 


Sak (A.15) 


The confluent hypergeometric series ;F1 (a,c,x) is very easy to remember and 
its asymptotic form is easy to understand. Returning to Eq. (A.9), we find that y(7) 
satisfies the confluent hypergeometric equation with 
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= a = . 
a ) c 


Thus the two independent solutions of Eq. (A.1) are 


Wi) =1 Fi(—*,2,n)eP (A.17) 
1) =1 4 z opts : 
and 
3-—A 3 _Aj, 
Yon) = fn Fi (=. >.) e2" (A.18) 


We must remember that 7 = &*. Using the asymptotic form of the confluent 
hypergeometric function [Eq. (A.15)], one can readily see that if the series does not 


become a polynomial, then as 7 — 00, w(7) will blow up as en”, In order to avoid 
this, the series must become a polynomial. Now w1(7) becomes a polynomial for 
A= 1,5, 9, 13,..., and w2(7) becomes a polynomial for A= 3, 7, 11, 15. Thus only 
when 


B= 153,557, 9534.3 (A.19) 


we will have a well-behaved solution of Eq. (A.1) — these are the eigenvalues of 
Eq. (A.1). The corresponding wave functions are the Hermite—Gauss functions: 


W(&) = NH» (&) exp (-3:°) ; m=O, 1.235553 (A.20) 


Indeed 


(3) 


1 
H,(é) = (-1)"” Fi ( eae) for n=0,2,4,... (A.21) 


and 


| n—1 3 


H,(é) = (-1I)°- 9/2 _2¢ Fy (-“S. 5) i BHT. 
(*5')! 7 


(A.22) 


Appendix B 
The Solution of the Radial Part 
of the Schrédinger Equation 


For a particle in a spherically symmetric potential V= V (r), the radial part of the 


Schrédinger equation is given as 


r2 dr dr h2 Qur2 


If we define a new radial function 
u(r) = rR(r) 


we would get 
dR d 
pak _ 2 | 


dr dr| r 
du () 
=r—-—ur 
dr 
Thus 
{df sdk 1du 
Ti = 
r2 dr dr r dr2 
and Eq. (B.1) would become 
dur) | 2u E-Von) I+ 1h? ig 
r u(r) = 
dr2 h2 Qur2 


For the hydrogen-like atom problem, 
Zq° 


V(r) = - 
Aieor 


and therefore 


2 2 2 
du 2 Zq i+ Dh u(r) =0 


dr? + 2 4m €or Qur2 


2 
1d (eS) +4 E V(r) d+ Dh ]Rm=o 


(B.1) 


(B.2) 


(B.3) 
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In order to solve the above equation, we introduce the dimensionless variable 
p=yr (B.4) 
where the parameter y is to be conveniently chosen later. Since 


du 4d’u(p) 


de ag? 


we readily get 


du QuE Ww Z¢ ie tT) 
=0 B.5 
i 2 ee eo (B.5) 
We choose! 
SUE 8 UE 
2 _ = 
Sy (B.6) 
and set 
2uUZ 7 i 
p22 SS el (B.7) 
h?y \4reo 2|E| 
Where 
g 1 
Q = —q~— VK 
Art eohc 137 
is the fine structure constant. Thus Eq. (B.5) becomes 
du 1 A Id+1) 
=0 B.8 
ie oS | (B.8) 


Now as p — o, the first term inside the square bracket is the most dominating 
term and we may approximately write 


Put men 
—— — ~y(0) = 
dpe ae 
the solution of which is given as 
wp) ee? 


We reject the exponentially amplifying solution and write 


We are looking for energy levels corresponding to bound states; therefore E < 0. 
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u(p)~ e "/* as poco (B.9) 


Now as p — 0, the third term inside the square brackets is the most dominating 
term and we may approximately write 


du i+ 1) 
5 — 5 —u(p) = 0 
dp p 
If we write 
u(p) ~ p® 


then we readily obtain 

a(g—1)=104+1) 
giving 

g=-l or (+1) 


We reject the g = —/ solution because it will diverge for » — 0 so that we may 
write 


u(p) ~ pt! asp > 0 (B.10) 


The above equations suggest that we try to solve Eq. (B.8) by defining y(p) 
through the following equation: 


u(p) = p't e~#/?y(p) (B.11) 


Simple manipulations will show that y(p) satisfies the following equation: 


2 


OT ea ae (B.12) 
Ppa Oe) 
where 
a=l+1-A); 
(B.13) 
c=214+2 


Equation (B.12) is the confluent hypergeometric equation (see Appendix A) and 
the solution which is finite at the origin is given as 


ap  ata+1)p 
= 1F\(a,c,p)=1 see B.14 
y(p) = 1F i (a,c, p) + “1 + cer 1) 21 + ( ) 
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which is known as the confluent hypergeometric function. Thus the complete 
solution of Eq. (B.8) which is well behaved at p = 0 is given as 


u(p) = Np't! eF°!?Fi(a,c, p) (B.15) 


where N is the normalization constant so that 


/ (nar = 7 Ry dr = 1 (B.16) 
0 0 


The value of N is given by Eq. (3.152) We may mention the following: 


(i) The solution given by Eq. (B.15) is a rigorously correct solution of Eq. 
(B.5). Writing the solution in the form of Eq. (66) does not involve any 
approximation. 

(ii) The infinite series given by Eq. (B.14) is convergent for all values of p in the 
domain 0<p <oo. 

(iii) For a = c, the infinite series given in Eq. (B.14) is simply e®; thus as  — oo, 
u(p) will diverge as p'*! e??. 
(iv) Indeed 


1F\ (a,c, 9) —> p~ Se® 
poo 
Thus 
u(p) —> p't! pt ef /? 
poo 


and will blow up as p— oo [although the infinite series given by Eq. (B.14) is always 
convergent! ]. In order to avoid this we must make the infinite series a polynomial 
which can happen only if a is a negative integer: 


a=-—n, n, = 0,1,2,... (B.15) 
Thus 
AQ=l+ltin=n, 1h eae (B.16) 


The quantities n, and n are usually referred to as the radial quantum number and 
the total quantum number, respectively. Now, 4 = n implies [see Eq. (62)] 


Dd pg de 
Zeca bh 0) 
2|E| 


Appendix B 601 


or 


Pew a 
E=En=-— (B.17) 
which represent the energy eigenvalues of a hydrogen-like atom. The corresponding 
normalized wave functions are given by Eqs. (3.151) and (3.152). 


Appendix C 
The Fourier Transform 


According to Fourier’s theorem, a periodic function can be expressed as a sum of 
sine and cosine functions whose frequencies increase in the ratio of natural numbers. 
Thus, a periodic function with period q, i.e. 


F(x+ na) = f@), n= 0,+1,+2,+3,... (C.1) 


can be expanded in the form of 


= ! . kx by, sin(nkx C.2 
f@= a cos(nkx) + by sin(nkx)] (C.2) 
where 
Qn 
k= — (C.3) 
a 


The coefficients a, and b, can be easily determined by using the following 
properties of the trigonometric functions: 


2 Xo+a 
— / cos(nkx) cos(mkx)dx = dmn (C.4) 
a Jxo 
9 xota 
— / sin(nkx) sin(mkx)dx = dmn (C.5) 
a Jxo 
2 xo+a 
= | sin(nkx) cos(mkx)dx = 0 (C.6) 
a Jxo 


where xo is arbitrary and 5,., is the Kronecker delta function defined through the 
following equation: 
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(C.7) 


1, ifm=n 


0, ifmAn 
5imn = 


If we multiply Eq. (C.1) by cos(mkx) and integrate from xo to x9 + a@, we would 
obtain 


xo+a 
ay -|/ f(x) cos(nkx)dx, n=0,1,2,... (C.8) 
xo 
Similarly 
xo+a 
by, = : F(x) sin(nkx)dx, n= 1,2,3,... (C.9) 
xo 
For the sake of convenience we choose x9 = —a/ 2. If we now substitute the above 


expressions for a, and by, in Eq. (C.2), we would obtain 


1 “ / ale / / 
f@) = 7 [- f)dx’ + 3 E cos(nkx) “ant (x’) cos (nkx’) dx 
(C.10) 
2 +o/2 
+ = sin (nkx) f (x) sin (nkx’) | 
a —a/2 
or 
+90/ “ As +/ As 
f= = 4s | ear +o | / f (x’) cos [n As (x’ — x) ] av| 
ae: oe —m/As 
(C.11) 
where 
20 
As = — =k (C.12) 
a 


We now let a — oo so that As — 0. Thus, if the integral 


[ esle 


exists (i.e., it has a finite value), then the first term on the right-hand side of Eq. 
(C.11) would go to zero. Further, since 


fore) Co 
/ F(s)ds = lim ye F (nAs) As (C.13) 
0 As—>0 = 


we have, in the limit As > 0 
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1 ee) +00 
f@= = / {/ f (x') cos [s (x — x) ] av fas (C.14) 
0 —0o 


Equation (C.14) is known as the Fourier integral. Since the cosine function inside 
the integral is an even function of s, we may write 


i = om / / / 
f@® = =f {f f (x) cos [s (x -»)]av'}as (C.15) 


Further, since sin [s (x’ — x)] is an odd function of s 


i te {fos Wate ( —sy)av fas (C.16) 


2m J—oo —00 


Adding (or subtracting) Eqs. (C.15) and (C.16), we get 


1 +00 +00 ee, 

FS) = Ta i, / f (jer eO —x) dy! ds (C.17) 
Thus, if 

1 a voy! 

F(s) = Oni i f (ve dx’ (C.18) 
then 

1 +90 as 

f@= oom | F(s)e* ds (C.19) 


The function F(s) defined by Eq. (C.18) is known as the Fourier transform of 
J(x) and conversely. 
Since the Dirac delta function 6 ( —x ) is defined by the equation 


+00 
i@= / f (x) 8 (x — x’) dv’ (C.20) 


—co 


we obtain, comparing Eqs. (C.17) and (C.20), the following representation of the 
delta function: 


+00 
8(¥ —x) = = ‘a . etis(’—x) dy (C.21) 


For a time-dependent function, we can write the Fourier transform in the 
following form: 


+00 


1 /\ ,iot jq/ 
F) = Gop : f (¢)e@ de (C.22) 


—oo 
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1 +09 : 
fO= ane F (we "da (C.23) 


where @ represents the angular frequency. As an example, we consider a time- 
dependent pulse of the form 


fQ) =A et /28 giant (C.24) 


Thus 


(C.25) 


_ 492 
eee a 


where we have used the following result: 


+00 ; . +00 B 2 
/ eX +BX dy = @P ey exp | —a@ (x- f) dx 
ee = 2a (C.26) 
=(m/ a)'/? exp (6° / 4«) 


From Eqs. (C.24) and (C.25) it can be immediately seen that a temporal pulse of 
duration ~t has a frequency spread of Aw ~ 1 / t. Thus, one obtains 


tAw~ 1 (C27) 


If t — oo, the pulse becomes almost monochromatic and Aw — 0. The result 
expressed by Eq. (C.27) is quite general in the sense that it is independent of the 
shape of the pulse. For example, for a pulse of the form 


Ae imo |t 2 
fo=y® aa (C.28) 
0 everywhere else 
one would obtain 
2\!/7 sin (o — 2 
F(o) =A ( ) mae = eyes (C.29) 
ca @— wo 


which also has a spread ~ 1/T. 
If we introduce the variable 


u=s/2n (C.30) 


Appendix C 607 


then Eq. (C.17) becomes 


+00 +00 ; 
fo) = / i f (x)err™e— ax’ du (C31) 
Thus, if we write 
+00 - 
F(u) = if i (x’) ert ix fee if (x)] (C.32) 
then 
+00 . 
f= / F(u) e777" du (C.33) 


where the symbol F'[ ] stands for the Fourier transform of the quantity inside the 
brackets. The quantity u is termed the spatial frequency (see Section 10.2). 
Now 


FF [fC)]] = FF) 
+00 
= di Fye?™ dx (C.34) 


—co 


= f(-3) 


Thus the Fourier transform of the Fourier transform of a function is the original 
function itself except for an inversion. We also see that 


foo) - [eben 
@ | de a (C.35) 


=d(u+1/a) 


where we have used Eq. (C.21). In addition 


(oe) 


F [6(t — to) |] = / 5 (t — to) ectivt dt 
ey (C.36) 


21 ivt 
=e 0 


Convolution theorem. The convolution of two functions f(t) and g(f) is defined 
by the relation 


CO 


fxg) = : f(t)g(t—1) df = gO (C.37) 


—c 


We will now show that the Fourier transform of the convolution of two functions 
is the product of their Fourier transforms. This can be seen as follows: 
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-F [fxg] = i / i ()g (1 _ 1’) eotivt dt’ dt 


= i. dt f (’) eunivt i . ( _ 1) e2tiv(t—t’) gy (C.38) 
= F(v) Gv) 


where F(v) = F [fo] and G(v) = F [g()]. Similarly 


F [ros] = / f (rg (/) et 2nivt! dr’ 
= 7 (1’) 1 G yor dv! et ay’ 


_ i. G (v’) 2 Gero df’ dv’ (C.39) 
= / G(v)F (v —v) av’ 
= F(v)*xG(v) 


i.e., Fourier transform of the product of two functions is the convolution of their 
Fourier transforms. 

We will now consider some examples. The convolution of a function f(t) with a 
delta function 6(t — fg) is 


S(*8(t — t9) = a a. (')5(¢— 1 — to) de (C.40) 
=f (t = to) 


Thus the convolution of a function with a delta function yields the same function 
but with a shift in origin. 

Similarly, the convolution of two Gaussian functions can again be shown to be 
another Gaussian function: 


x x ap (ar)! /? x 
exp (-22) xe ( =) = (2 + 52)" exp ( a] (C.41) 


Sampling theorem. We will now derive the sampling theorem according to which 
a band-limited function, i.e., a function which has no spectral components beyond 
a certain frequency, Say Vm, is uniquely determined by its value at uniform intervals 
less than (1/ 2Vm) seconds. 

A band-limited function having a maximum spectral component vm implies that 
its Fourier transform is zero beyond vp (see Fig. C.1). Thus if f(7) is a band-limited 
function, then 
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Fig. C.1 (a) A band-limited So 
function having no spectral 

components beyond a 

frequency vm and (b) the 

corresponding Fourier 

spectrum 


(a) 


F(yv) 
v 
Vin 0 Vin 
(b) 
F [f®] =F) =0, forv > vm (C.42) 


We now consider the sampled function which consists of impulses every T sec- 
onds with the strength of each impulse being equal to the value of the function at 
that time. Thus the sampled function can be written as 


f= > fSG-nT)=fOQ D> 6¢-nT) (C43) 


n=—CO n=—C} 


The sampled function f,(f) is shown in Fig. C.2a. Here T represents the sampling 
interval and 6(t — nT) represents the Dirac delta function. 

In order to obtain the Fourier spectrum of the sampled function, we have to first 
find the Fourier transform of the function pee 6(t — nT). Using Eq. (C.36) we 
have 


| > sean) = | Gant er ™ dk 


aa ie. (C.44) 


[oe 


= > eorinvT 


n=—-C 
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Fig. C.2 (a) The function SO 
shown here is obtained by 

periodically sampling the 

original function depicted in 

Fig. C.1 at uniform intervals 

by impulses separated in time 

by T; the strength of the 

sampled signal at the 

sampling times is equal to the 


value of the original function _— 

at that time. (b) The Fourier r 

spectrum corresponding to (a) 
the sampled function when 

the sampling interval T is F(v) 


smaller than 1 / 2vm, the 
Nyquist interval. Observe that 
in such a case the various 
repetitively appearing spectra 


v 
do not overlap and it is Vin Vin 
possible to use a filter to : ; 
retrieve F(v) and hence f(r) 1/T 
(b) 


In order to evaluate the sum of the right-hand side of Eq. (C.44), we consider the 
following finite sum: 


N 
y eotival = eon inNT 


n=—N 


t _ on) _ sin{rv? QN + I (C.45) 


1 — e2ziT sin (VT) 


which is a periodic function with a period 1 / T. If we restrict ourselves to the region 
—1/2T <v <1/2T, then for a large value of N, the above function is sharply 
peaked around v = 0 and we may write 


. sinzvT (2N + 1) . sin gvT 
im ———— = lim —— 


: (C.46) 
N00 sin wvT gro onvT 


In order to determine the value of the limit on the right-hand side of Eq. (C.46), 
we have from Eq. (C.21) 


1 fX ,. 
fig / ei” ay (C.47) 
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Thus we get from Eq. (C.46) 


in zvT (2N+1 
i ee a (C.48) 
N->00 sin wvT 


and from Eqs. (C.44) and (C.45) 


r| > sun] == ye 5(v— =) oP) 


n=— CoO 


Hence the Fourier transform of the sampled function is given as 


F [fA] =F [ @ do s@- | 


=F lfolaF y b(t— | using Eq. (C.39) 
1 [o.@) 
= Fee >), (v = =) using Eq. (C.49) (C.50) 


| 
NI 
| 
a, 
= 
~— 
x 
o 
, aaa 
= 
| 
| 
wa 


es F(v = =) using Eq. (C.40) 
r n=—Oo r , 
Here 
FO) =F [f] = i * pve" at (C51) 


represents the Fourier transform of the function f(‘). Hence from above it follows 
that the Fourier transform of the sampled function consists of an infinite sum of 
repetitively appearing Fourier transforms of the original function (see Fig. C.2b), 
i.e., if the function F(v) is band limited up to vm, then in order that the various 
repetitively appearing Fourier spectra in the sampled function do not overlap, one 
must have 


2Vvm <1/T 
or 
T<1/2vm (C.52) 


Hence as long as we sample f(f) at regular intervals less than 1 / 2v,, seconds 
apart, the Fourier spectrum of the sampled function is a periodic replica of F(v). One 
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can thus recover f(t) completely by allowing the sampled signal to pass through a 
low-pass filter which attenuates all frequencies beyond vy, and which passes without 
distortion the frequency components below vm. On the other hand, if T > 1/2vm, 
then the various spectra F(v) overlap and it is not possible to recover f(t) from 
the sampled values (see Fig. C.3). Thus in order to completely preserve the infor- 
mation content of a signal in a retrievable form, the sampling interval should not be 
more than | / 2vm; this maximum sampling interval is also referred to as the Nyquist 
interval. 


Fig. C.3. (a) The same as SO + 
shown in Fig. C.2(a) but here 
the sampling interval is larger 
than a (b) The 
corresponding Fourier 
spectrum which shows 
overlap of the various 
repetitively appearing spectra. 
In such a case it is not 
possible to retrieve the signal <= 


>t 


Hence from the above theorem it follows that complete information of a band- 
limited signal can be transmitted by just sending the discrete sampled values. This 
is the basic principle behind digital transmission systems (see Section 17.2). 

It may be mentioned here that no signal is strictly band limited. But for most prac- 
tical situations, the energy content in high frequencies is so small to be negligible. 
Thus, one can consider such signals to be essentially band limited. 


Appendix D 
Planck’s Law 


In Section 7.2 we solved Maxwell’s equations in a rectangular cavity and obtained 
the allowed frequencies of oscillation of the field in the cavity [see Eq. (7.16)]. In 
Appendix E, we will calculate the density of such modes and will show that the 
number of modes per unit volume in a frequency interval dw will be given as [see 
Eq. (E.10)] 
p(w) dw = 0? dw (D.1) 
IU“ 

In Section 8.2, we have shown that quantum mechanically, we can visualize the 
radiation field (inside a cavity) as consisting of an infinite number of simple har- 
monic oscillators (each oscillator corresponding to a particular mode of the cavity) 
and that the energy of each oscillator can take only the discrete values 


1 
En, = ( + ;) ha,, na, =O0,1,2,... (D.2) 


[see Eq. (9.59)]. Now, according to Boltzmann’s law, if E,, is the energy of the Ath 
mode in the nth excited state, then the probability p,, of the system being in this 
state (at thermal equilibrium) is proportional to 


exp (—En, / kgT) 


where kg is the Boltzmann’s constant and T is the absolute temperature. Because 
the Ath mode must be in one of the states, we must have 


» Pr, =1 (D.3) 


ny=0 
To ensure this condition, we must have 


exp (—En, / kpT) 
yon, exp (—En, / kpT) 


1=0 


Pr = 


(D.4) 
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Substituting for E,, from Eq. (D.2), we have 
exp (—,x) 
Ph = (D.5) 
" Dr -0 Xp [—m.x] 
where 
A 

a (D.6) 

kpT 


Carrying out the summation of the geometrical series in the denominator, we 
obtain 


Pry, = [1 a e*] a oe 


The mean number of photons na associated with the Ath mode is given as 


loo) 
n= ) Pry 


ny=0 


ll 
| 
— 
— 
| 
fax} 
| 
Nas 
E-| 2 
fax) 
| 
= 
tad 


ll 
~~, 
i 
I 
= 
— 
e/a 
——- 
— 
| i 
s 
# 
See 


or 
a 1 D 
n= e—1 eho/kpT — | (D.8) 
Thus the mean energy associated with each mode will be 
_ hay 


Consequently, if u(w) represents the energy of the radiation field (per unit 
volume) in the frequency interval dw, then 


u(@)dw = (energy associated with a mode) x (number of 
modes per unit volume in the frequency interval d w) 


_ ho I 2 
=TholkgT 1 *~ 723 dw 
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or 
— Fast an D.10 
uo) = “753 ghiolkpT — | D210) 
which is the famous Planck’s law. For kgT >> haw, one obtains 
ape 
u(@) © —a aha (D.11) 
IU-C 


which is known as the Rayleigh—Jeans law. On the other hand, at low temperatures, 
where kgT << ha, one obtains 


(w) ho? ho (D.12) 
u(@) * ——~exp | ——— : 
m3 4 kpT 


which is known as Wien’s law. 


Appendix E 
The Density of States 


In Section 7.2, we had solved Maxwell’s equations in a rectangular cavity and had 
shown that the electric field inside the cavity is given as 


FE, = Epox cos kyx sin kyy sin kzz (E.1) 
with similar expressions for Ey and E, [see Eq. (7.14)]. By imposing proper bound- 


ary conditions, the following allowed values of k,, ky, and k, are obtained [see Eqs. 
(7.12) and (7.13)]: 


mit 

k= —, m=0,1,2,... (E.2) 
2a 
ni 

= 5, n=0,1,2,... (E.3) 
qu 

k= q=0,1,2,... (E.4) 


Now, the number of modes whose x component of k lies between k, and 
k, + dk, would simply be the number of integers lying between (2a/ 77) k, and 
(2a/ 7) (ky; + dk,). This number would be approximately equal to (2a/ 7) dk,. 
Similarly, the number of modes whose y and z components of k lie between k, 
and ky + dky and k, and kz, + dk, would, respectively, be 


2b d 

—dk, }) and —dk, 

5 4 
Thus, there will be 


2a 2b d V 
dky dk, dk, ) = —ydkx dky dk, (E.5) 
IU IU 7 IU IT . 


modes in the range dk, dky dk, of k; here V (= 2a x 2b x d) represents the volume 
of the cavity. Thus the number of modes per unit volume in the k space would be 
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V 
Pe) 
If P(k)dk represents the number of modes whose |k| lies between k and k + dk, 
then 


i Vw 
Pdk = 2x — x 4? dk (E.6) 
8 


where the factor 4zk* dk represents the volume element (in the k space) lying 
between k and k + dk and the factor 1/8 is due to the fact that k,, ky and k, can 
take only positive values [see Eqs. (E.2)—-(E.4)] so that while counting the modes in 
the k space we must consider only the positive octant; the factor of 2 corresponds 
to the fact that corresponding to a particular value of k, there are two independent 
modes of polarization. If p(k)dk represents the corresponding number of modes per 
unit volume, then 


1 
p(k)dk = —ke dk (E.7) 


Now, if p(v)dv represents the number of modes (per unit volume) in the 
frequency interval dv, then 


ly og 1 (2nv\* 2n 
pv) dv = p() dk = Rak = — ( 2") Sav (E.8) 
a m2 \ ¢ c 
or 
8 2. 
pv) dv = av (E.9) 
Cc 


which is identical to Eq. (7.18). In deriving Eq. (E.9) we have used the relation 
k = 2rv/c. Transforming to the w space, we obtain 


1 
p(w)dw = 0" daw (E.10) 
JUG 


It should be mentioned that in the derivation of the above formula we have 
assumed |k| to lie between k and k+ dk and have integrated over all the directions of 
k. If, however, we are interested in the number of modes for which k lies between k 
and k + dk but the direction of k lies in the solid angle dQ, then the number of such 
modes would be given as 


1 
N(k) dk dQ = = x —~ x 4k dk x (E.11) 
8 x 4 
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and we have not taken into account the two independent states of polarization. Thus 


V 
N(w)deo d2 = N(K)dkd2 = sz x ke dk dQ 
JIT 


or 


2 
N(w) dw dQ = 


33,30 do (E.12) 


which is identical to Eq. (9.176). 


Appendix F 
Fourier Transforming Property of a Lens 


In this appendix, we will show that the amplitude distribution at the back focal plane 
of a lens is the spatial Fourier transform of the object field distribution at the front 
focal plane. In order to show this, we must first determine the effect of a lens on an 
incident field. 

Consider an object point O which is at a distance d; from an aberrationless thin 
lens of focal length f (see Fig. F.1). We know that under geometrical optics approx- 
imation, the lens images the point O at the point J which is at a distance d2 from the 
lens where 


aera (F.1) 


Fig. F.1 A spherical wave 
emanating from an object 
point which is at a distance d; 
from a lens is converted into a 
converging spherical wave 
converging toward the point / 
at a distance d satisfying Eq. 
(F.1) 


Thus, the lens transforms an incident diverging spherical wave emanating from O 
into a converging spherical wave converging to the point /. The phase of the incident 
diverging spherical wave from O can be written as 


1/2 
exp(—ikr) = exp | -it (2 +y+ d?) | 


ry 
= —ikd —ik 
exp(—ikd)) exp ( i od, ) 


(F.2) 


where we have assumed a time dependence of the form e'! so that exp[i(@t — kr)] 
and exp[i(wt + kr)] represent, respectively, a diverging and a converging spherical 
wave and in writing in last expression, we have assumed that x, y << d,. The wave 
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after passing through the lens becomes a converging spherical wave given by 


Je +y 
exp (+ikd2) exp | +ik (F.3) 
2d 


where we have assumed x, y << dp and the positive sign refers to the fact that the 
wave is a converging spherical wave. Hence, if we represent by py the effect of the 
lens on the incident field distribution, then 


. ik (4. 9 . ik (4. 9 
exp (—ikd,) exp aa (x +y ) PL = exp (+ikd) exp rn (« +y ) 


or 


x71 A 
pi = exp [ik (dy + d})] exp E (<. es =) (2 +y | (F.4) 


Using Eq. (F.1) and neglecting the first factor on the right-hand side of Eq. (F.4) 
as it is a constant phase factor, one obtains 


p= exp | + 7 (e+y | (F5) 


Thus, the effect of a thin lens of focal length fis to multiply the incident field 
distribution by the factor py, given by Eq. (F.5). 

In order to obtain the field distribution at the back focal plane, we would also 
require the effect of propagation through space; this is indeed given by Eq. (7.72), 
namely, 


_ ; 
senna cet [I f(y) exp {= [@e- x) + 0-yn?]  avay (F6) 


where f (x’, y’) is the field distribution on the plane z = 0 and g(x, y, z) is the field at 
the point x,y,z. 

Let us now consider a field distribution f (x, y) on the front focal plane (P}) of a 
lens of focal length f (see Fig. F.2). The field on the plane P3 would be given by Eq. 
(F.6) with z replaced by f, i.e., 


—o i; fe mex |- Fle -8°+ +6/=0)']} aean 
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Fig. F.2 The field 
distribution on the back focal 
plane of a lens of focal length 
fis the Fourier transform of 
the field distribution on the 
front focal plane P; 


Thus, the field on the back focal plane P2 would be 


059) = (5) em ff ff remes{-=[W 8 + 0 -0)"]} 


k ik 
x exp \-= (e+ 2) 4. (y+ y) }} x exp E (7 +y’)] dédndx’dy’ 
(F.7) 
which on simplification gives 


1 ik 
8059) = aap HT exp -5 (2 +¥)| [fasanrem 


x exp = (e+0°)| [exp {5 [2-2 c+] far 
x [ex |-5 2-4 o+ nf ay 


1 m2fhr on 2ikf ik (2.2 
—saa eM exp |-F(e +y°)] [fosarem 8 


coo $009) 


ik 
xX exp +s (2 + = + 2xé +y° + n° + 2»n) 


7 i et ff asan fé, nexp[2ni(= +2) 
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where we have used the following result: 


lee) 1/2 2, 
ePPtag, (7) exp( (F9) 
Pp P\ ap 
—00 


Thus, apart from a constant phase factor, the amplitude distribution at the 
back focal plane of a lens is nothing but the Fourier transform of the amplitude 
distribution at the front focal plane evaluated at spatial frequencies x/ Af and y/ Af. 


Appendix G 
The Natural Lineshape Function 


A spontaneous transition from a state b to a lower energy state a does not give 
radiation at a single frequency wpq. A finite lifetime t of the excited state gives 
it an energy width of the order h/t so that the emitted radiation has a frequency 
distribution. This argument may be made more precise by considering the simple 
case of an atom with only two states a and b (E;, > E,) undergoing spontaneous 
transition from b and a. In this section we will calculate the frequency distribution of 
the emitted radiation from such a spontaneous transition; the analysis is based on the 
treatment given by Heitler (1954), Section 18, and is known as Weisskopf-Wigner 
theory of the natural line width. 

It is assumed that at t = 0, the atom is in the excited state b and the radiation field 
has no photons. We denote this state by 


|1) = |b; 0, 0, 0, . . .) (G.1) 
[compare with Eqs. (9.174)]. The atom makes a transition to the state aemitting a 


photon of frequency @, in the mode characterized by A[see Eq. (9.175)]. We denote 
this state by 


lad) = |a;0,0,...1,,0,...) (G.2) 
If we denote the corresponding probability amplitudes by 


Ci (t) and Cy, (t) 


then 

C; (0) = 1 
1 (0) (G3) 

Caa (0) = 0 

Further [see Eq. (9.159)] 
dc . 
in = DO Hr Jar) WO Cay (0) 

a (G.4) 


= D0 UAT [aay MO" Ca, 
Xr 
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and 
dc, . 
in = (ad| Ht |1) e Ho)" CH) (G.5) 
where 
hwo = Ep — Eq (G.6) 
and 
Wi — Wa = Ep — (Ea + hay) = h(a — oy) (G.7) 


We try to solve Eqs. (G.4) and (G.5) by assuming” 
Coser" (G.8) 


which satisfies the condition C;(0) = 1. It may be noted that since |C\ (t)|? rep- 
resents the probability of finding the atom in the upper state and the quantity 1/ y 
represents the mean lifetime of the state. If we substitute for C(t) in Eq. (G.5) and 
carry out the integration we get 


(aA| H’ |1) exp {— [i (wp — @) + y/2]t}-1 


Cat) = G9 
PAG) Ca me (G9) 
We substitute Eqs. (G.8) and (G.9) in (G.4) to obtain 
er t= j - t t/2 
ine =~ EP sepletey SOs 7412) (G.10) 
2 " A (Wp — @,) — iy /2 


where (H’ } = (ad| H’|1). The summation on the right-hand side of the above equa- 
tion is over a number of states A with very nearly the same frequency. Under these 
circumstances, the summation can be replaced by an integral 


> /f N(w)dw dQ (G.11) 
X 


where N(w) represents the density of states [see Eq. (9.176)]. Equation (H.10) then 
becomes 


2if 1 2 
y= E // |\(H)| N(@)F(@) doa (G.12) 


21 should be mentioned that the present treatment is consistent with the treatment given in Chapter 
9. Indeed, in Chapter 9 we have shown that A [as given by Eq. (9.182)] represents the probability 
per unit time for the spontaneous emission to occur; the decay given by Eq. (G.8) follows with 
y =A; this is explicitly shown later in this section. 
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= : = 1/2 
jy 1 — exp [i (@o 2) tle” (G.13) 
(wo — w) — iy /2 


We will assume that y << wo;i.e., the inverse of the lifetime ( < 10°s~!) is much 
smaller than the characteristic frequencies (~ 10!5 s-!); this will indeed follow from 
the final result. Under this assumption y can be neglected in Eq. (G.13) to obtain 


_ el(@o-@)t 


Ie 
ics (G.14) 
= 1—cos[(@ —w)t] sin[(@p — @) ft] 
(@0 — @) (@o — @) 


The first term has very rapid variation around w * wo and gives negligible con- 
tribution to any integral over w except around w ~* wo, where the function itself 
vanishes. Thus this term will lead to a small imaginary value of y. We are in any 
case interested in the real part of y (which would give the lifetime, etc.) which will 
be given by 


yx : Hil eal Non) ace fo | (G.15) 


-co (#0 — @) 


We have made two approximations here. First, we have pulled out factors which 
are essentially constant in the neighborhood of w ~ wo. Second, the limits of the 
integral have been taken from —oo to +00 since in any case the contribution vanishes 
except around wo. Thus 


(G.16) 
_ 201 Va N22 Go 
eee 
Now 
(H’) = (aa| H"|1) 
= (a;0,0,...1,,0,...| (ie) 
hoo, al ikyr — at —iky-r] a 
x» 2eV [ae A ae ]é-11b30,0,...,03,...) 
A (G.17) 
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where in the last step we have used the dipole approximation. On substitution in Eq. 
(G.16), we get 


Eee % fe (alr |b)|"d2 (G.18) 
~ “(a 3 
7 2n | 4rreohe | c? : 


[compare Eq. (9.180)]. On carrying out the integration and summing over the two 
states of polarization we get [see Eq. (9.182)] 


vod (G.19) 


i.e., y is simply the Einstein A coefficient corresponding to spontaneous emissions 
as it indeed should be! 

Now the probability of a photon being emitted in the mode A is given by [see 
Eq. (G.9)] 


Car (t = 00)? = a : (G.20) 

: WR (wy- ay t+y7/4 
If we multiply the above equation by M(w) dwdQ, which gives the number of 
modes in the frequency interval w to w + dw and in the solid angle dQ, and carry 
out the integration over dQ and sum over the two states of polarization, we would get 


d 
g(a) do = > . 


G.21 
Qn (wo — w)? + y2/ 4 ( ) 


where we have used Eq. (G.18). The above equation indeed gives us the probability 
that the spontaneously emitted photon has its frequency between w and w + da, 
which is nothing but the Lorentzian line shape; notice that the above expression is 
normalized, which implies that the probability that the atom makes a spontaneous 
transition from the upper state to the lower state is unity (as t > 00), as it indeed 
should be. 


Appendix H 
Nonlinear polarization in optical fibers 


At low optical intensities, all media behave as linear media, i.e., the electric polar- 
ization P developed in the medium is linearly related to the electric field E of the 
lightwave: 


P=e&9xE (H.1) 


When the intensity of the light wave increases, then the amplitude of the electric 
field associated with the light wave also increases and in such a situation the rela- 
tionship described by Eq. (H.1) is no more valid. In such a situation the polarization 
is not linearly related to the electric field and we can write for the total polarization 
as 


P= e9xE+ 60x°E* (H.2) 


where ¢9x°E? represents the nonlinear polarization term and x) is referred to as 
the third-order nonlinear susceptibility. Note that there is no term proportional to 
E? the quadratic term is present only in media not possessing a center of inversion 
symmetry like many crystals. The second term in Eq. (H.2) is responsible for many 
nonlinear effects in optical fibers; these include self phase modulation, cross phase 
modulation, and four wave mixing. Here we will give a brief outline of the derivation 
of Eq. (H.2) which results in nonlinear polarization rotation. Such an effect is used 
in the generation of ultrashort pulses from fiber lasers (see Chapter 12). 

Equation (H.2) is written in scalar form but since both electric fields and polar- 
ization are vector fields we have to write a vector equation. Thus the nonlinear 
polarization in vector form is given by 


3 
PN = gy X pei ERE (H.3) 


where the subscripts correspond to various Cartesian components of the fields and 
eee is called the third-order nonlinear optical susceptibility tensor. It is character- 
ized by 81 elements and depending on the symmetry present in the medium some 
of them may be zero, some may be equal to some other elements, etc. For an optical 


fiber, the only nonzero elements are 


629 


630 Appendix H 


(3) (3) (3) (3) (3) (3) (3) (3) 
X1122 = Xy212 = Xj221 = X2211 = X2121 = X2112 = X2233 = X2323 
(3) (3) (3) (3) (3) (3) 
= X2332 = X3322 = X3232 = X3223 = X3311 = X3131 (H.4) 


1 1 1 
(3) (3) (3) (3) (3) __ (3) 3 
= X3113 = X1133 = X1313 = X1331 = 3 XH = 3 %2222 a 3 %3333 


All other elements of the nonlinear susceptibility tensor are zero. 

Let the propagation direction along the fiber be designated as z-direction and the 
transverse coordinates are assumed to be x and y. If we assume the incident field 
to have both x and y components then the electric field at any point along the fiber 
would be given by 


EQ, y,z,0) = 51GB + FEy (Ze 9 + cc] (H.5) 


where c.c represents complex conjugate, FE, and Ey are the complex amplitudes of 
the x-component and y-component of the electric field of the light wave, 6 represents 
the propagation constant, and w the frequency of the wave. For simplicity we are 
neglecting the transverse dependence of the fields within the fiber; taking them into 
account will result in an overlap integral which would primarily lead to a reduction 
of the nonlinear effects. 

For an electric field EL, the power carried is given by 


F=—"-\EPs (H.6) 
2c 


where S is the area of the beam and n represents the refractive index of the medium. 


We now define 
ns nS 
Ay = Ex; Ay = Ey (H.7) 
2c/Lo ° 2cho © 


The constants are chosen so that the powers carried by the x-component and 
y-component of the wave are directly given by |A,|? and |Ayl*. 

Substituting from Eqs. (H.4), (H.5) into Eq. (H.3), and collecting terms at 
frequency w, we get for the x-component of nonlinear polarization to be 


3 2 1 

PND) — g fOXIIL | |Ex|7Ex + 3 Eyl Ex + sme] e'(wt — Bz) + c«,| (H.8) 

The first term within the bracket on the right-hand side leads to self phase 
modulation while the second terms are referred to as cross phase modulation. 

The wave equation describing the propagation of a wave in the presence of 
nonlinear polarization is given by [see Eq. (14.18)] 

Pes Oey Oe 07 E oP 
E — 

ae ape oP 


(H.9) 


Substituting from Eq. (H.5) and (H.8) into Eq. (H.9) and neglecting the second 
differential of E, with respect to z, we obtain the following equation for A,: 
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aA 1 
; Bay (ia + x|? + IA?) Ave sara] (H.10) 


where y is the nonlinear coefficient defined by 


(3) 
_ 3 OX ony 


ee = H.11 
Y=4 c2eon?S cS ( ) 
where 
(3) 
3 
= = Muu (H.12) 
4 cegn? 


Using a similar procedure we can derive the following equation satisfied by Ay: 


dA, 2 1 
: y — iy | (las? ns 5M?) Ay ssa | (H.13) 


These equations are written in terms of the two linearly polarized components of 
the propagating wave. The terms A*A* and A*A* can be eliminated by describing 
the wave in terms of circular polarization components rather than linear polarization 


components. For this we define the following: 
: (Ay +iAy); A : 
S S—— L , 5 - = — 
gor re fd 
A, represents the amplitude of the right circular component and A_ represents 


the amplitude of the left circular component. Substituting from Eq. (H.14) into Eqs. 
(H.10) and (H.13), we obtain the following equations: 


Ax (A; #45) (H.14) 


dA, 2. 
— = iy (\Ayl? + 21A_[)Ay (H.15) 
Oz 3 

and 
dA, 2. ‘ 5 
a qiv(a—| + 2)A,|*)A- (H.16) 


These equations are used in Section to describe nonlinear polarization rotation. 
It is interesting to note that Eqs. (H.15) and (H.16) satisfy the following 
equations: 


alA+P _ JAP 
dzt~— az 


0 (H.17) 


632 Appendix H 


showing that the powers in the right circular and left circular polarizations do not 
change with propagation in spite of the nonlinear interaction. Thus circular polariza- 
tion modes are the modes of propagation in such a case. The nonlinearity introduces 
only an additional phase difference other than due to linear propagation. The phase 
shift depends on the amplitude of the right and left circular components. 
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